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PREFACE 

The present book is a revision of the author's A First 
Course in the Differential and Integral Calculus. The 
plan of treatment is essentially the same, but the presentation 
is fuller, and the lists of exercises have been enlarged by 
problems of value to the student of good average ability. 

The object of the book is two-fold ; namely, to set forth 
the application of the calculus to problems of geometry and 
physics of the first order of importance, and to make clear 
the thought which underlies the calculus. 

To attain the first end, the physical picture must be shown 
to the student who has no technical knowledge of physics, 
but who can understand the simplest concepts of that science 
when clearly presented to him. Consequently, great care 
has been taken each time that a new physical notion has been 
introduced to say exactly what is meant, and then to show 
precisely how mathematics appUes to the situation in hand. 

On the other hand, thorough training in the formal part of 
the calculus is essential if the student is to develop power in 
the use of his tools, and exercises adequate for this purpose 
have been included in lists properly graded in point of dif- 
ficulty. 

Behind and beneath it all is the idea of the limit. Ab- 
stract discussions of this idea are not in place in an elementary 
treatment. The beginner comes to assimilate the method of 
limits by peeing it applied, with such details as have a meaning 
for him, in proving the few fundamental theorems on which 
the calculus rests, and in formulating geometrical and phys- 
ical problems. 
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The treatiiient is flexible from start to finish. The 
teacher can go as far, or stop as early, as he pleases in pre- 
senting the material of a given chapter. Thus in the chap- 
ter on Definite Integrals any reasonable selection from the 
topics there treated can be made, the order changed, and 
whole paragraphs omitted without marring the unity of the 
course. The same is true of the chapters on Mechanics and 
Infinite Series. Many of these abridged treatments are 
altogether admirable ; but no one of them can be expected 
to appear to any large body of teachers as preeminently the 
best. It is primarily a question of the personal equation of 
the teacher himself. The book also takes account of the 
personal equation of the student. A skilful teacher will 
help his best students to see as far and as deeply as their 
talents permit. He can do this with this text without losing 
by the way the less gifted students ; for each time that the 
scene changes the new subject is presented with the utmost 
simplicity. 

The book is intended aUke for the engineer or the physicist 
and for the student of pure mathematics. The best methods 
of the present day in the calculus, when properly presented, 
are within the reach of the former student and afford him 
most valuable tools for the understanding of his own techni- 
cal problems. On the other hand, the student of pure mather 
matics cannot do better than early to inform himself con- 
cerning those relations of the calculus to physics, to which 
this great branch of mathematics owes its origin. 

Cambridgb, Massachusetts, 
September 27, 1922. 
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CALCULUS 



CHAPTER I 

nrXRODUCTION 

The Calculus was invented in the seventeenth century by 
the mathematician, astronomer, and physicist, Sir Isaac Newton 
in England, and the philosopher Leibniz in Germany. The 
reaction of the invention on geometry and mathematical physics 
was most important. In fact, by far the greatest part of the 
mathematics and the physics of the present day owes its 
existence to this invention. 

1. Functions. The word function^ in mathematics, was 
first applied to an expression involving one or more letters 
which represent variable quantities; as, for example, the 
expressions 

I, Va^ — x^ ; 

log a?, tan"i x. 

In the second example under (6), two letters enter ; but a 

is thought of as chosen in advance and then held fast, x alone 

being variable. A quantity of this kind is called a constant. 

Thus ^. 

aa + h 

*i8 a function of x which depends on two constants, a and 6. 

1 



(«) 


«^, 


(6) 


\ 


(&i 


a? 


\y) 


a + x' 


(d) 


sin a;. 
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Such expressions are written in symbolic, or abbreviated, 
form as /(a), /(a?, y) (read ; "/ of a?," "/of x and y " etc.) ; 
other letters in common use being Fy <^, O, etc.* Thus the 
equation 

(1) /(aj) = 2ic»-3a? + l 

defines the function/(a?) in the present case to be 2aj*— 3a:-|-l. 
Again, 

(2) </»(«,y,2) = aJ2^.y2 + ^2 

is an equation defining the function ^(a?, y, «) as as^ 4- y* 4- «*. 

We shall be concerned for the present witii functions of one 
single variable, as illustrated by (1) above. Here, x is called 
the independent variable, since we assign to it any value we 
like. The value of the function, or more briefly, the functiony 
is called the dependent variable^ and is often denoted by a 
single letter, as ^ _. ^/^x 

or y=s 2aj* — 3a5 + l. 



Qraphs. A function 
of a single variable, 

can be represented 
geometrically by its 
graph, and this repre- 
sentation is of great aid 
in studying the proper- 
ties of the function. 
The independent vari- 
able is laid off as the 
aHK>ordinate, or ab- 
scissa, and the depend- 
^^ ^ ent variable, or func- 

• To distinguish between /(«) and F(«), read the first " small/ of x " 
and the second, *^ large ^ of ak** 
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tion, as the y-coordinate, or ordinate. Thus the graph of the 

^"^^""^ /(x) = ^ 

is the curve 

lUvstrationa from Geometry and Physics. The familiar 
formulas of geometry and physics afford simple examples of 
functions. Thus the area, A, of a circle is given by the 
formula . 

where r denotes the radius, ir being the fixed number 3.1416. 
Here, r is thought of as the independent variable, — it may 
have any positive value whatever, — and A is the function, or 
dependent variable. 
Again, for the three round bodies, the volumes are : 

(a) F= Ittt*, sphere ; 

(6) V =5 vT^h, cylinder ; 

(c) V^^^f^h, cone. 

In (b) and (c), h denotes the altitude and r, the radius of 
the base; V is here a function of the two independent 
variables, r and h. 

The surfaces of these bodies are given by the formulas : 

(a) S = 4717*2, sphere ; 

(j8) S = 2wrky cylinder ; 

(y) S = irrly cone ; 

I, in the last formula, denoting the slant height. Thus we 
have three further examples of functions of one or of two 
variables. 
The formula for a freely falling body is 

where s denotes the distance fallen and t the time; ^ is a 
constant, for it has just one value after the units of time and 
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length liave been chosen. Here, t is the independent variable 
and 8 is the function. If, however, we solve this equation 
for t : , — 

^ 9 

then 8 becomes the independent variable and t, the function. 
Sometimes two variables are connected by an equation, as 

pv=s c, 

where p denotes the pressure of a gas and v its volume, the 
temperature remaining constant. Here, either variable can 
be chosen as the independent variable, and when the equation 
is solved for the other variable, the latter becomes the de- 
pendent variable, or function. Thus, if we write 

c 
P 

p is the independent variable, and v is expressed as a function 
of p. But if we write 

V 

the rdles are reversed. 

The Independent Variable Restricted, Often the independent 

variable is restricted to a certain interval, as in the case of the 

function 

y =z V a* — 0?*. 

Here, x must lie between — a and a : 

— a ^ a? ^ a, 

since other values of x make a* — aj* negative, and the above 
expression has no meaning. 

This was also the case with the geometric examples above 
cited. There, r, /i, I were necessarily positive, since there is 
no such thing, for example, as a sphere of zero or negative 
radius. 

The independent variable may also be restricted to being a 
positive whole number, as in the case of the sum of the first n 



INTRODUCTION 

terms of a geometric progression: 

«» =» a + or + aa** + ••• + ar^\ 
Here, 

a— ar^ 

Suppose a s 1, r s ^y the progression thus becoming 



2 ' 2» 2'-» 

Then 



1-1 2--»' 

2 

and we have an example of a fimction with the independent 
yariable a natural number, ue. a positive integer. 

In the case of the functions treated in the calculus, the do- 
main of the independent yariable is a continuumy i.e., for func- 
tions of a single variable, an interval, as 

a-^X'^hf or < a?. 

Ordinarily, the later letters of the alphabet, particularly 
Xy y, Zy are used to represent variables, the early letters denot- 
ing constants. Thus it will be understood, when such an ex- 
pression as . . r . 

aa^ + ox + c 

is written down, that a, b, c are constants and x is the variable. 
MulHple'Valiied Functions; Principal Value. The expres- 
sions above cited are all examples of single-valued functions ; 
ie, to each value of the independent variable x corresponds 
but one value of the function. A function may, however, be 
multiple-valued; as in the case of the function y defined by 

the equation 

a^ 4- y« = aK 
Here 
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and so is a double-valued function. This function is, however, 
completely represented by means of the two single-valued 
functions, 

y = Va2 ~ x^ and 



Oraph ofy^ when 




Oraph of 




Fio. 2 



They form the branches of this multiple-valued function. 

The student should notice that the radical sign ^ is defined 
as meaning the positive square root, not either the positive 07 
the negative square root at pleasure. If it is desired to ex 
press the negative square root, the minus sign must be written 
in front of the radical sign, — -y/. Thus Vi = 2, and not — 2. 
This does not mean that 4 has only one square root. It means 
that the notation Vi calls for the positive, and not for the 
negative, of these two roots. ^ 

Again, 

^ ' V(-2)2=2, 

and not - 2. Tor (—2)2= 4, and V means the positive root 
And, generally. 



(1) 



f V^=Xy 

1 V^ = — «, 



if X is positive ; 
if X is negative. 



A similar remark applies to the symbol ^, which is like- 
wise used to mean the positive 2wth root. Moreover, 



The function 
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is often called the principcU value of the double- valued function 

defined by the equation 

y2 = a?. 

Since multiple-valued functions are studied by means of 
single-valued functions, it will be understood henceforth, un- 
less the contrary is explicitly stated, that the word function 
means single-vcUued function. 

AbaoltUe Value. It is frequently desirable to use merely 
the numerical, or absolute value of a quantity, and to have a 
notation for the same. The notation is: |aj|, read " absolute 
value of a?." Thus 

-31=3 and 131 = 3. 



We can now write in a single formula what was formerly 
stated by the two equations (1), namely the definition of the 
radical sign, -y/ : 

(2) V^=|a 



Again, by the difference of two numbers we often mean the 
value of the larger less the smaller. Thus the difference of 4 
and 10 is 6 ; and the difference of 10 and 4 is also 6. The 
difference of a and b, in this sense, can be expressed as either 

|&— a] or |a — 6|. 

Continuous Functions, A function, /(a?), is said to be con- 
tinuous if a slight change in x produces but a slight change in 
the value of the function. Thus the polynomials are readily 
shown to be continuous ; cf. Chap. II, § 5, and all the fi^nc- 
tions with which we shall have to deal are continuous, save at 
exceptional points. 

As an example of a function which is discontinuous at a 
certain point may be cited the function (see Fig. 3) 

X 
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When X approaches the value 0, the function increases nu« 
merically without limit. The graph of the function has the 
axis of y as an asymptote. 

The fractional rational functions are continuous except at 
the points at which the denominator vanishes. 

Thas the function 

is continuous except at the points 
a; = 1 and a? = — 1. Here, the 
function becomes infinite. Its 
graph is the curve 

^ (a?-l)(aj4-l)' 

which evidently has the lines x = l 
and aj = — 1 as asymptotes. 
The function 

f(x) =s tan X 

is continuous except when x is an odd multiple of ir/2y 

2n4-l 



a: 



Fig. 3 



EXERCISES 

1. If /(a?)=a?2-4a? + 3, 

show that /(1) = 0, /(2)=:-l, /(3) = a 
Compute /(O), /(4). Plot the graph of the function. 

2. If </»(«) = 4 aj» 
compute ^(2) and ^(V3). 



3. If 



F(x)^ 



2a;-3 



a? 4-7 ' 
compute F(V2) correct to three significant figures. 



Jns. -.0204 
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4. If ^x) =i{7^'^ a5)sm a^ 

find all the values of x for which 

*(aj)=0. 

6. If ^(ar) s= a?* — af*, 

find ^(8). 

6. Solve the equation 

a5» — a?y + S = 6y 
for y^ thus expressing y as a function oix. 

7. It /(aj)=a«, 
show that /(»)/(y) =/(» + y> 

^press fl? as a function of y, 

9. Draw the graph of the function 

/(a;)=a^ + 4aj-|.S, 

taking 1 cm. as the unit. 
Suggestion : Write the function in the form, {x + l)(^x + 3). 

10. Draw the graph of the function 

/(a5)=a^ — 4a?. 

11. Draw the graph of the function 

and hence illustrate the two discontinuities which this funo 
tion has. 

12. Draw the graph of the function 



a^ (a? - 1)» 



10 CALCULUS 

13. For what values of x are the following fonctions dis* 
continuous ? 

(a) f(x) =s cota?; (c) f{x) = csca?; 

(b) f{x) = seca: ; (d) /(a?) = tan ?. 

14. Express the double-valued function defined by the 
equation a^ - y^ = - 1 

in terms of two single-valued functions. 

15. Express the quadruple-valued function defined by the 
equation y*-2y24-a^ = 

in terms of four single-valued functions. 

16. Express the sum 8^ of the first n terms of the arithmetic 
progression 

a+(a + &)4-(a-|-26)-f- ... -f-(a + n— 16) 

as a function of n. 

Thus obtain the sum of the first n positive integers as a 
function of n. 

17. If P dollars are put at simple interest for one year at 
r per cent, (a) express the amount A (principal and interest) 
as a function of P and r. (h) Express the amount A at the 
end of n years, the interest being compounded annually, as a 
function of P, r, and n. (c) Express the amount A at the 
end of one year, if the interest is compounded m times in the 
year at equal intervals, as a function of P, r, m. 

2. Continuation. General Definition of a Function. The con- 
ception of the function is broader than that of the mathemati- 
cal formulas mentioned in the last paragraph. Let us state 
the definition in its most, general form. 

Definition of a Function. The variable y is said to he a 
function of the variable x if there exists a law whereby y when a 
is given, y is determined. 
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CoDsider, for example, a quantity of gas confined in a cham- 
ber, — for instance, the charge of the mixture of gasolene and 
air as it is being compressed in the cylinder of an automobile. 
The charge exerts at each instant a definite pressure, p, of so 
many pounds per square inch on the walls of the chamber, 
and this pressure varies with the volume, v, occupied by the 
charge. In the small fraction of a second under consideration, 
presumably but little heat is gained or lost through the walls 
of the chamber, and thus jp is a function of v, 

In this case, the function is given approximately by the math- 
ematical formula ^ 

where C denotes a certain constant. But that which is of first 
importance for our conception is not the formula, but the fact 
that to each value of v there corresponds a definite value of p. 
In other words, there is a definite graph of the relation be- 
tween V and p. The representation of the relation by a math 
ematical formula is, indeed, important; but what we must 
first see clearly is the fact that there is a definite relation to 
express. 

As another illustration take the curve traced out by the 
pen of a self-registering thermometer of the kind used at a 
meteorological station. The instrument consists of a cylindri- 
cal drum turned 
slowly by clock- * 
work at uniform 
speed about a 
vertical axis, a 

sheet of paper pj^ 4 

being wound 

firmly round the drum. A pen is held agaiist the paper, and 
the height of the pen above a certain level is proportional to 
the height of the temperature above the temperature corrtx 
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sponding to that level. The apparatus is set in operation, and 
when the drum has been turning for a day, the paper is taken 
off and spread out flat. Thus we have before us the graph of 
the temperature for the day in question, the independent 
variable being the time (measured in hours from midnight) 
and the dependent variable being the temperature, represented 
by the other coordinate of a point on the curve. 

One more illustration, — that of the resistance of the atmos- 
phere to a rifle bullet. This resistance, measured in pounds, 
depends on the velocity of the bullet, and it is a matter of 
physical experiment to determine the law. But that which 
is of flrst importance for our conceptions is the fact that there 
is a lawy whereby, when the velocity, v, is given an arbitrary 
value within the limits of the velocities considered, there cor- 
responds to this V a definite value, B, of the resistance. We 
say, then, that B is si, function of v and write 

B=^f(v). 

In this connection, cf . the chapter on Mechanics, § 7, Graph 
of the Besistanoe, in the author's Differential and Integral 
Calculua. 



CHAPTER II 

DIFF£R£KTIATION OF ALGEBRAIC FUNCTIONS 

GBNBRAL THEOREMS 



1. Definition of the Serivatiye. The Calculus deals ^ith 
yarylng quantity. If ^ is a function of Xy then x is thought 
of, not as having one or another special value, but as flowing 
or growing, just as we think of time or of the expanding cir- 
cular ripples made by a stone dropped into a placid pond. 
And y varies with x, sometimes increasing, sometimes decreas- 
ing. Now if we consider the change in x for a short interval, 
say from x^sx^to x=sx'y the corresponding change in ^, as y 
goes from j/q to y% will be in general almost proportional to 
the change in x. Por the ratio of these changes is 

and this quantity changes only slightly when x' is nearly 
equal to x^^ Let us study this last statement minutely. 




Fig. 5 



The above ratio has a simple geometric meaning, if we draw 
the graph of the function ; for 



13 
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X' — Xo 

where r' denotes the angle which the secant PP* makes with 
the axis of x. Now let x' approach Xq as its limit. Then r' 
approaches as its limit the angle r which the tangent line of 
the graph at .P makes with the axis of Xy and hence 

lim ^ ~"^^ = tan t 

I read : "limit, as a/ approaches Xq, of ^, "" ^^ \ 
\ x'^xo J 

Tlie determination of this limit and the discussion of its mean- 
ing is the fundam^ntcU problem of the Differential Calcvltis. 

Such are the concepts which underlie the idea of the deriva- 
tive of a function. We turn now to a precise formulation of 
the definition. Let 

(1) »=/(«) 

be a given function of x. Let ajb he an arbitrary value of a;, 
and let y© ^ the corresponding value of the function : 

(2) Vo =/(a\)). 

Give to a? an increment,* Aa? ; i.e. let x have a new value, x', 
and denote the change in x, namely, a/ ^Xo,hy Ax: 

a;' — a:^ ss Ax, x^ =:iCQ-\- Ax. 

The function, y, will thereby have changed to the value 

(3) y' =/(a^) 

and hence have received an increment. Ay, where 

/-yo = Ay, y' = yo4-Ay. 

* The student must not think of this symbol as meaning A times x. 
We might have used a single letter, as A, to represent the difference in 
question : z'=:Xo-\-h; but h would not have reminded us that it is the 
increment of x, and not of y, with which we are concerned. The notation 
Is read **deZtax.'* 
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Equation (3) is equivalent to the following : 

From equations (2) and (4) we obtain by subtraction the 
equation 

^y=/(«o4-Aaj)-/(a^), 
and hence 

^ ^ Ax ^x 

Definition op a Derivative. The limit which the ratio 

(5), namely — , approaches when Ax approaches zero : 

Ax 



(6) 



Ax 



or 



Ax ' 



^»M) 



is called the derivative of y with respect to x and is denoted by 
D^ or DJ{x) (read: "i> a; of y ") : 



lim^^i>^. 

Ax 



(7) 



In this definition Ax may be negative as well as positive, and 
the limit (6) must be the same when Ax approaches from the 
negative side as when it approaches from the positive side. 

To differevitiate a 
function is to find its 
derivative. 

The geometrical in- 
terpretation of the 
analytical process of 
differentiation is to 
find the slope of the 
graph of the function. 
For, 

tanr'^^ 




Ax 



Fig. 6 



and 



tajir = lim tanr'sslim— 2 = Z>-y. 

A»fan Ax 



F'Jkp 
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2. Biff erentiation of ar. Suppose n has the value 3, so that 
it is required to differentiate the function 

(1) y = a^. 

We must follow the definition of § 1 step by step. Begin, 
then, by assigning to a; a particular value, Xqj which is to be 
held fast during the rest of the process, and compute from 
equation (1) the corresponding value y© of y • 

(2) yo = «6». 

Next, give to a? an arbitrary increment, Aa?, denote the corre- 
sponding increment in y by A^, and compute it. To this end 
we first write down the equation 

(3) yo + ^y=(«6+Aa?)«. 

The right-hand side of this equation can be expanded by the 
binomial theorem, and hence (3) can be written in a new form :* 

(4) yo + ^y = «b' + Sxo^Ax + 3a\)Aa:2 ^ ^^j. 

Subtract equation (2) from equation (4) : 

Ay = 3 a?o'^Aa? -f 3 Xq^^ 4- Aa». 

Next, divide through by Aa:: 

^= 3a?o* 4- Sx^x + Aaj2. 
Aaj " ° 

We are now ready to let Aa; approach as its limit : 

*It is at this point that the specific properties of the function x' come 
into play. Here, it is the binomial theorem that enables us ultimately 
to compute Die limit. In the differentiations of later paragraphs and 
chapters it will always be some characteristic property of the function in 
hand which will make possible a transformation at this point. 
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The limit of the left-hand side is, by definition, D^. On the 
right-hand side, each of the last two terms in the parenthesis 
approaches the limit 0, and so their sum approaches 0, also. 

The first term does not change with Aa;. Hence, the whole 
parenthesis approaches the limit 3a\)'. We have, then^ as the 
final result : r^ o • 

The subscript has now served its purpose, which was, to 
remind us that Xq is not to vary with Ao;, and it may be 
dropped. Thus ^^=3^.. 

The differentiation of the function x"" in the general case 
that n is any positive integer can be carried through in pre- 
cisely the same manner. As the result of the first step we have 

Next comes : 

(6) yo + Ay = (ajo 4- Aaj)», 

and we now apply the binomial theorem to the expression on 
the right-hand side. Thus 

(7) yo + Ay = a^" + najb»-*Aaj + 5i(?L~ll iBj,»-2 Aa^ + ... + Ax». 
On subtracting (5) from (7) we have : 

Ay = na?o»-'Aaj -f - \ ^^^ V"^^** + - + ^3^- 

1 • 2 

Now divide through by Aaj : 

Aa; 1 •2 

and let Ao; approach the limit zero : 

Hm^ = lim/'naJb-*4-^^^^^^^V"^Aa?+ ... 4-Aar-i\ 
Ajc^Ax A»ho\ 1>2 J 

Each term of the parenthesis after tJie first is the product 
of a constant factor and a positive power of Aa;. This second 
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factor approaches zero when Aa; approaches zero ; consequently 
the whole term approaches zero. There is only a fixed num- 
ber of these terms, and so the whole parenthesis approaches 
the limit najo""^ Hence 

On dropping the subscript we obtain the final result : 

(8) D;xs^ = rvxr-K 

In particular, if n = 1, we have 

(9) 2>,a? = l. 

EXERCISES 

Differentiate the following seven functions, applying the 
process of § 1 step by step. 

Ans, Djf = 4 a? — 3. 

Ana. D^y = 7ic* ^ ba:^, 

Ans. i> J*(a?) = — 8 aj». 



1. 


y =s4a^. 


2. 


y = aj*. 


3. 


y==2aj'^- 3x4-1. 


4. 


y = a?^ — aj*». 


5.* 


/(aj)=l-2a^. 


6. 


«^(a;) = aj^-2a?4-l. 


7. 


F{x)=:{l-xy. 


8. Let 


y = 5aj — aj2^ 



and take x^ = l\ then y^ = 4. If Aa; =s .2, then Ay = .56 and 

^ = 2.8. Show further that, 

^x 

for Aaj = .l, Ay = .29, ^=2.9; 

Ax 
and . 

for A« = .01, Ay = .0299, ^=2.99. 

Ax 

* It is imfiiaterial whether we write 

l/ = l-2aj* or /(x)=l — 2«*. 
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Plot the curve accurately for values of x from a; = to 
x = 5, taking 1 cm. as the unit, and draw the secants * in 
each of the three foregoing cases. 

What appears to be the slope of the curve at the point 
(o^, yo) = (l> ^)^ Prove your guess to be correct. 

^. In Ex. 7, let ajq = — 1. If Aa? is given successively the 

values .01 and — .01, compute Ay and — ^ • 

Ax 

10. Complete the following table : 



Aa; 


Ay 


Ax 


.1 

.01 

.001 







for each of the functions : 

(a) y = a^-2a;4-l, ai) = 2; 

(b) y=:x-o^y ab = - 1 ; 

(c) y = 3a^ — a;, a?o = 0. 

11. By means of the general theorem (8) write down the 
derivatives of the following functions : 

a:*; aj*»; aj^°; a;; a^. 

By means of the definition of § 1 differentiate each of the 
following functions : 

12. 



1 

X 



13. 
14. 



1 

a?^ 



'^ a^ 

^ns. J)^y=z--. 



* The student should recaU from his earlier work how to draw a straight 
tine on squared paper when a point and the slope of the line are given. 
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3. Derivatiye of a Constant The function 

where c denotes a constant, has for its graph a right line paral 
lei to the axis of x. Since the derivatiye of a function is repre- 
sented geometrically by the slope of its graph, it is clear that 
the derivative of this function is zero : 

D,c = 0. 

It is instructive, however, to obtain this result analytically 
by the process of § 1. We have here : 

yo=/(a\))«c, 
^0 -f ^y =/(aJo + Aa?)= c; 

hence Av = and —^=0. 

^ Ax 

Now allow Ao; to approach 0. The value of Ay /Ax is always 
0, and hence its limit "i^ is : 

lim^=0, or D.c«0. 

^x*cAx 

* We note here an error frequently made in presenting the subject of 
limits in school mathematics. It is there often stated that ^^ a variable J^ 
approaches a limit Ait X comes indefinitely near to A, but never reaches 
A,^^ This last requirement is not a part of the conception of a variable's 
approaching a limit. It is true that it is often inexpedient to allow the 
indqf>erident variable to reach its limit. Thus, in differentiating a func- 
tion, the ratio Ay/Az ceases to have a meaning when Ax = 0, since divi- 
sion by is impossible. The problem of differentiation is not to find the 
value of Ay/ Ax when Ax = ; such a question would be absurd. What 
we do is to allow Ax to approach zero as its limit without ever reaching 
that limit. We can do this for the reason that Ax is the independent 
varidble. 

When, however, it is Ay or Ay/ Ax, that is under consideration, we have 
to do with dependent variables, and we have no control over them, as to 
whether they reach their limit or not. Thus in the case of the text both 
Ay and Ay/ Ax are constants ( = 0). When Ax approaches 0, they always 
have one and the same value, and so, under the correct conception of 
approach to a limit each approaches a limit, namely 0. 
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We can state the result by saying : The derivative of a con- 
fkLfU is 0. 

4. Biff erentiation of -y/x. Let us differentiate 
Here, yo=V^, yo + %=Vab4- Ao^ 



Aa; Ao; 

We cannot as yet see what limit the right-hand side approaches 
when Ao; approaches 0, for both numerator and denominator 

approach 0, and - has no meaning. We can, however, trans- 
form the fraction by multiplying numerator and denominator 
by the sum of the radicals and recalling the formula of Elemen 
taryAlgebra: a^- 6«=(a- 6)(a + 6). 

Thus ^ =s V^ + Ag—VgQ ^ Va\)-h Ag+V^ 
Aa? Aa? Va\,4-Aa; + V^ 

_ 1 , (a^+Aa;)— a\) 1 

Aa? Va\)-h Aaj-fVa^o Va:^4- Aaj+V^' 

and hence lim — ^ = lim — == =z = — iz^* 

A^Aa? Ax« VaJb + Aa? + Va^o 2Va\, 

Dropping the subscript, we have : 

2Vx 

EXERCISES 

1. Differentiate the function y =: — • Ane. D^ s — 



2. If y^'V2^-3x, 

3 

show that Djy = — • 

2V2-3aj 
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3. Prove: D.Vl — «^ — 



2Vl-a; 



4. Prove : D^^a + hx = — . 

5. Three Theorems about Limits. Infinity.* In the farther 
treatment of differentiation the following theorems are needed. 

Theorem I. The limit of the sum of two varidbles is equal to 
the sum of their limits: 

lim (X + r)= lim X + lim F. 

In this theorem we ^think of X and T as two dependent 
variables^ each of which approaches a limit : 

limX=^, WmT^B. 

We do not care what the independent variable may be. In 
the applications of the theorem to computing derivatives, the 
independent variable will always be Aa:, and it will be allowed 
to approach 0, without ever reaching its limit. 

Since X approaches A^ it comes nearer and nearer to this 
value. Let the difference between the variable and its limit 
be denoted by e ; then the limit of e is : 

(1) X-^ = €, X=^4-«; 

lim e = 0. 

Similarly, let 

(2) r-5=^, T^B + r. 

then lim i; =s 0. 

* This paragraph should be read carefully and its content grasped, 
but the student should not be required to reproduce it at this stage of his 
work. He wiU meet frequent applications of its principles, and he should 
turn back each time to these pages and read anew the theorem involved, 
with its proof. When he has thus come to see the fuU meaning and im- 
portance of these theorems, he should demand of himself that he be able 
readily to reproduce the proofs. 
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It will be convenient to think of these numbers as repre- 
sented geometrically by points on the scale of numbers, thus : 

— J — i r^ — rt- 

Fio. 7 

Of course, A and B may be negative or 0. c and 17 may be 
negative as well as positive, or even 0. 
Consider the variable X 4- F. Its value from (1) and (2) is : 

Hence lim(X+ Y) = lim (^ -f -B 4- « + ^). 

But since lim e =s and lim 17 » 0, the limit of the right-hand 
side of this equation is ^ + jB, or 

lim(X4-r)=^4--B. 
Consequently, lim (X 4- 5^) = lim X 4- lim T, q. e. d. 

CoBOLLABY. The limit of the sum of any fixed number of 
variables is eqvM to the sum of the limits of these variables: 

lhn(Xi 4- ^2 H h -X"„)=: lim Xj 4- lim Xj 4 h lim X.. 

Suppose n s= 3. Then 

Xi4-X2 + X3=(Xi4-X2)+X,. 
From Theorem I it follows that 

lim (Xi 4- -X2 4- -X3) = lim (Xj + Xj) 4- lim X,- 
Applying the Theorem again, we have 

lim (Xj 4- X2) « lim Xi 4- lim Xj. 

Hence the corollary is true for n = 3. It can now be estab- 
lished for n = 4 ; and so on. By the method of Mathematical 
Induction it can be proven generally. Or, the proof of the 
main theorem may be extended directly to the present 
theorem. 
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Theobbm II. The limit of the product of two variaMes is 
equaZ to the product of their limits : 

Urn (Xr)=(liiiiX)(liiii T). 
From equations (1) and (2) it follows that 

or XF=: AB -\- Bt -{- Arj -\- erj. 

Hence lim X Y= lim {AB -f -Be + ^17 -f 07). 

Since A and B are constants, each of the last three terms in 
the parenthesis approaches the limit 0, and so the limit of the 
parenthesis is AB. Hence 

lim (XF)=AB, 

or lim {XT) = (lim X)(lim F), q. e. <L 

CoBOLLABY. The limit of the product of n variables is equal 
to the product of the limits of these variables : 

lim (X1X2 ... X„) = (lim Xi)(lim Xj) •.• (lim X„). 

The proof is similar to that of the corollary under Theorem I. 

Bemark, As a particular case under Theorem II we have : 

lim(CX) = C(limX), 
where (7 is a constant. 

Theobem III. The limit of the quotient of two variables is 
equal to tJie quotient of their limits, provided that the limit of the 

divisor is not (^ : t- r v 

lim ± = ^^^, if lim Y^ 0. 
F lim F' 

From equations (1) and (2) above we have : 

F B + ri 
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Sabtract AjB from each side of this equation and reduce : 

X A_ A'\'^ A__ B€-A7j 
T B B + ri B B^'\'Bri 



Hence X^^ ^e-^^ 

F B B'-^'Bri 

and liin^=lim/'44-^^^^\ 

Y \B B' + BrjJ 



We wish to show that 

lim ^"~^^ ==0. 

The numerator is seen at once to approach zero. The limit of 
the denominator is B^. Let ^ be a positive number less than 



6 H B^ I 

Fio. 8 

B^ Then the denominator will finally become and remain 
greater than Hy and hence the numerical value of the quotient 
in question will not exceed the numerical value of 



B€-A 



1. 



But the limit of this expression is zero, and hence 

lim — = — , 
Y B' 

,. X limX , 

hm_ = j^-^, q.e.d. 

In particular, we see that, if a variable approaches unity as 
vts limity its reciprocal also approaches unity : 

If lim X = 1, then lim ~ = 1. 
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Also, lim-— = 



X lim X' 

where {? is a constant and lim X^O. 

m 

Bemark. If the denominator T approaches as its limits 

no general inference about the limit of the fraction can be 

drawn, as the following examples show. Let T have the 

values : 

111 1 



r= 



10' 100' 1000' ' 10«' 



(1) If the corresponding values of X are : 

X=:-i- JL _J_ .1. .. 
102' 1002' 10002' " ' 10»»* *"' 

then lim -— = lim -— - = 0. 

Y lO'* 

<^^ ^ ^'^ Vio' Vioo' viooo' •"' ^' '"' 

then X/y=sl0*/2 approaches no limit, but increases beyond 
all limit. 

(3) If X = -^, 



10' 100' 1000' ' 10«' ' 
where c is any arbitrarily chosen fixed number, then 



lim — = c. 



(4) If X=l, - ^ 



10' 100' 1000' 10,000' ' 

then X/ T assumes alternately the values 4- 1 and — 1, and 
hence, although remaining finite, approaches no limit. 

To sum up, then, we see that when X and T both approach 
as their limit, their ratio may approach any limit whatever, 
or it may increase beyond all limit, or finally, although remain- 
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ing finite, i.e, always lying between two fioced numbers, no mat- 
ter how widely the latter may differ from each other in value, 
—it may jump about and so fail to approach a limit. 

InfinUy. If \imX—A^O and limF=0, then X/Fin- 
creases beyond all limit, or becomes infinite, A variable Z is 
said to become infinite when it ultimately becomes and re< 
mains greater numerically than any preassigned quantity, howu 
ever large.* If it takes on only positive values, it becomes 
positively infinite; if only negative values, it becomes negatively 
infinite. We express its behavior by the notation : 

limZ = QO or limZ = + oo or limZ = — oo. 

But this notation does not imply that infinity is a limit ; the 
yariable in this case approaches no limit. And so the notation 
should not be read " Z approaches infinity " or " Z equals 
infinity ; but " Z becomes infinite.'^ 

Thus if the graph of a function has its tangent at a certain 
point parallel to the axis of ordinates, we shall have for that 
point: 

lim — 2 = oo ; 

read: " Ay/Aa? becomes infinite when Aaj approaches 0." 

Some writers find it convenient to use the expression ''a 
yariable approaches a limit " to include the case that the vari- 
able becomes infinite. We shall not adopt this mode of ex- 
pression, but shall understand the words ''approaches a limit" 
in their strict sense. 

If a function /(a;) becomes infinite when x approaches a cer- 
tain value a, as for example 

/(a;)=i for a = 0, 

* Note that the statement sometimes made that ** Z becomes greater 
than any assignable quantity ^^ is absurd. There is no quantity that is 
greater than any assignable quantity. 
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we denote this by writmg 

/(a) =00 

(or y(a)=4-«> or =— oo, if tliis happens to be the case 
and we wish to call attention to the fact). 
It is in this sense that the equation 

tan 90^=00 

is to be understood in Trigonometry. The equation does not 
mean that 90^ lias a tangent and that the voUue of the latter is 
00. It means that, as x approaches 90^ as its limit, tana^ 
exceeds numerically any number one may name in advance, 
and stays above this number as x continues to approach 90^ 
without ever reaching its limit, 90®. 

Definition of a Continuous Function. We can now make more 
explicit the definition given in Chapter I by saying: f(x) is 
continuous at the point a; = a if 

lim/(aj)=/(aV 

From Exercises 1-3 below it follows that the polynomials 
are continuous for all values of x, and that the fractional 
rational functions are continuous except when the denominator 
vanishes. 

EXERCISES 

1. Show that, if n is any positive integer, 

lim(Z») = (limX)». 

2. If (7 (a;)=Cb 4- CiOJ + C2»^ •+- — +c„af, 

then lim O (x)= G (a)= Cq -^ Cia + Cja^ -f ... -f c^a\ 

3. If G{x) and F{x) are any two polynomials and if F((i) s^bQ 

then lim^M^^fe. 

1^ F(_x) Fid) 



1 
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4. If X remains finite and F approaches as its limit, show 
^^ lim (Xr)= 0. 

5. Show that 2j^ a^ + l _ 1 

.— 3a;2-f2aj-l 3* 

Suggestion. Begin by dividing the numerator and the de» 
nominator by x^. 

Evaluate the following limits : 

6. Um-^±1— . 7. lim 12^Hi6 

8. lim^±**i;. 9. lim?^±^. 

x»« cx + dx'*^ «rf:o caj + ao? * 



10. lim-^^^ — — — 11. hm — ^ ^ 

— • a; •"• V3 + 5aj*4-4iB* 



12 



. lim ^^+^ + ^ . 13. lim 



X 



X .=» VI + a?* 

6. General Formulas of Differentiation. 

Theobem I. The derivative of the product of a constant and 
a function is equal to the product of the constant into the deriva- 
tive of the function : 



(I) 




D,(cm)=cD^w. 


For, 


let 


y= Ctt. 


Then 




yo + Ay = c{uq + Am), 


henoe 




Ay = cAw, 

Ay__^^Au 

Ax Ai» 


and 




liin^2' = limfc^«\ 
As^Ax .&«^\ Axy 
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The limit of the left-hand side is D^. On the right, Au/Aa; 
approaches D^u as its limit. Hence by § 5, Theorem II, the 
limit of the right-hand side is cD^Uy and we have 

D^cu) = cD,u, q. e. d. 

Theorem II. Tlie derivative of the sum of two functions i9 
equal to the sum of their derivaUves : 



(H) 


2>.(u + v)=2>,u-hi>.v. 


For, let 


y = w -f- V. 


Then 


yo = «o + Vo, 




yo + ^y = Wo + Am + Vo + At?, 


hence 


x. 

Ay = Am -h Av, 


and 


Ay __ Am . Av 

Aa; Ao; Aa; 



When ^kX approaches 0, the first term on the right approaches 
Z>,M and the second D,v. Hence by § 5, Theorem I, the whole 
right-hand side approaches D,u -h DjOy and we have 

lim M = limf^ + ^V lim ^ + Um ^, 
As^Aa; Asd;0\Aa!; Aa;/ A«:M>Aa; as^Ao; 

or D^ = D,u + />,v, q. e. d. 

CoROLLABT. Thp derivative of the sum of any nur/iber of 
functions is equal to the sum of their derivatives. 

If we have the sum of three functions, we can write 

M + V + to = M +(v + m;). 
Hence 2>,(m + v + w)= D,u -f- D,(y + w) 

Ne^t, we can consider the sum of four functions, and so on. 
Or we can extend the proof of Theorem II immedia.tely to the 
sum of n functions. 
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Polynomidls. We are now in a position to differentiate any 
polynomial. For example: 

= 71)^ - 5D,sfi + 1 = 28aj» - 16 a^ + 1. 

EXERCISES 

Differentiate the following functions : 

1. y=:2a?-3aj+l. Ana. i>^ = 4aj-3. 

2. y = a + 6a? + ca?^. Ans. Djy = 6 + 2caj. 
8. y = aj*-3aj» + «-l. Ana. i>^ = 4aj» — 9a^ + l. 
4. y=sa + bX'\-ca^ + da?, 

^A h 

7. waj*-3fa^+V3. .4n». 4iraj»-7^a?. 

8. Differentiate 

(a) Vot — 16^2 with respect to ^ ; 

(6) a-^-ha-^- a^ with respect to a ; 

(c) .01^2^ — 8.15 m^ — .9Zm with respect to y. 

9. Find the slope of the curve 

4y = aj* — Saj — 1 
at the point (1, — 2). Ana. — 1 

10. At what angle does the curve 

8y = 4aj — a^ 
cat the negative axis of as? 
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11. At what angles do the curves y = 7^ and y = a' intersect 7 

Ans. 0° and 8^ 7'. 

12. At what angles do the curves y = sc* — 3a: and y = x 
intersect? Ans. 26^ 34' and 63** 26'. 

7. General Formulas of Differentiation, Continued. 

Theobbm III. The derivative of a product is given by the 
formula : 

(III) I>,(uv) = uD^v + vD^u. 

Let y^uv. 

Then yo = ^^o, 

yo + Ay =(i^o + Aw) {vq + Av), 
Ay = Uq^v + VqAu + AuAv, 

Ay Av , Au , . Av 
Aa; Aa; Aa; Aar 

and, by Theorem I, § 5 : 

lim^= limfrio—)+ lim^o^U limfAM^V 
A«:M)Aa; ^mddo\ Aa;y a»m)\ Ax/ ^«:M)\^ Aa;y 

By Theorem II, § 5, the last limit has the value 0, since 
limAM = Oand lim(Av/Aaj)= J9,v. The first two limits have 
the values UqD^v and VqD^u respectively.* Hence, dropping 
the subscripts, we have : 

D^ = uD^v + vDju, q. e. d. 

By a repeated application of this theorem the product of 
any number of functions can be differentiated. When more 

* More strictly, the notation Hhould read here, before the subscripts 
are dropped : [i>aV]s,i«^, etc. Sunilarly in the proofs of Theorem I, II, 
andV. 
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than two factors are present, the formula is conyeniently writ> 
ten in the form : 

For a reason that will appear later, this is called the logor 
rithmic derivative of uvw. 

Theorem IV. The derivative of a quotient is given by the 

formula:* 

(IV) dI^ = ^-Px^^^^-Px^ . 

Let y = -- 

v 

Then y„=B., y, + Ay = Ho±^, 

^y -. ^0 + ^^ Mo_ VqAu — U^V 

Vq + Av I'o Vo(vo 4- Av) ' 

A?^ A2^ 

Vo- Wo— 

Ay _ Aic Aa? 

Aaj"~ Vo(vo + Av) ' 
By Theorem III of § 5 we have : 

lixn/'^o— -«*-") 
,. Ay__A«:M)\ Aa? Aa?/ 

Aa-oAa?"" lim[vo(vo-i-^v)] * 



Aa^ 



Applying Theorems I and II of § 5 and dropping the sub- 
scripts we obtain : 

*The student may find it convenient to remember this formula by 
putting it into words : ** The denominator into the derivative of the 
numerator, minus the numerator into the derivative of the denominator, 
over the square of the denominator." 
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Example 1. Let __ 2 — 3« 

Then p^-(^'-^^)^^(2''Sx)^(2^ Sx)DJ1^2x) 

(1 - 2xy 

^ (l-2x)(-S)^(2^Sx)(^2) ^ 
Example 2. To prove that the theorem 
is true when n is a negative integer, n s _ m. Here 

a?* := — • 

Hence D^ = ^I^^JlhIA?: ?2?!::l^.,,,^-i 

On replacing m in this last expression by its value, — n the 
proof is complete. 

EXERCISES 

Differentiate the following functions : 

' - -^ (1 - iB«)» 

(1 + «»)* 



3. 



y 


a; 


l-aj« 


y 


1 • 


l + aj« 


y = 


«» 




i-« 


y = 


l + as 


a= 




2« + 0» 



(1 + «)« 
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7. ^^y 8. ^+^ 

o^ — y* * a^+px + q 

9, ~^ . 10. z_lJ1. 

05 + as* + a* 

n. « + ^ + «^. Jn.. c-«- 

SB sfi 

8. General Formulas of Differentiation, Oondnded. Comr 
posUe Functions. 

Theobem Y. Ifuis expressed as a function of y and y in 
turn as a Junction ofx: 

(hen 

(V) D^u^D^U'D^. 

Here yo = <^(«6), w© =/(yo)> 

yo + Ay = «^(«6 + Ao;), t£o + Au =/(yo + Ay), 

AM=/(yo + Ay)-/(yo), 

^'^^ f(yo + ^y)''f(yo) . ^. 

Ax Ay Ax 

When Ax approaches 0, Ay also approaches 0, and hence the 
limit of the right-hand side is 

The limit of the left-hand side is Dju. Consequently 

DjM =3 D^u • Dj/y q. e. d. 

This eqaatdon can also be written in the form : 
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The truth of the theorem does not depend on the particulat 
letters by which the variables are denoted. We may replace, 
for example, xhj t and yhj x: 

DfU = D^u Dpi, 

Dividing through by the second factor on the right, we thus 
obtain the formula : 

(V") z>.. = g. 

Example 1. In § 4 we differentiated the function Va?, and 
we saw that other radicals can be differentiated in a similar 
manner. But each new differentiation required the evaluation 
of limAy/Aaj by working through the details of a limiting 
process. Theorem V enables us to avoid such computations, 
as the following example will show. 

To differentiate the function 





u = Va* — «'. 


Let 


y = a^ — xK 


Then 


u = ^y, 



and the differentiation thus comes directly under Theorem V, 
if we set _ 

Hence we have : 

(1) D,u = D^^/y D,{a^ - o^. 

Now, the formula j^ Va = ^ 

does not mean that the independent variable must be denoted 
by the letter x. If the independent variable is y, the formula 

reads : _ ^ 
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Consequently (1) cao be written in the form : 
(2) i>^,^ = _!_(- 2iB) = - * 



2V3/ Va2 - a^ 

We have, then, as the final result : 



D^-yJa^ — aj2 =, 



— X 



^a^ — Qt^ 



Example 2. To differentiate the function 

1 

y = 

Let 2 = 1 — a;. 

Then y = ar'. 

To apply Theorem V in the present case, the letters u and y 
must be replaced respectively by y and z. Thus Theorem V 
reads here : 2>,y = D^yDj^, 

or i>^ = D^^DJX - a). 

Since Formula (8) of § 2 has been extended to negative in- 
tegral values of « by § 7, Ex. 2, we have: 

Hence ^,y = - 32"^ - 1)= 3, 

n 1 3 
or D^ = 



(1 - xf (1 - xf 

EXERCISES 
Differentiate the following functions : 



1. y = Va2 + Q^, Ans, 



X 



Va^ + aJ* 



2.* y = — • Ans. 



* Note that Formula (8) of § 2 has also been shown to hold for the 
Gaaen=— i; § 4, Ex. 1. 
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2 VI + « + «* 

1 - 1-40? 

4. y = —-=== Am. 



V3-2a; + 4ai? V(3 - 2a? + 4a^)» 

a; ^ l + 2a; 



6. t* = ■ • Asm. -— — ;r — - 

(2-3a;)2 (2-3a;)3 



7. ysa 



ifi 



(1+20?)* 



^ (2+«)» 



••'-(r^T "•- ^ 



1 — 2a? + a^ 



11.* M = a?(l-a?)*. ^n«. (l-.5a?)(l — »)». 

12. w = x(a + &c)*. -4n«. [a+(n + l)6a?](a + &a;)»-^ 

13. u^x\a + hx)\ 14. tt = a?»(l — a?)*. 

2a — 3{P 

2Va-li 



16. w = »Va — a?. -4n«. 



16. u^a^^a^ — sfi. 17. w = a? Vl + a? + a?*. 

18. tt = — ^ 19. w = 



Va' — a^ Vl + a? + aji* 



20. u=J^±^. ^ 21.t u=— -^— - 

^/c + da? (a2— 2aa?)* 

1 «o 1 

22. tt = 23. u = 



(a?2-l)2 l + a? + a?2 

6 — a? (a + ftc)2 

« Use Theorem III. 

f Do not use Theorem IV. 
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9. Differentiation of Implioit Algebraic Pmetione. When 
X ajid y are connected by sucii a relation as 

or SB* — 2ajy + ^=sO, 

or xysiiiy=sx + ylogx, 

i.e. ifyiB given as a function of a; by an equation, 

F(x, y)= or ^(aj, y)= ^(aj, y), 

which mnst first be solved for y, then y is said to be an implicU 
function of x. If we solve the equation for y^ thus obtaining 
the equation 

y =X«)> 

y thereby becomes an explicit function of x. 

By an algebraic function of x is meant a function ^ which 
satisfies an equation of the form 

where 0{x, y) is an irreducible polynomial in x and y; i.e. a 
polynomial that cannot be factored and written as the product 
of two polynomials. 

Thus the polynomials are algebraic functions ; for if 

y a Oq + aiX 4. ... 4. a^x* = P(x)f 

then y satisfies the algebraic equation 

O{x,y)=y--P{x)=0. 

Similarly, the fractions in x are algebraic functions ; for if 

where P(x) and Q(x) are polynomials having no common 
factor, then y satisfies the algebraic equation 

GKx,y) = Q(x)y^F{x\=0. 
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The polynomials and the fractions are also called raiionai 
functions. Thus, 

is a rational function of the two independent variables x and y. 
Again, all roots of polynomials, as 

y = Vl + aj -h ic*, 
or such functions as 



Vx 



+ V4-3a^, 



X 

are algebraic, as is seen on freeing the equation frpm radicals 
and transposing. The converse, however, — namely,' that every 
algebraic function can be expressed by means of rational func- 
tions and radicals, — is not true. 

In order to differentiate an algebraic function, it is sufficient 
to differentiate the equation as it stands. Thus if 

(1) aj2 -f- y2 -- a% 
we have 

(2) D,a^ + 2>x2/« = D,a\ 

To find the value of the second term, apply Theorem V, § 8. 
Thus D^ = DyV^I)^ = 2y2>^. 

This last factor, D^^y, is precisely the derivative we wish to 
find, and it is given by completing the differentiations indi- 
cated in (2) : ^ ^ ^ r. 

and solving this equation for D^ : 



X 



y 

The final result is, of course, the same as if we had solved 

equation (1) for y : 

y= ± V a2 — ip», 
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and then differentiated : 

— X X " "' 

Va« - aJ2 y 

In the case, however, of the equation 

(3) aj»-2a^ + 2/' = 0, 

we cannot solve for y and obtain an explicit function expressed 
in terms of radicals. Nevertheless, the equation defines y as 
a perfectly definite fundtion of x ; for, on giving to x any- 
special numerical value, as a; = 2, we have an algebraic equa- 
tion for y, — here, k a , o r. 

and the roots of this equation can be computed to any degree 
of precision. 
To find the derivative of this function, differentiate equation 

(3) as it stands with respect to x : 

(4) D^-2D, (xy) -^Dy=zO. 

The second term in this last equation can be evaluated by 

Theorem III of § 7 : _ , . _ . 

D,{xy) = xD^ + Vy 

where D^ denotes the derivative we wish to find. 
To the evaluation of the third term in (4) Theorem V of § 8 

^®^*® 30!* - 2 xD^ - 2y + By'Dj/ = 0, 

Solving this equation for Djf, we have as the final result : 

2y-3a^. 
•^ 53^-2a; 

Thus, for example, the curve is seen to go through the point 
(1, 1), and its slope there is 
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The differentiation of implicit functions as set forth in the 
above examples is based on the assumptions a) that the given 
equation defines y as a function oix; h) that this function has 
a derivative. The proof of these assumptions belongs to a 
more advanced stage of analysis. In the case, however, of the 
equations we meet in practice, — for example, such equations 
as come from a problem in geometry or physics, — the condi- 
tions for the existence of a solution and of its derivative are 
fulfilled, and we shall take it for granted henceforth that this 
is true of the implicit functions we meet. 

Derivative ofx% n Fractional. We are now in a position to 

prove the theorem ^ , 

Dj-X*" = nxi^~^ 

for the case that n is a fraction. Let 



_£ 
9 



n = ^, 



where p, q are whole numbers which are prime to each other. 
Let ^ 

Then y« = a?**. 

Differentiating each side of this equation with respect to x, 
we have : ^ ^ 

and since, by Theorem V, § 8, 

it follows that , _ 

gy^W^ = px'^^ 

This last denominator has the value 

ft-/ I •-€ 
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__ aj^i af-i ^-1 

Hence "f-^^IL^-szQfi , 



We see, then^ that 



s-i 



i>^ = £ajf' =naf-\ q.e.d. 

If y finally, n is a negative f raction, n^-^mf the proof can 
be given precisely as was done in § 7, Ex. 2. Thus the theorem 

is now established for all commensurable values of n. 

The theorem is true even when n is irrational, e.g. n s= ir or 
'y/2; the proof depends on the logarithmic function and will 
be given when that function has been differentiated. 

Example. Differentiate the function 

y = Va' — 05^. 

Apply Theorem V, § 8, setting 

2j = a' — aj*. 

Then D^ = D,zi = D,z^D^z = ^ 2"*( - 3 ««). 

Hence D,^/o^'^^ = "" ^' 



V(a8 - a^y 
EXERCISES 

2aj» - Sxh/ + 4:xy + 6y» = 0, 

•^ 3a;2 - 4aj - 18y2 
y* — 2 xy^ = «•, 



8. Show that the curve 

xl^ — 2xf+y^ + Sx — Sy:=:0 

cuts the axis of x at the origin at an angle of 45^. 



1. 


If 


find 


Djf. 


2. 


U 


find 


Djf. 
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4. Plot the curve o^ + 2/* = 81, 

taking 1 cm. as the unit. Show that this curve is cut orthog- 
onaJly by the bisectors of the angles made by the coordinate 
axes. 

Differentiate the following functions : 

5. u = ^1 — X. Ana. "" 



6. u as Va* — 2 005 + a?^. Arts. 



5</{l - xy 
-2 



7. tt = Vc'— 3c?aj + 3ca^-aj». Ans. - 



SVct — X 
3 



5^C'-2ca;4-** 
8. u=s\ ^ * 9. u = OJA^ a + 6a; + ca^, 

^1 —X 
0. tt = X^-±^. -4w«. «o jE;.c. 8. _L_-_. 



1 Vtt — g? + Va + X J g^ + g Va^ — a?^ 

Vg — aj — Vg + oj x^-Va' — x^ 



2. y=^-y/ax\ 

l-a;"i 
4. w = 






'*• y^ «/- 



13. 


r=Vg^. 






i4n». J9,M 


7-2VS 


16. 


14 =s a? V2 a?. 





7. v = 4x/«^4--^-^- 

2vy--y 



DIFFERENTIATION OF ALGEBRAIC FUNCTIONS 45 



20. «-^ - ^'^-^ 



''•^- X^TT 



22. V = a?(a2 — aj2)* 23. w = (6 — «) V 6+7. 

24. Find the slope of the curve y = x* in the point whose 
abscissa is 2. Arts, tan r = .115. 

26. If 2)V^* = c, find D.p. 

26. If y V» = 1 -I- a?, find D^^. ^iw. . 

2xV» 

27. Differentiate y in two ways, where 

suid show that the results agree. 

28. The same, when 2/^ = 2 mo;. 

29. Show that the curves 

3y = 2a; + a:y, 2y + 3a; -f 2^ = o^, 

intersect at right angles at the origin. 

30. Find the angle at which the curves 

2aj = a?* — a^ + »*, a?* -f- y* + Soj = 7y, 

intersect at the origin. Ana, tan ^ = 1.4 



CHAPTER III 



APPLICATIONS 

1. Tangents and NormaLi. By the tangent line, or simply 
the tangent, to a curve at any one of its points, P, is meant the 

straight line through P 
whose slope is the same as 
that of the curve at that 
point. 

Let the coordinates of P 
be aenoted by (xq, j/q). Now, 
the equation of the straight 




FiQ. 9 



line through P, whose slope is X, is 

y - yo = X(aj - Xq). 

On the other hand, the slope of the curve at any point is D^. 
If we denote the value of this slope at (xq, y^ by (i>^)oi this 
will be the desired value of X : 

A = (i>^)o. 
Hence the equation of the tangent to the curve 

y=f(x) or F{Xyy)z=^0 
at the point (xq, ^q) ^ 

(1) y - yo = (^:ry)o(« ~ «o). 

Since the normcU is perpendicular to the tangent, its slop^ 
X', is the negative reciprocal of the slope of that line, or 

1 



X'=- 



(i>^)o 
46 
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Hence the equation of the normal to the corre at (os^ y^) is 

(2) y-yo=-77rT(*""^) ^^ «-«6+(^^)o-(y-yo)=o. 



Exoumple 1. To find the equation of the tangent to the 
curve 

in the point x ^\, y™\' Here- 

Hence the equation of the tangent is 

y-| = f(aj-|) or 3aj-4y-l = 0. 

JExample 2. Let the curve be an ellipse : 

Differentiating the equation as it stands, we get : 

Hence the equation of the tangent is 

bhi 

This can be transformed as follows : 



48 CALCULUS 

EXERCISES 

1. Find the equation of the tangent of the curve 

y = a^ — X 

at the origin ; at the point where it crosses the positive axis 
of X. Ana. x4-y = 0; 2x — y — 2 = 0. 

2. Find the equation of the tangent and the normal of the 

circle « ^ . 

a;2 4- y2 = 4 

at the point (1, V3) and check your answer. 

3. Show that the equation of the tangent to the hyperbola 

at the point {p^ yo) is 

4. Show that the equation of the tangent of the parabola 

t/^ = 2mx 
at the point (xq, yo) is 

Voy = wi(a? + Xq). 

6. Show that the equation of the tangent of the parabola 

y« = m2 — 27na? 
at the point (a^, y^) is 

Voy = m* — m{x -{-Xq). 

6. Show that the equation of the tangent of the equilateral 

hyperbola 

xy = a^ 
at the point (xq, y^) is 

y^ + x^ = 2aK 

7. Find the equation of the tangent to the curve 

05^ -f y» = a%x — y) 
at the origin. Ans. x ^y, 
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8. Show that the area of the triangle formed by the ooordi- 
Date axes and the tangent of the hyperbola 

at any point is constant. 

9. Pind the equation of the tangent and the normal of the 
curve K . • 

in the point distinct from the origin in which it is cut by the 
bisector of the positive coordinate axes. 

10. Show that the portion of the tangent of the curve 



at any point, intercepted between the coordinate axes, is 
constant. 

11. The parabola y* = 2aaj cuts the curve 

05* — 3 axy -|- y* = 

at the origin and at one other point. Write aown the equa- 
tion of the tangent of each curve in the latter point. 

12. Show that the curves of the preceding question intersect 
in the second point at an angle of 32® 12', 

2. Maxima and Minima. Problem. From a piece of tin 
3 ft. square a box is to be made by cutting out equal squares 
from the four corners and 
bending up the sides. . Deter- 
mine the dimensions of the 
box of this description which 
will hold the most 



iin 



D' 




8— 2a; 



3-2a; 



Fig. 10 



Solution, Let x be the 
length of the side of the 
square removed; then the 
dimensions of the box are as indicated in the diagrams. 
noting the cubical content of the box by Uy we have : 



De* 
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1) 
or 

2) 



ttaa<3-2fl;)>, 



u « 9aj - 12aj» + 4a^. 



The problem is, then, to find the value of x which makes u 
as large as possible, x being restricted from the nature of the 
case to being positive and less than f : 

3) < a? < f . 

The problem can be treated graphically by plotting the 
curve 1). We wish to find the highest point on this curve. 

It appears to be the point 
for which x^^, u =s 2, 
since other values of x 
which have been tried lead 
to smaller values of u. 

The foregoing method 
has the advantage that it 
is direct, for it assumes no 
knowledge of mathematics 
beyond curve plotting. It 
has the disadvantage that 
curve plotting, even in the 
simplest cases, is labori- 
ous; and, furthermore, we 
have not really proved 
that x=s^ is the best 
value. We have merely failed to find a better one. 

The Calculus supplies a means of meeting both the difficul- 
ties mentioned, and yielding a solution with the greatest ease. 
The problem is to find the highest point on the curve. At 
this point, the tangent of the curve is evidently parallel to 
the axis of x. Consequently, the slope of the tangent, t.e 
tan r s Z>«u, must have the value here : 

D,u « 0. 




Fio. 11 
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I All we need do^ therefore, is to compute Dju^ most con 
Teniently from equation 2), and set the result equal to : 

D.t* =: 9 - 24aj + 12a5« = 0. 
On solving this quadratic equation for x, we find two roots, 

Only one of these, however, lies within the range 3) of possible 
values for x, namely, the value a; = ^, and hence this is the 
required value. 

EXERCISES 

1. Work the foregoing problem for the case that the tin is 
a rectangle 1 by 2 ft. 

Plot accurately the graph, taking 10 cm. as the unit, and 
determine in this way what appears to be the best value for a;, 
correct to one eighth of an inch. 

Solve the problem by the Calculus, and show that the best 
value for x is .21132 ft., or 2.6369 in. 

2. A farmer wishes to fence off a rectangular pasture along 
a straight river, one side of the pasture being formed by the 
river and requiring no fence. He has barbed wire enough to 
build a fence 1000 ft. long. What is the area of the largest 
pasture of the above description which he can fence off ? 

3. Show that, of all rectangles having a given perimeter, 
the square has the largest area. 

4. Show that, of all rectangles having a given area, the 
square has the least perimeter. 

5. Each side of a shelter tent is a rectangle 
6 X 8 ft. How must the tent be pitched so as to 
afford the largest amount of room inside ? The ^^ ^ 
ends are to be open. 

Ans. The angle along the ridge-pole must be a right 
angle- 
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6. Divide the number 12 into two parts such that the sum 
of their squares may be as small as possible. 

(What is meant is such a division as this : one part might 
be 4, and then the other would be 8. The sum of the squares 
would here be 16 + 64 = 80.) 

7. Divide the number 8 into two such parts that the sum 
of the cube of one part and twice the cube of the other may be 
as small as possible. 

8. Divide the number 9 into two such parts that the 
product of one part by the square of the other may be as large 
as possible. 

9. Divide the number 8 into two such parts that the product 
of one part by the cube of the other may be as large as possible. 

10. At noon, one ship, which is steaming east at the rate 
of 20 miles an hour, is due south of a second ship steaming 
south at 16 miles an hour, the distance between them being 
82 miles. If both ships hold their courses, show that they 
will be nearest to each other at 2 p.m. 

11. If, in the preceding problem, the second ship lies to 
from noon till one o'clock, and then proceeds on her southerly 
course at 16 miles an hour, when will the ships be nearest to 
each other? 

12. Find the least value of the function 

y=:a^-|-6aj+10. Ans. 1 

13. What is the greatest value of the function 

yzsSx — afl 
for positive values of aj ? 

14. For what value of x does the function 

12Vg 

l + 4af 
attain its greatest value? Am. x^^ 
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15. At what point of the interval aK.X'^by a being posi 
tive, does the function 



X 



attain its least value ? 



(x — a)(b — x) 



Ans. x^-y/ah. 



16. Find the most advantageous length for a lever, by 
means of which to raise a 



weight of 490 lb. (see Fig. 13), 
if the distance of the weight 
from the fulcrum is 1 ft. and the 
lever weighs 5 lb. to the foot. 







X 




T 



\Qx 
Fio. 13 



n 



3. Continuation: Auxiliary Variables. It frequently, — in 
fact, usually, — happens that it is more convenient to formu- 
late a problem if more variables are introduced at the outset 
tlian are ultimately needed. The following examples will 
serve to illustrate the method. 

Example 1. Let it be required to find the rectangle of 
greatest area which can be inscribed in a given circle. 

It is evident that the area of the 
rectangle will be small when its alti- 
tude is small and also when its base 
is short. Hence the area will be 
largest for some intermediate shape. 
Let u denote the area of the rec- 
tangle. Then 

(1) w = 4 Qsy. 

But x and y cannot both be chosen 
arbitrarily, for then the rectangle 
will not in general be inscriptible in the given circle. In fact, 
it is clear from the Pythagorean Theorem that x and y must 
satisfy the relation : 

(2) 




Fio. U 



Sfi4- ^ss a*. 



We could now eliminate y between equations (1) and (2), 
thus obtaining u in terms of x alone; and it is, indeed, im 
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portant to think of this elimination as performed, for there is 
only one independent variable in the problem. The graph of 
u, regarded as a function of x, starts at the origin, rises as x 
increases, but finally comes back to the axis of x again when 

x=sa. All this we read off, either from the 
meaning of u and x in the problem or from 
J equations (1) and (2). 

It is better, however, in practice not to elimi- 
nate y, but to differentiate equations (1) and 
(2) with respect to a; as they stand, and then set D^u = 0. 
Thus from (1), 

and from (2), 2aj -|- 2 yD^ = 0. 

From the second of these equations we see that 

y 

Substituting for D^ this value in the first equation, we get : 

y asO or «* = a^. 

Since x and y are both positive numbers, it follows that 

y^x. 

Hence the maximum rectangle is a square. 

EXERCISES 

1. Work the same problem for an ellipse, instead of a 
circle. 

2. Work the problem for the case of a variable rectangle 
inscribed in a fixed equilateral triangle. 

Example 2. To find the most economical dimensions for a 
tin dipper, to hold a pint. 
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Here, the amount of tin required is to be as small as po8« 
Bible, the content of the dipper being given. Let u denote the 
surface, measured in square inches. Then 



a) u = 2irrh + irr*. 

But r and h cannot both be chosen arbitrarily, for 

then the dipper would not in general hold a pint. 

If F denotes the given volume, measured in cubic Fio. 16 

inches, then, since this volume can also be expressed as irr*^, 

we have 

Differentiating equation a) with respect to r and setting 
D^u = 0, we have : 

DrU^7r\2h-\-2rDJi + 2r\=:0, 
or 

c) h-\-rDJi + r = 0. 

Differentiating b) we get : 

d) w\2rh-\-r^DJi\-0. 

Now, r cannot ss in this problem, and so we may divide this 
last equation through by r, as well as by w : 

e) 2^-hri>^=s0. 

It remains to eliminate Dfi between equations c) and e). 
From e), 

r 

Substituting this value of DJi in c), we find : 
/) fe-2fe-|-r=s0, or r==h. 

Hence the depth of the dipper must just equal its radius. 

DiaeiASsUm. Just what have we done here ? The steps we 
have taken are suggested clearly enough by the solution of 



56 CALCULUS 

Example 1. We have chosen one of the two variables, r and 
hy as the independent variable (here, r); differentiated the 
function u^ which is to be made a minimum, with respect to r, 
and set D^u = 0. Then we differentiated the second equation 
6), likewise with respect to r, eliminated 2>^w, and solved. 
But what does it all mean ? What is behind it all ? 

Just this: the quantity tt, in the nature of the case, is a 
function of r. Eor, when to r is given any positive value, a 
dipper can be constructed which will fulfill the requirements. 
Now, if r is very large, we shall have a shallow pan, and evi- 
dently the amount of tin required to make it will be large ; — 
i.e» u will also have a large value. 

But what if r is small ? We shall then have a high cylinder 
of minute cross sections, Le. sl pipe. Is it clear that Uy the 
surface, will be large in this case, too ? I fear not, for it is 
purely a relative question as to how high such a pipe must be 
to hold a pint, and I see no way of guessing intelligently 
By means of equation 6), however, we see that 

and if we substitute this value in a), we get 

ttt^ r 

From this last formula it is clear that, 
when r is small, u actually is large. 

The graph of w, regarded as a func- 
tion of r, is therefore in character as 
shown by the accompanying figure. 
It is a continuous curve lying above 
the axis of r, very high when r is small, 
and also very high when r is large. It has, therefore, a 
lowest point, and for this valu^ of r, the area u of the dipper 
will be least. But at this lowest point the slope of the curve, 
D;u, has the value 0. Thus we see, first, that we have a genu- 
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Ine minimum problem ; — there is actually a dipper of smalL 
est area. Secondly, equations c) and d) must hold, and since 
from these equations it follows by elimination that r = ^, there 
is only one such dipper, and its radius is equal to its altitude 
The problem is, then, completely solved. 

We inquired merely for the shape of the dipper. If the size 
had been asked for, too, it could be found by solving b) and /) 
for r and A, and expressing V in cubic inches : 

F= ^^ = 28.875, 
^ = 28.87, r = 2.096. 

It can happen iq practice that a function attains its greatest 

or its least value at the end of the interval. In that case, the 

derivative does not have to vanish. Usu- 

u 
ally, the facts are patent, and so no special 

investigation is needed. But it is neces- 
sary to assure oneself that a given problem 
which looks like one of the above does not . ' ' ^ 
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come under this head, and this is done, as 
in the cases discussed in the text, by show- 
ing that near the ends of the interval the values of the func- 
tion are larger, for a minimum problem, than for values well 
within the interval. 

EXERCISE 

Discuss in a similar manner the best shape for a tomato can 
which is to hold a quart. Here, the tin for the top must also 
be figured in. Show that the height of such a can should be 
equal to the diameter of the base. As to the size of the can, 
its height should be 4.19 in. 

A General Remark, It might seem as if the method used in 
the solution of the above problems were likely to be insecure, 
since the graph of such a function u might, in the very next 
problem, look like the accompanying figure. In such a case, 
there would be several values of x, for each of which D^u = 0, 



u 
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andwe flhooldnot knowwhichanetotake. Cmiooalyeiioiiigli, 
tins case does not arise in pzactioe, — at leasts I have neyei 

oome across a physical problem which 
led to this difOlciilly. In problems 
like the above, there most be ai least 
one X for which Dju = ; and when 
we solve a given problem, we actually 
; find only one x which fulfills the con- 

Fia. 19 dition. Thns there is no ambiguity. 

EXERCISES 

1. A 300-gallon tank is to be built with a square base and 
vertical sides, and is to be lined with copper. Find the most 
economical proportions. 

Ans. The length and breadth must each be double the 
height. 

2. Find the cylinder of greatest volume which 
can be inscribed in a given cone of revolution. 

Ans, Its altitude is one-third that of the cone. 

8. What is the cylinder of greatest convex 

surface that can be inscribed in the same cone ? 

Ana. Its altitude is half that of the cone. 

4. Of all the cones which can be inscribed in a given sphere, 
find the one whose lateral area is greatest. 

Ans. Its altitude exceeds the radius of the sphere by 3^ % 
of that radius. 

6. Find the volume of the greatest cone of revolution which 
can be inscribed in a given sphere. 

6. If the top and bottom of the tomato can considered in 
the Exercise of the text are cut from sheets of tin so that a 
regular hexagon is used up each time, the waste being a total 
loss, what will then be the most economical proportions toe 
the can^ 
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7. If the strength of a beam is proportional to its breadth 
and to the square of its depths find the shape of the strongest 
beam that can be cut from a eireolar log. 

Ana. The ratio of depth to breadth is V2. 

8. Assuming that the sti&ess of a beam is proportional to 
its breadth and to the cube of its depth, find the dimensions 
of the stiffest beam that can be sawed from a log one foot in 
diameter. 

9. What is the shortest distance from the point (10, 0) to 
the parabola y2 = 4x? 

10. What points of the curve 

y« = aj» 
are nearest (4, 0)? 

11. A trough is to be made of a long rectangular-shaped 
piece of copper by bending up the edges so as to give a rec- 
tangular cross-section. How deep should it be made, in order 
that its carrying capacity may be as great as possible ? 

12. Assuming the density of water to be given from 0® to 
30** C. by the formula 

where pQ denotes the density at freezing, t the temperature, 
and 

a = 5.30 X 10-», )8 = - 6.53 x lO-^, y = 1 .4 x lO"*, 

show that the maximum density occurs at t s 4.08°. 

13. Tangents are drawn to the arc of the ellipse 

--4-^ = 1 

which lies in the first quadrant. Which one of them cuts ofl 
from that quadrant the triangle of smallest area ? 

14. Work the same problem for the parabola 

j^ssa*~4aa;. 
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4. IneiMsiiig aad Beereuiiig F— ctiwm. The Calculus 
affords a simple means of determimng whedier a fimction is in- 
creamng or deereasing as the independrait variable increases. 

Since the slope of the 
graph is given by 1>^, 
we see that when D^f/ 
is positive, y increases 
as X increases, but 
when D^ is negative, 
y decreases as x in- 
creases. Figure 21 shows the graph in general when D^ is 
positive. 

In each figure both x and y have been taken as positive. 
But what is said above in the text is equally true when one or 
both of these variables are negative; for the words increase 
and decrease as here used mean algebraic, not numerical, in^ 
crease or decrease. Thus if the temperature is ten degrees below 
zero (i,e» — 10®) and it changes to eight below (— 8°), we say 
the temperature has risen. If 
we measure the time t, in hours 
from noon, then 10 a.m. will 
correspond to ^ = — 2. Let u 
denote the temperature, meas- 
ured in degrees. Then a tem- 
perature chart for 24 hours 
from midnight to midnight might look like the accompanying 
figure. At any instant, t = f, for which the slope of the curve, 
i)|W, is positive, the temperature is rising, no matter whether 
the thermometer is above zero or below, and no matter whether 
t is positive or negative ; and similarly, when DtU is negative, 
the temperature is falling. 
Again, suppose the amount of business a department store 
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does in a year, as represented by the net receipts each day, be 
plotted as a curve (y = receipts, measured in dollars; x^ 
time, measured in days), the curve being smoothed in the 
usual way. Then a point of the curve at which the derivative 
is positive {i.e. D^y > 0) indicates that, at that time, the busi- 
ness of the firm was increasing; whereas a point at which 
Dj/ < means that the business was falling off. 

We can state the result in the form of a general theorem, 
the proof of which is given by inspection of the figure (Fig. 21) 
and the other forms of the figure, brought out in the above 
discussion. 

Thbobbm : When x increasesy then 

(a) if Djy > 0, y increases; 

(6) if Djy < 0, y decreases. 

Application. As an application consider the condition that 
a curve y =/(«) have its concave side turned upward, as in 
Fig. 23. The slope of the curve is 
a function of « : ^ 

tan r B ^(a;). 

For, when x is given, a point of 
the curve, and hence also the ^ 
slope of the curve at this point, is 
determined. Consider the tangent line at a variable point P. 
If we think of P as tracing out the curve and carrying the 
tangent along with it, the tangent will turn in the counter 
clock-wise sense, the slope thus increasing algebraically as x 
increases, whenever the curve is concave upward. And con- 
versely, if the slope increases as x increases, the tangent will 
turn in the counter clock-wise sense and the curve will be con- 
cave upward. Now by the above theorem, when 

2>,tanT>0, 

tanr increases as x increases. Hence the curve is concave 
upward, when Z>, tan r is positive ; and conversely. 




Fig. 23 
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Th( denwstive D,\aaiT is the denraliTe of tibe deciYative 
of y. This is called the seoomd derkative of y, and is denoted 
)is follows: 

(lead: "^ Z> a? second of y '^* 

The test for the cnrre's being concaye downward is obtained 
in a similar manner, and thns we are led to the following 
important theorem. 

Tbst fob a Cubtb's bkivg Covcays Upwajuo, stc The 

curve ^, . 

y=/(a?) 

i$ COHCAYX upwAiuo when D/ff>Oi 

COHCAYX DOWKWARD icheu D^<0. 

A point at which 
the carve changes 
from being concave 
upward and be- 
comes concave 
downward (or vice 
versa) is called a 
point of inflection. 
Since D,*y changes 
sign at such a point, 

this function will necessarily, if continuous, vanish there. 

Hence: 

A necessary condition for a point of inflection is that 
Example. Consider the curve 
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* The derivatiTe of the second deriTative, D«(D«sy), is called the third 
derivatioe and is written Dfy, and so on. 
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Its slope at any point is given by the equation 

The second derivative of y with 
respect to x has the value 

Thus we see that this curve is 
concave upward for all positive 
values of x, and concave down- P^^ 25 

ward for all negative values. In ' 

character it is as shown in the accompanying figure. 




EXERCISES 



Por what values of x are the following functions increasing ? 
For what values decreasing ? 



1. 



2. 



3. 



^ y = «»-2aj + 3. 

Ana. Increasing, when a; > 1 ; decreasing, when a; < 1. 

y =B 5 + 12a? — x\ 



4. y = aj» — 27aj + 7. 

Ans. Increasing, when a? > 3, and when a? < — 3 ; decreas- 



ing, when — 3 < a? < 3. 
6. y =5 6 -h 6a5 — aj*. 



6. yssic — aj*. 



7. y-a;8-9a;«-|-12aj-l. 

In what intervals are the following curves concave upward ; 
in what, downward ? 

8. y = aj» — 3a^-|-7a — 6. 

Ans. Concave upward, when x > 1 ; concave downward, 
when 26 < L 
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9. y«15 + 8aj + 3aj* — a». 10. y = aj» — 6aj* — a? — L 

11. y = 3 — 9a?4-24aj2— 4a^. 12. y = 2a^ — a?*. 

13. y = ic* — 4aj» — 6aj4-ll. 14. y = — 121aj + 7a» — aj^ 
15. y = 13 + 23aj - 24a;« + 12a^ — a;*. 

5. Cnrve Tracing. In the early work of plotting curves 
from their equations the only way we had of finding out what 
the graph of a function looked like was by computing a large 
number of its points. We are now in possession of powerful 
methods for determining the character of the graph with 
scarcely any computation. For, first, we can find the slope of 
the curve at any point ; and, secondly, we can determine in 
what intervals the curve is concave upward, in what concave 
downward.* 

Example. Let it be required to plot the curve 

(1) 3y = «» - 3aj2 + 1. 

a) Determine first its slope at any point : 

(2) 3D^=3a;2-6aj, Dj/^a^-2x. 

* There are two great applications of the graphical representation of a 
function. One is quantitative, the other, qtuUitative. By the first I mean 
the use of the graph as a table, for actual computation. Thus in the use 
of logarithms it is desirable to have a graph of the function y = logio x 
drawn accurately for values of x between 1 and 10 ; for by means of such 
a graph the student can read off the logarithms he is using, correct to two 
or three significant figures, and so obtain a check on his numerical work. 

There is, however, a second large and important class of problems, in 
which the character of a function is the important thing, a minute deter- 
mination of its values being in general irrelevant. 

A case in point is the determination of the number of roots of an alge- 
braic equation, e,g, aj» — x« — 4 « + 1 = 0, 

Here, we plot the curve y - a-s _ a;« - 4x + 1 

and inquire where it cuts the axis of x. For this purpose it is altogether 
adequate to know the character of the curve, and for treating this problem 
the methods of the present paragraph yield a powerful instrument. 
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It is always useful to know the points at which the tangent 

to the curve is parallel to the axis of a?. These are obtained 

by setting D^ = and solving. Thus we get from (2) the 

equation : 

aj2-2ic=0. 

The roots of this equation are 

x^O and x=^2 

Now determine accurately the points having these abscissas, 
plot them, and draw the tangents there : 



y\x^=\\ 



y|x-2=— !• 




We do not yet 
know whether the 
curve lies above its 
tangent in one of 
these points, or be- 
low its tangent ; it 
might even cross 
its tangent, for the 
point might be a 
point of inflection. These questions will all be answered by 
aid of the second derivative. 

h) Compute the second derivative : 

2>,2y = 2a; - 2 = 2(a? - 1). 

Wo see that it is positive when x is greater than 1 and nega- 
tive when X is less than 1 : 



Fia. 26 



DJh/>0 
D^^y < 
D,^y = 



when 1 < aj; 
when 05 < 1. 
when a? = 1. 



Hence the curve has a point of inflection when a? = 1. This 
is a most important point on the curve. We will compute its 
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ooordinates aocorately, determine the slope of the cnrye theie^ 
and draw accurately the tangent there. 

This is the last of the important tangents which we need to 
draw. Since the curye is concave upward to the right of the 
line x = lf and concave downward to the left of that line, it 
must be in character as indicated. We see, then, that it cuts 
the axis of x between and 1, and again to the right of the 
point a; = 1 ; and it cuts that axis a third time to the left of 
the origin. 

These last two points can be located more accurately by 
computing the function for a few simple values of x. 

hence the curve cuts the axis of x between « =s 2 and xssS. 

hence the curve cuts the axis between x =: and x a= ~ 1« 
Incidentally we have shown that the cubic equation 

ac^ -. 3aj2 ^- 1 = 

has three real roots, and we have located each between two 
successive integers. 

EXERCISES 

Discuss in a similar manner the following curves. In par- 
ticular: 

a) Determine the points at which the tangent is horizontal, 
if such exist, and draw the tangent at each of these points ; 

b) Determine the intervals in which the curve is concave 
upward, and those in which it is concave downward ; 

c) Determine the points of inflection, if any exist, and dra^ 
the tangent in each of these points ; 
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d) Draw in the curve.* 

In most cases it is desirable to take 2 cm. as the unit. 



1. 


y =a a' -f 3«» - 2. 


2. 


y = rc»— 3ar-|-l. 


3. 


yssa^-|-3a? + l. 


4. 


6y = 2a:5 - 3aJ2 — 12aj + 6. 


6. 


62/ = 2aj» H- 3aj2 - 12a - 4 


6. 


y = aj»-f-a:»-fa; + l. 



Suggestion. Show that the derivative has no real roots and 
hence, being continuous, never changes sign. 

7. 12y = 4a^ - 6aj« 4- 12a? - 9. 

8. y =5 205* — 05 — 05*. 

9. 12y = 4a^ 4- 18aJ* + 27 aj + 12. 

10. y = l — 4aj4-6a2_3aj8. 

11. y = l + 2ic + aj2 — aj8. 

12. 4y = a*-6«» + 8. 13. y = aj*— 8aj* + 4. 
14. y = 05 — a^. 16. y = 05 + 03*. 

16. y=sa;*-faj*. 17. y = 05* — a^. 

18. y = 3aj6 4- 5a^ + 15aj + 2. 

19. 60y = 2aJ« + 16a;* + 60a2-30. 

6. BdatLve Hazima and Hinima. Points of Inflection. A 

function 

(1) y =/(«!) 

* Since a curve separates very slowly from its tangent near a point ot 
inflection, the material graph of the curve must necessarily coincide with 
the material graph of the tangent for some little distance. 




/ 



CALCULUS 

is said to baye a maaimvm at a poii^ a; s a\) if its value 2A»XqV& 
larger than at any other point in the neighborhood of % But 
such a maximum need not represent the largest value of the 
function in the complete interval a ^ x ^ &, as is shown hj 

Fig. 27, and for this reason 

i^;- — it is called a relative mcm- 

\ mum, in distinction from 

j \ a maximum maximoruniy 

J I X or an absolute Tnaximum. 

*o X"^ A similar definition. 

holds for a minimum, the 
word " larger " merely being replaced by " smaller." 

It is obvious that a characteristic feature of a maximum ia 
that the tangent there is parallel to the axis of x, the curve 
being concave downward. Similarly for a minimum, the curve 
here being concave upward. Hence the following 

Tbst fob a Maximum ob a Minimum. If 

the function has a maximum for x = Xq; if 

(P) [i>^]«.= 0, [Z).^]«.> 0, 

it has a minimum. 
The condition is sufficient, but not necessary ; cf . § 7. 

Example. Let y = a^ — 3a^ + l. 

Here D^ = 6afi-6x = 6x{x^ - l)(aj« + 1), 

and hence D^ = for a? = — 1, 0, 1. 

Thus the necessary condition for a maximum or a minimum, 
Dj/ = 0, is satisfied at each of the points a? = — 1, 0, 1. 

To complete the determination, if possible, compute the 
second derivative, ^ , ^^ ^ 

and determine its sign at each of these points : 
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[^j*y]»» 1 = 24 > 0, .•.««—! gives a minimum; 
[Px*y^*>^ = — 6< 0, .•. 05 = gives a maximum; 
[I)Jy']xrri = 24 > 0, .*. 05 = 1 gives a mintmum. 

Points of Inflection. A point of inflection is characterized 
geometrically by the phenomenon that, as a point P describes 
the curve, the tangent at P 
ceases rotating in the one di- y 
rection and, taming back, be- 
gins to rotate in the opposite 
direction. Hence the slope 
of the curve, tan r, has either 
a maximum or a minimum at 
a point of inflection. 

Conversely, if tan t has a 
maximum or a minimum, the curve will have a point of inflec- 
tion. For, suppose tan r is at a maximum when x^Xq. Then 
as Xy starting with the value Xq, increases, tan r, i.e. the slope 
of the curve, decreases algebraically, and so the curve is con- 
cave downward to the right of a^ On the other hand, as x 
decreases, tan r also decreases, and so the curve is concave up- 
ward to the left of Xq. 

Now, we have just obtained a theorem which insures us a 
maximum or a minimum in the case of any function which 
satisfies the conditions of the theorem. If, then, we choose 
as that function, tanr, the theorem tells us that tanr will 
surely be at a maximum or a minimum if 

Z),tanT = 0, D,«tanT:^0. 

Hence, remembering that 

tanrssD^, 
we obtain the following 

Tbst fob a Point of Inflection. If 
the curve has a point of inflection at x^sXq. 
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This test; like the foregoing for a maximum or a minimum^ 
is sufficient, but not necessary ; cf . § 7. 
Example, Let 

27y = 0^ + 2iB» - 12a^ 4- 14a; - 1. 
Then 21 Djy = 4»» + 6a« — 24a; + 14, 

27D.2y =r 12a;» + 12 a; - 24 = 12(aj - l)(aj + 2), 
27i).»y = 12(2a; + l). 

Setting Z>,*y = 0, we get the points a? = 1 and a? = — 2. And 

since 

27[i>,»y]^i= 36 ^ 0, 27[Z),«y]^.,= - 36 =jfe 0, 

we see that both of these points are points of inflection. 

The slope of the curve in these points is given by the 

equations: 27[D^]^=0, 27[Z>j,]_.= 64. 

Hence the curve is parallel to the axis of x at the first of these 
points ; at the second its slope is 2. 



EXERCISES 

Test the following curves for maxima, minima, and points 
of inflection, and determine the slope of the curve in each 
point of inflection. 

1. y = 4a;»-16a;«+12a;+l. - S. 6y = aJ8 — 3a;*+3a;»— 1. 

2. y^ofi + a^ + ix^. 4. y = (a; - l)8(a; + 2)». 




• 6. y=a 



X 



2 + 3a^ 



6. j/=(l-a^)«. 

7. Deduce a test 
for distinguishing be- 
tween two such points of inflection as those indicated in 
Fig. 2a 
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7. Vecessary and Snffloient Conditioiui. In order to under- 
stand the nature of the tests obtained in the foregoing paragraph 
it is essential that the student have clearly in mind the mean- 
ing of a necessary condition and of a sufficient condition. Let 
us illustrate these ideas by means of some simple examples. 

a) A necessary condition that a quadrilateral be a square is 
that its angles be right angles. But the condition is obviously 
not sufficient ; all rectangles also satisfy it. 

b) A sufficient condition that a quadrilateral be a square is 
that its angles be right angles and each side be 4 in. long. 
But the condition is obviously not necessary ; the sides might 
be 6 in. long. 

c) A necessary and sufficient condition that a quadrilateral 
be a square is that its angles be right angles and its sides be 
mutually equal. 

As a further illustration consider the following. It is a 
w-ell-known fact about whole numbers that if the sum of the 
digits of a whole number is divisible by 3, the number is divis- 
ible by 3 ; and conversely. Also, if the sum of the digits of a 
whole number is divisible by 9, the number is divisible by 9 ; 
and conversely. Hence we can say : 

i) A necessary condition that a whole number be divisible 
by 9 is that the sum of its digits be divisible by 3. But the 
condition is not sufficient. 

ii) A sufficient condition that a whole number be divisible 
by 3 is that the sum of its digits be divisible by 9. But the 
condition is not necessary. 

iii) A necessary and sufficient condition that a whole num- 
ber be divisible by 3 (or 9) is that the sum of its digits be 
divisible by 3 (or 9). 

Turning now to the considerations of § 6, we see that f^ 
necessary condition for a minimum is that 
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at the point in question, x=oco. But this condition is not 
sufficient. When it is fulfilled, the function may haye a 
maximum, or it may have a point of inflection with horizontal 
tangent. 
On the other hand, the condition 



is sufficient for a minimum. But it is not necessary. Thup 
the function 

(1) J/=aJ* 

obviously has a minimum when x = 0. The necessary condi- 
tion, Dj/ = 0, is of course fulfilled : 

But here DJh/ = 12x'^, and [-D,^]*«o 

is not positive ; it is 0. 

Again, as was shown in § 4, a necessary condition for a point 

of inflection is that ^ . 

DJh/=zO 

at that point. But this condition is not suf&cient. Thus in 
the case of the curve (1) this condition is fulfilled at the 
origin. But the origin is not a point of inflection. 

Remark. It may seem to the student that such tests are 
unsatisfactory since they do not apply to all cases and thus 
appear to be incomplete. But their very strength lies in the 
fact that they do not tell the truth in too much detail. They 
single out the big thing in the cases which arise in practice 
and yield criteria which can be applied with ease to the great 
majority of these cases. 

8. Velocity; Bates. By the average velocity with which a 
point moves for a given length of time t is meant the distance 
8 traversed divided by the time : 

average velocity =-• 
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Thus a railroad train which covers the distance between two 
stations 15 miles apart in half an hour has an average speed 
of 15/^s 30 miles an hour. 

When, however, the point in question is moving sometimes 
fast and sometimes slowly, we can describe its speed approxi- 
mately at any given instant by considering a short interval 
of time immediately succeeding the instant ^ in question, and 
taking the average velocity for this short interval. 

For example, a stone dropped from rest falls according to 

the law : .^. 

« = 16?. 

To find how fast it is going after the lapse of ^ seconds. Here 

(1) «o = 16V. 

A little later, at the end of f seconds from the beginning of 
the fall, 

(2) «' = 16«'2 

and the average velocity for the interval of i' — <© seconds is 

(3) ^_:zJ9 ft. per second. 

Let us consider this average velocity, in particular, after the 

lapse of 1 second : 

^0 ss 1, «b = lo. 

Let the interval of time, f — ^oi be -^ sec. Then 

«' = 16 X 1.1« = 19.36, 

«^j-^ ^SM^ 33 g ^^ ^ second. 
f-to .1 

Thus the average velocity for one-tenth of a second immedi' 
ately succeeding the end of the first second of fall is 33.6 ft. a 
second. 

Next, let the interval of time be y^ sec. Then a similai 
computation gives, to three significant figures : 

^^lJs^S2.2 ft. a second. 
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And when the interval is taken as Yhn^ b®<^*> ^^ average 
velocity is 32.0 ft. a second. 

These numerical results indicate that we can get at the 
speed of the stone at any desired instant to any desired degree 
of accuracy by direct computation; we need only to reckon 
out the average velocity for a sufficiently short interval of 
time succeeding the instant in question. 

We can proceed in a similar manner when a point moves 
according to any given law. Can we not, however, by the aid 
of the Calculus avoid the labor of the computations and at the 
same time make precise exactly what is meant by the velocity 
of the point cU a given instant? If we regard the interval 
of time t' — to as aua. increment of the variable t and write 

«' — <o = ^*> t^6^ a' — So = ^^ ^^^^ represent the corresponding 
increment in the function, and thus we have : 

average velocity = — 

At 

Now allow A^ to approach as its limit. Then the average 
velocity will in general approach a limit, and this limit we take 
as the definition of the velocity j v, oJt the instant to : 

lim (average velocity from t^^t^tot^f) 

SK actual velocity * at instant t = tQ, 

or v=s lim — = D^. 

AtHi At 

Hence it appears that the velocity of a point is the time- 
derivative of the space it has traveled. In the case of a 
freely falling body this velocity is 

V= DfS :=32t 

In the foregoing definition, s has been taken as the distance 
actually traversed by the moving point, P. More generally, 
let s denote the length of the arc of the curve on which P is 
moving, s being measured from an arbitrarily chosen fixed 

* Sometimes called the instantantous velocity. 
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point of that carve. Either direction along the curve may be 
chosen as the positive sense for s. Thus, in the case of a 
freely falling body, 8 might be taken as the distance of the 
body above the ground. If h denotes the initial distance, then 

where «' denotes the distance actually traversed by P s' 
at aqy given instant. Hence 



PI 



a 



or DtS = — Z),a'. Fia. 80 

Here 2>,« gives numerically the value of the velocity, but D<s is 
a negative quantity. 

We will, accordingly, extend the conception of velocity, 
defining the velocity v of the point as 2>,8: 

Thus the numerical value of v or D^a will always give the 
speedy or the value of the velocity in the earlier sense. In 
cace 8 increases with the time, D^s is positive and represents 
the speed. If, however, 8 decreases with the time, D^a is nega- 
tive, and the velocity, v, is therefore here negative, the speed 
now being given by — v or — Dj». In all cases, 

Speed=|v| = |Z),a|. 

Example. Let a body be projected upward with an initial 
velocity of 96 ft. a second. Assuming from Physics the law 

that s = 96^ -16^2, 

find its velocity a) at the end of 1 sec. 

h) at the end of 5 sec. 

Solution. By definition, the velocity at any instant is 

„ v = jD,a = 96-32«. 

Hence 

a) t;|fc,i = 64. 

b> t;U = -64. 
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The meaning of these results is that, at each of the two 
instants, the speed is the same, namely, 64 ft. a second (and 
the height above the ground is also seen to be the same, 
^ ss 80 ft.). But when t = ly D,8 is positive ; hence « is in- 
creasing with the time and the body is rising. When ^ = 5, 
D^8 is negative ; hence 8 is decreasing with the time, and the 
body is descending. 

Bates. Consider any length or distance, r, which is chang- 
ing with the time, and so is a function of the time. Let Vq 
denote the value of r at a given instant, t s txt, and let r' be the 
value of r at a later instant, t as t\ Then the increase in r 
will be / — ro =8 Ar and that in t will be t' — ^o = ^*- Thus in 
the interval of time of A^ seconds succeeding the instant t= Iq^ 

average rate of increase of r = — • 

Now let At approach as its limit. Then the average rate of 
increase will in general approach a limit, and this limit we take 
as the definition of the rate of increase of r at the instant t^i 

lim (average rate of increase from t ^ to to t^st') 

Bs actual rate of increase at instant taato 

= lim^=Ar. 

^JkO At 

In other words, the rate at which r is increasing at any in- 
stant is defined as the time-derivative of r. 

If r is decreasing, D^r will be a negative quantity ; and con- 
versely, if D/r is negative, then r is decreasing. In either case, 
the num^ricaJ value of D^r gives the rate of change of r ; just 
as, in the case of velocities, the numerical value of D^s gives 
the speed. 

More generally, instead of r, we may have any physical 
quantity, t^, as an area or a volume or the current in an electrio 
circuit or the number of calories in a given body. 



I 
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In all these cases, the rate at which u is increasing is defined 
as the ti^ne-derivative of u, i.e. as D^u ; and the rate of change 
of u is I D,u |. 

Example. At noon, one ship is steaming east at the rate of 
18 miles an hour, and a second ship, 40 miles north of the first, 
is steaming south at the rate of 20 miles an hour. At what 
rate are they separating from each other at one o'clock ? 

Solution. The relation between r and t is 
here given by the Pythagorean Theorem : 

r2=(40-200*+(180^ 
or 

(1) 7* = 1600 - leOOt + 724^. 
Hence 

(2) r = V1600 - 1600^ + 724««. ^«- 31 

We wish to find D^r. This can be done by differentiating 
equation (2) ; but that would be poor technique, since it is 
simpler to differentiate equation (1) through with respect to t: 

2rjD,r = -1600 + 1448«, 

(3) ^^^^-800 + 724^, 

r 

Equation (3) gives the rate at which r is increasing at any 
instant t ; i.e. t hours past noon, or at t o'clock. 
Setting now, in particular, ^ =s 1, we obtain : 

Z>,r L.1 =- -^^ = - 2.825. 

' V724 

The meaning of this result is twofold. First, since D^r is 
negative when ^ ss 1, the ships are not receding from each 
other, but are coming nearer together. Secondly, the rate of 
change of the distance between them is, at one o'clock, 2.826 
zniles an hour. 
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Let the student determine how long they will continue to 
approach each other, and what the shortest distance between 
them will be. 

Remark. It is important for the student to reflect on the 
method of solution of this problem, since it is typical. We 
were asked to find the rate of recession at just one iiistanty £=1. 
We began by determining the rate of recession generally, i.e. 
for an arbitrary iiistantj t=t. Having solved the general 
problem, we then, as the last step in the process, brought into 
play the specific value of t which alone we cared for, namely^ 

The student will meet this method again and again, — in 
integration, in mechanics, in series, etc. We can formulate 
the foregoing remark suggestively as follows: By means of 
the Calculus we can often determine a particular physical 
quantity, like a velocity, an area, or the time it takes a body, 
acted on by known forces, to reach a certain position. The 
method consists in first determining a functiony whereby the 
general problem is solved for the variable case ; and then, as 
the last step in the process, the special numerical values with 
which alone the proposed question is concerned, are brought 
into play. 

EXERCISES 

1. The height of a stone thrown vertically upward is given 
by the formula : ^^ ^^,, 

•^ 8=z^t—16t*. 

When it has been rising for one second, find (a) its average 
velocity for the next -^ sec. ; (b) for the next -j^ sec. ; (c) its 
actual velocity at the end of the first second ; (d) how high it 
will rise. 

Ana. (a) 14.4 ft. a second ; (b) 15.84 ft. a second ; (o) 16 ft. 
a second ; (d) 36 ft. 

2. One ship is 80 miles due south of another ship at noon, 
and is sailini? north at the rate of 10 miles an hour. The 
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second ship sails west at the rate of 12 miles an hoar. Will 
the ships be approaching each other or receding from each 
other at 2 o'clock ? What will be the rate at which the dis- 
tance between them is changing at that time ? How long will 
they continue to approach each other ? 

3. If two ships start abreast half a mile apart and sail due 
north at the rates of 9 miles an hour and 12 miles an hour, 
how far apart will they be at the end of half an hour ? How 
fast will they be receding at that time ? 

4. Two ships are steaming east, one at the rate of 18 miles 
an hour, the other at the rate of 24 miles an hour. At noon, 
one is 50 miles south of the other. How fast are they sepa- 
rating at 7 F.M. ? 

5. A ladder 20 ft. long rests against a house. A man 
takes hold of the lower end of the ladder and walks off with 
it at the uniform rate of 2 ft. a second. How fast is the upper 
end of the ladder coming down the wall when the man is 4 ft. 
from the house ? 

6. A kite is 150 ft. high and there are 250 ft. of cord out 
If the kite moves horizontally at the rate of 4 m. an hour 
directly away from the person who is flying it, how fast is the 
cord being paid out ? Ans, 3^ m. an hour. 

7. A stone is dropped into a placid pond and sends out 
a series of concentric circular ripples. If the radius of the 
outer ripple increases steadily at the rate of 6 ft. a second, 
how rapidly is the area of the water disturbed increasing at 
the end of 2 sec. ? Ans. 452 sq. ft. a second. 

8. A spherical raindrop is gathering moisture at such a 
rate that the radius is steadily increasing at the rate of 1 mm. 
a minute. How fast is the volume of the drop increasing 
when the diameter is 2 mm. ? 

9. A man is walking over a bridge at the rate of 4 miles an 
hour, and a boat passes under the bridge immediately below 
him rowing 8 miles an hour. The bridge is 20 ft. above the 
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boat. How fast are the boat and the man separating 3 min 
utes later ? 

Suggestion. The student should make a space model for 
this problem by means, for example, of the edge of a table, a 

crack in the floor, and a string ; or 
by two edges of the room which do 
not intersect, and a string. He 
should then make a drawing of his 
model such as is here indicated. 

10. A locomotive running 30 
miles an hour over a high bridge 
'^' dislodges a stone lying near the 

track. The stone begins to fall just as the locomotive passes 
the point where it lay. How fast are the stone and the loco- 
motive separating 2 sec. later ? * 

11. Solve the same problem if the stone drops from a point 
40 ft. from the track and at the same level, when the locomo- 
tive passes. 

12. A lamp-post is distant 10 ft. from a street crossing and 
60 ft. from the houses on the opposite side of the street. A 
man crosses the street, walking on the crossing at the rate of 
4 miles an hour. How fast is his shadow moving along the 
walls of the houses when he is halfway over ? 

* BdcHBR, Plane Analytic Geometry, p. 280. 



CHAPTER IV 
INFINITESIIKALS AND DIFFERENTIALS 



1. InfimteBimaLi. An infinitesimal is a variable which it is 
desirable to consider only for values numerically small and 
which, when the formulation of the problem in hand has pro- 
gressed to a certain stage, is allowed to approach as its limit 

Thus in the problem of differentiation, or finding the limit 

(1) lim^=Dj,, 

Ax and Ay are infinitesimals ; for we allow Ase to approach 
as its limit, and then Ay also approaches 0. 

Again, if we denote the value of the difference Ay/ Ax — D^ 
by €, so that 

(2) ^-^^ = '. 

then e is an infinitesimal. For, when Ax approaches 0, the 
left-hand side of equation (2) approaches 0, and so e is a vari- 
able which approaches as its limit, i.e, an infinitesimal. 

Principal Infinitesimal, When we are dealing with a num- 
ber of infinitesimals, a, Py y, etc., it is usually possible to 
choose any one of them as the independent variable, the others 
then becoming functions of it, or dependent variables. That 
infinitesimal which is chosen as the independent variable is 
called the principal infinitesimal. 

Thus, if the infinitesimals are a and p, and if 

81 
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it is natural to choose a as the principal infinitesimal. But 
it is perfectly possible to take )3 as the principal infinitesimal. 
a then becomes the dependent variable, and is expressed in 
terms of fi by solving equation (3) for a : 

(4) a = — ^ 

^^ 2-3)8 

Order of Infinitesimals. We are going to separate infinitesi- 
mals into classes, according to the relative speed with which 
they approach 0. Suppose we let a set the pace, taking on 
the values .5, .1, .01, .001, etc Consider, for example, a^. 
Then o^ takes on the respective values .25, .01, .0001, eto., and 
hence runs far ahead of a : 



a 


.5 


.1 


.01 


.001 ••• 


a^ 


.25 


.01 


.0001 


.000001 ... 



Furthermore, the closer the two get to 0, the relatively nearei 
a* is to 0. Thus, when a = .5, a^ is twice as close ; but when 
a s .01, a^ is one hundred times as close ; and so on. 

Again, consider the infinitesimal ^o. It is always twice as 
close to as a is. Similarly, 10 a is always one-tenth as dose 
as cL 

From these examples we see that there is* a decided difference 
between the relative behavior of a and ka on the one hand, 
and that of a and a^ on the other. For, ka is keeping pace 
relatively with a, whereas a^ runs indefinitely ahead of a, rela- 
tively. Consequently, we should put ka into the same class 
with a, whereas a^ forms the starting point for a new class. 
To this latter class would belong such infinitesimals as ^a^ or 
4(x^ — ofi ; and the former class would include, for example, 
2a + 3a^ and -f^^ — lOOOo^. Let the student make out a 
table like the above for each of these examples. 

What is the common property of all infinitesimals of the 
same class ? Is it not, that, for two infinitesimals, the relaiive 
speed with which they approach is nearly, or quite, a fixed 
number not zero ? It is this idea which lies at the bottom of 
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the conception of the order of an infinitesimal, and it is for- 
mulated in a precise definition as follows : 

Definition. Two infinitesimals, p and y, are said to be of 
the same order if their ratio approaches a limit not : 

lim^=^:9fcO. 

y 

Thus )8=2a-fa« and y = 3a — «» 

are of the same order. For, 

ff_ 2« + «* _. 24-« 
y 3a -a« 3 - a^' 

and hence, when a approaches 0, 



lim^ = lim| + «-? 

y 3 



Similarly, 12 a? + 3 a' and 6 a* — 7 a' are infinitesimals of the 
same order. 
An infinitesimal p is said to be of higher order than y if 

lim^ = 0, 

y 

Thus if )8=9a* and y = 2a + 5a*, 

P is of higher order than y. For, 

p_^ 9a« ^ 9a 
y 2a + 5a*'*24-5a»' 

and bence, when a approaches 0, 

lim^=lim-i|-=0. 
y 2-l-oa' 

Finally, p is said to be of lower order than y if 
(5) lim — = Qo , 

(read : " j8/y becomes infinite "; not " )8/y equals infinity." *). 

« The student should now turn back to Chapter U, § 6, and read again 
.carefully what is said there about infinity. In particular, he should im- 
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Thus if )8=Va and ys6a + a^i 

P is of lower order than y. For 

p V^ 1 

y 6a+a» Va(6 + a») 

When a approaches 0, it is evident that the last fraction ia 

creases without limit, or o 

lim ^ =: 00 • 

y 

First Order, Second Order, etc. An infinitesimal p is said to 
be of the^ra^ order if it is of the same order as the principal 
infinitesimal, a ; i.e. if r% 

it 
If )3 is of the same order as a\ i.e, if 

lim^-iT^jfeO, 
or 

then p is said to be of the second order. And, generaUy, if fi 
is of the same order as a*, i.e. if 

a* 

then p is said to be of the n-th order. 
Thus if 

I3 = 2a or ^ = -iL_ or ^ = a + i^, 

Z — a 

then )3 is of the first order. 

But if 

p=z2a^ + o^ or ^ = -^ or p=^a*, 

then ^ is of the second order. 

press on his mind the fact that infinity is not a limit and that in th« 
notation used in (5) the = sign does not mean that one number is equal , 
to another number. The formula is not an equation in the sense in which ' 
2x = 8 or cfl—h* =(a — &)(a + 6) is an equation. The formula means 
no more and no less than that the variable fi/y increases in value without 
limit. 
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If /8 = Va, then fl_^ 

i— — 1, 

a* 

and lim -ff =s 1 ^ 0. 

a* 
Hence p is of the order ^. 

It is easily seen that if two infinitesimals (3 and y are, under 

the present definition, each of order n, then they also satisfy 

the earlier definition of being of the same order. For, let 

lim-^ = ^sjfeO and lim-^ = isjfeO. 
a"* a" 

Then, if we denote the differences )8/a* — ^ and y/ar — L 
respectively by c and r/, so that 

(6) L^K^t and X_i=r^ 

these variables, e and 17, will be infinitesimals. For, the left- 
hand side of each of the equations (6) approaches 0. 
From equations (6) it follows that 

^ = K'\- c and ^ = i 4- «, 
a" a" 

On dividing one of these equations by the other we have : 

We are now ready to allow a to approach as its limit. Then 

lim^=:lim;?i5. 

y i + iy 

By Theorem III of Chapter 2, § 5 this last limit has the value 

lim ^?ii = ^i5^i^il^ = ^. 
jL 4- 17 lim (L + rj) L 

Hence, finally li^ ^ = f ^ 0, q. e. d 
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EXERCISES 

1. Show that 

^ = 5a — lla* + a^ and y=z7a + €^ 
are infinitesimals of the same order. 

2. Show that 

^=:2a-3as and yr=:2a + a« 

are infinitesimals of the same order, bat that their difference, 
)3 — y, is of higher order than fi (or y). 

3. Show that 8 = ;r is an infinitesimal of the second 

or — 2 

order, referred to a as principal infinitesimal. 

4. Show that /8 = Va* + 2a' is of the first order, referred 
to a, 

5. Show that p = V2a-|-13a* is of lower order than a. 

6. Show that the order of )3 in question 5 is n = |^. 

Determine the order of each of the following infinitesimals, 
referred to a as the principal infinitesimal : 



7. ia + 18a». 11. <^a»-«. 

*' 13^' ^^- "V^2a2-a». 



,^ /2a« + a» -- 4/3a« + 4i)e* 

15. If p and y are infinitesimals of orders n and m respeo- 
tiyely, show that their product, )3y, is an infinitesimal of order 

16. If p and y are infinitesimals of the same order, shoi?v' 
that their sum is, in general, an infinitesimal of the same 
order. 

Are there exceptions ? Illustrate by examples* 
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2. Continiiation ; Fundamental Theorem. Principal Part of 
an Infinitemnal, Let j3 be an infinitesimal of order n, and 
let a be the principal infinitesimal. Then 

lim^=^«jfeO. 
a" 

Moreover, as pointed out in the last paragraph, 

(1) 4= -«'+«' 

a* 

where c is infinitesimal. From (1) it follows that 
(2) p = Ka"" + ea». 

This last equation gives a most important analysis (t.e. break- 
ing up) of p into two parts, each of which is simple for its 
own peculiar reason. 

i) Ka"" is the simplest infinitesimal of the nth order imagi- 
nable, — a monomial in the independent variable, the function 

ii) €«** is an infinitesimal of higher order than the nth. 
The first part, ^a", is called the principal part of p. 
By far the most important case in practice is that of infini- 
tesimals p of the^rs^ order, n = 1. Here 

a" a 
and p = Ka + ca. 

Hence we see that the principal part of an injinitesimal of ihe 
first order is proportional to the principal infinitesimal, 

Example 1. Let p = 2a— a*. 

Then p is obviously of the first order, orn = 1, and here 

^ = ^=2-0. 
a* a 
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Clearly, then, ir= 2, c = — a, 

and the principal part of fi is 2a. 

Example 2. Let « _ 2a^ 

Here, obviously, n = 2, and 

lim^=lim— i_=:?. 
a« 7 -4a 7 

2 

Hence K^ — By definition, 

7 



In the present case, then. 



a* 



2 2 8a 

€ = 



7-4a 7 7(7-4a) 
EXERCISE 

Determine the principal parts of a goodly number of the 
infinitesimals occurring in the Exercises at the end of § 1. 

Equivalent Infinitesimals. Two infinitesimals, as fi and y, 
shall be said to be equivalent if the limit of their ratio is unity : 

lim^=l. 

y 

For example, the following pairs of infinitesimals are equiv- 
alent: 

i) 2a + c^ and 2a + a>; 

ii) ^a^^ofi and ^a^-^o^i 

iii) V2a + 6a2 and V2a-7«*. 

An infinitesimal and its principal part are always equivalent 
infinitesimals. For, if fa" is the principal part of ^, then 

/3 = iS:a* + i7, 
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where 17 is of higher order than KfC. Hence 

^« 1 4.-^, lim-J-= 1 + lim -^. 

But lim rj/Ka'' = 0, and the statement is established. 

Two infinitesimals which have the same principal parts are 
equivalent, and conversely. 

Equivalent infinitesimals are of the same order; but the 
converse is not true. 

The difference between two equivalent infinitesimals, ft and 
y, namely, /3 — y, is of higher order than fi or y. For 

y y 

hence lim P^y . = lim( ^ — 1 ) 

y \y J 

=nim2j— l=sO, q. e.d. 

Conversely, if fi and y are two infinitesimals whose differ- 
ence, )3 — y, is of higher order than fi or y, then p and y are 
equivalent. 

For, since EziY = £ — i^ 

y y 

it follows that ..fB _ .N^ i- ff~y 



lim[2 — 1 j=lim 



The right-hand side of this equation is by hypothesis, and 
the left-hand side is equal to 



(-?)- 



1. 



Hence lim " = 1, q. e. d 

y 

We come now to a theorem of prime importance in the 
Infinitesimal Calculus. 
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Fundamental Theorem. Hie limit of the ratio of ttoo injtni^ 
tesimalsy ^ 

y 

is undianged if the numerator infinitesim^ /3 be replaced by any 

equivalent inJinUesimal p* and the denominator inflnitemMU y he 

replaced by any equivalent infinitesim^ y\ 

In other words : ^ ^, 

lim 2 = lim fi- 

y y 

pr<mded limA^l and lim^=L 

The proof is immediate. It is obvious that 

y' /Syy' 

Hence by Theorem II, Chapter II, § 5 we haye 

But the first and third limits on the right-hand side are each 
equal to 1 by hypothesis. Hence 

lim^=lim^, q.e.d. 

y y 

The theorem can be stated in the following equivalent 
form: 

The limit of the ratio of two infinitesimals is the same a« tJ^ 
limit of the ratio of their principal parts. 

The student must not generalize from this theorem and 
infer that an infinitesimal can always and for all purposes be 
replaced by an equivalent infinitesimal. Thus if 

jSs=2a + a^ and y = 2a — a*, 

their difference, )S — y = a^ + a*, 
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is on infinitesimal of the second order. On the other hand, 

is equivalent to y. But it is not true that the difference of fi 
and y, namely, , 

is an infinitesimal of the second order. It is obviously of 
order 3. Thus replacing y by an equivalent infinitesimal has 
here changed the order of the difference fi — y* 

3. Differentials. Let y=f(x) 
be a function of x, and let Dj^ be its derivative : 

lim^==2>^. 
Let the difference Ay/Aa? — D^ be denoted by c. Then 

Aa; 
and 

(1) Ay = D^AojH- cAar. 

Since x is the independent variable, Ax can be taken as the 
principal infinitesimal. D^ does not vary with Aa;; it is a 
constant, for we are considering its value at a fixed point 
x=:Xq, Since, moreover, D^ is not in general zero, equation 

(1) represents Ay as the sum of its principal part, D^yAa;, and 
an infinitesimal of higher order, cAa;. 

Definition of a Differential. The expression D^Aa; is called 
the differential of the function, and is denoted by dy : 

(2) dy^D^^x, or df(x):= DJ(x)^. 

(read : « differential y " or « differential f(x) '' or « dy,** etc.). 

Thus if y = «*, 

dy3=s2a?Aa;, or da^3s2xAa;. 
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Since the definition (2) holds for every function y =/(»), i>i 
can be applied to the particular function 

Hence •^<*>=*- 

(3) dx = Dj3D Ax = Aaj. 

But it is not in general true that Ay and dy are equal, since c 
is in general different from 0. Thus we see that the differen- 
UoH of the independent variable is equal to the increment of that 
variable ; but the differential of the dependent variable is not in 
general equal to the increment of thai variable. 

By means of (3) equation (2) can now be written in the form 

(4) dy^Djydx. 
Hence 



(«) 



i-^-*- 



Geometrically, the increment Ay of the function is repre* 
sented by the line MP^ Fig. 33 ; and the differential, dy, is 

equal to Jf Q, for from (5) 

tanr = f^ 
dx 

or dy^dx tan t. 

In other words. Ay repre- 
sents the distance from the 
level of P to the curve, 
when flj = a?'; dy, the dis- 
tance from the level of P 
to the tangent. Moreover, the difference 

Ay-'dy^itAx 

is shown geometrically as the line QPy and is obviously from 
the figure an infinitesimal of higher order than Ax = PM. 

It is also clear from the figure that Ay and dy are equal 
when and only when the curve y =/(«) is a straight line ; t.e 
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wh.enf(x) is a linear function, 

f(x)=ax-^b. 

Hithertx) x has been taken as the independent variable, Aoi 
as the principal infinitesimal. We come now to the theorem 
on which the whole value of differentials for the purpose of 
performing differentiation depends. 

Theobem. The relation (4) : 

dy = D,ydXy 

is truej even when x and y are both dependent on a third vari- 
dbky t. 

Suppose, namely, that x and y come to us as functions of a 
third variable, t : 

(6) x^<l>{t), y = ^(0, 

and that, when we eliminate t between these two equations, we 

obtain the function ^, , 

y =/(^)- 

Then dx and dy have the following values, in accordance with 
the above definition, since t, not Xy is now the independent 
variable, A^ the principal infinitesimal : 

dy = D^ M, dxss D^M. 

We wish to prove that 

dy:=D^dx. 
Now by Theorem V of Chap. II, § 6 : 

Hence, multiplying through by A«, we get : 

D^ ^t =z Djf ' DtX At, 
or dy = Dj/dx^ q. e. d. 
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With this theorem the explicit use of Theorem Y in Chap. 
II, § 5 disappears, Formula Y of that theorem now taking on 
the form of an algebraic identity : 

du __ du dy 
dx dydx 

To this fact is due the chief advantage of differentials in the 
technique of differentiation. 

Differentials of Higher Order. It is possible to introduce 
differentials of higher order by a similar definition : 

(7) d^z=:DJy^si^, dfy^D^^y^a^y etc., 

X being the independent variable. We should then have by (3) 

(8) dhf^D^h/dT? or ^^DJy, etc. 

Unfortunately, however, relation (8) does not continue to 
hold when x and y both depend on a third variable, U For 
example, suppose ^ , ^ 

Then y^sa + x. 

When t is taken as the independent variable, we have ac- 
cording to relation (8) : 

aud since dx^2tdt, 

it follows that (fy^ 2d^' ^1^1 

da^ 4«»d«»""2t«'*2aj* 

On the other hand, when x is taken as the independent vari 
able, relation (8) becomes 

d^^^D^'yd^^O, 
and consequently ^ 

dafi^^' 
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Thus the quotient, 5Qf, is seen to have two entirely distinct 

yaJaes according as ^ or a; is taken as the independent variable 
We will agree, therefore, to discard this definition. The nota- 



tion —^ as meaning D^h/ is, however, universally used in the 



Calculus, and so we will accept the definitions 

da? dofi 

interpreting the left-hand sides of these equations, however, 
not as ratioSf but as a single^ Jtomogeneons (and altogether 
clumsy !) notation for that which is expressed more simply by 
Cauchy's D. 

JRemarJc, The operator 2>, shall be written when desired as 

~ Thus 
dx 

r^ X d X 

D^ appears as 



a — x dxa — x 

Again, the equation 

appears as 

^ _ d dy 

da? dxdx 
Finally, the following notation is sometimes used : 

^ =« D^hfdx, ^ = DJyd^, etc. 
ax ax^ 

4. Technique of Differentiation. Consider, for example, 
Formula II, Chapter II, § 6 : 

On writing this formula in terms of differentials, we have 

d{u -{- V) _du tdv^ 
dx dx dx 
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Now multiply this equation through by dx : 

d(M 4- v) = cZw + dv. 

Hence the theorem : The differential of the sum of two functions 
is equal to the sum of the differerUials of these functions. 

The others of the General Formulas, Chapter II, §§ 6, 7, 
can be treated in a similar way and lead to corresponding 
theorems in differentials, embodied in the following important 
group of formulas. 

Gbnbbal Formulas of Diffbrbntiation. 

I. d{cu)^cdu. 

IL d(u + i?) = c?u 4- dv. 

IIL d{uv) = M dv 4- V du. 

TV ri — — ^-^ — udv 



2 



V V 

As already explained, Theorem Y reduces to an obvious 
algebraic identity : cl d tl 

dx dy dx' 

and so does not need to be tabulated. 

Of the special formulas hitherto considered, only two need 
be tabulated, namely : 

Special Formulas of Diffkbkntiation. 

1. dc = 0. 

2. dxr = n3c^'^dx. 

The first of these formulas says that the differential of a 
constant is zero. The second is valid, not only when x is the 
independent variable, but when x is any function whatever ot 
the independent variable, t. Thus if 



(1) w=Vl-« 
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and we set 

(2) a? = 1 - «, 
equation (1) becomes 

(3) tt = xK 
Hence duss^oT^dXr 

But cte = d 1 + d(- <)= - dt, 

and thus ^dt du 1 

du SB — — -- or 



2 VI - 1 ^ 2 Vl - t 

The student should copy off neatly on a card the size of a 
postal the General Formulas I-IV, the Special Formulas 1., 
2., leaving room for a few further special formulas. All the 
differentiations of the elementary function of the Calculus are 
based on these two groups of formulas. 

To differentiate a function means henceforth to find either 
its derivative or its differential. Of course, when one of these 
is known, the other can be found by merely multiplying or 
dividing by the differential of the independent variable. 

We proceed to show by a few typical examples how differen- 
tials are used in differentiation. 

Example 1. Let w = 12 — 6aj + 7a^. 

To find du. 

Take the differential of each side of this equation, and appl^ 
at the same time Formula II: 

du = d(12) -I- d (- 5 a?) + d(7aj^). 

By Formula 1, cZ(12) = 0. 

By Formula I, 

d(— 5»)= — 5cte and dila^^ldo^. 

Hence du=z'-5dX'{'21a^dx 

=(-5 4-21a?*)diB 

aiid — =-6 + 21ai2. 

dx 



98 CALCULUS 

These steps correspond precisely to the steps the student 
would take if he were using derivatives, only he would not 
have written them all out in detail. He would have written 
down at sight : r\ t- . o^ • 

He can avail himself of the facility he has already acquired 
and shorten the work as follows. Since 

du = D^udXy 

he can begin by writing 

and then fill in the parenthesis with the derivative.'"^ 

Example 2. Let a? — oi^ 

To find du. 

By Formula IV we have : 

du = ^^^ "*" ^)^(^^ - ^^) - (^^ - x^)d(a^ 4- a^) 

(a2 + aj2)« 

^ (gg + a?^)(- 2 a; da?) ■- (gg ~ a?^)(2 xdx) 

(g2 4- jr2)2 

4g^a;cto 



(g2 + aj?)2' 
du 4g\c 



dx (g2 + a^Y 

The student would probably prefer to work this example as 
follows. Eemembering that 

du =s DgU dXf 

* The student must be careful not to omit any differentials. If one 
term of an equation has a differential as a factor, every term must have 
a differential as a factor. Such an equation as 

is absurd, since the left-hand side is an infinitesimal and the right-hand 
not. Moreover, there is no such thing as d^u. 
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begin by writing 

du = dx, 

and then fill in the fraction by the old familiar methods of 
Chapter II. 

In the two examples just considered, the processes with 
differentials correspond precisely to those with deriyatives^ 
with which the student is already familiar. This will always 
be true in any differentiation in which composite functions are 
not involved ; i.e, whenever, according to our earlier methods, 
the vanished Theorem Y of Chapter II, § 8 was not used. It 
is in the differentiation of composite functions that the method 
of differentials presents advantages over the earlier method. 
We turn in the next paragraphs to such examples. 

EXERCISES 

Differentiate each of the following functions by the method 
of differentials, and test the result by the methods of Chap- 
ter IL 

1. u = a^ — Sx + l. Ans. du = SaMx — Sdx. 

2. y a= a 4- 6aj + ca^. Ans, dy = bdx-\-2cxdx, 
8, u; = a*— «■. Ans. dw = — 3»*cte. 

Ans. —« 96-32 1 
dt 

ds 
5. « = Vo«-f-^gf<*. Ans. -7- = Vo + fl^« 

-2dx 



w. 


= aj»-3aj + l. 


y- 


= a 4- 6aj + ca^. 


UJi 


= a»-«». 


s- 


= 96e-16««. 


s. 


= Vo«4-i8f^. 


u 


l + aj 


y 


X 


l+a? 


« 


l-l-aj + a^ 


mt 


2x 


u 


3-2aj + aj» 



6. w = - . Ans. du=s 



7. y = r -;• Ans. dy=z 



(1 + xy 

dx — x^dx 



Ans. dz = ^\ , dx 
2^ 
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5. Continnatioii. Differentiation of Composite FnnotioBf • 



Example 3. Let u = VI + a? H- 05^. 

To find — . 
dx 

Here, we begin by computing du. To do this, introduce a 
new variable, y, setting 

y = 1 + a? + 35*. 

Then u = yK 

Next, take the differential of each side of this equation. By 
Special Formula 2 above, 

du^dy^:=a^y'idy. 

Moreover, ' dy=(l-\-2 x)dx. 

Hence du = Q- + ^'')<^ 



and 



2 VI -f aj-f ic* 

du_ 1 + 2 a? 
dx 2Vl + aj4-aj2 



Let the student carry through the above differentiation by 
the methods of Chapter II and compare his work step by step 
with the foregoing. He will find that, although the two 
methods are in substance the same, the method of differentials 
is simpler in form, since no escplicU tLse of Theorem Y Tiere is 
made. 

Abbreviated Method.* The solution by differentials can be 
still further abbreviated by not introducing explicitly a n&w 

* The student should not hasten to take this step himself. He will do 
well to omit the text that follows till he has worked a score or more of 
problems in differentiating composite functions as set forth under fix- 
ample 3, introducing each time explicitly a new variable, as y, z, etc. 
Not until he comes himself to feel that the abbreviation is an aid, should 
he attempt to use it. 
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variable, y. The problem is to find duj when 

!Now, Special Formula 2, as has already been pointed out, 
holds, not merely when x is the independent variable, but for 
any Junction whatsoever. It might, for example, equally well 
be written in the form : 

d [<^(aj)]* = n[0(a?)]»-id0(aj). 

In the present case, then, the conient of that theorem, — the 
esserUial and complete tnUh it contains, — enables us to write 
down at once the equation : 

d(l 4- a? 4- a^)* = ^(1 + a? + a^"*d(l + « + «*). 

This last differential is computed at sight, and thus the 
answer is obtained in two steps. 

Even these two steps are carried out mentally as a single 
process, when the student has reached the highest point in the 
technique of differentiation. He then thinks of the formula : 

■a n dx 
dwx = r^, 

2Vx 

realizes that it holds, not merely when x is the independent 
variable, but for any function of x, and so writes down first 
the easy part of the right-hand side of the equation, thus : 



d VI + x + x^=z 



2VlH-aJ-f a^' 



carrying in his head the fact that the numerator is the differen- 
tial of the radicand, i,e, d(l -hx-\- x^). This differentiation he 
performs mentally, and thus has the final answer with no 
intermediate work on paper : 

2 Vl + as + a!* 
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Example 4. The method of differentials is especially use- 
ful in the case of implicit functions. Thus, to find the deriya- 
tive of y with respect to x when 

Take the differential of each side : 

Sa^dx — Sxdy — Sydx + Sy^dy = 0. 

Next, collect the terms in dx by themselves ; the others will 
contain dy as a factor : 

(3aj» - Sy)dx -|-(8y» - Sx)dy = 0. 

Hence ^ = |2L:l^^ 

dx Sy* — ox 

EXERCISES 

Differentiate the following twelve functions by the method 
of differentials and also by the methods of Chapter II (in 
either order), introducing each time explicitly the auxiliary 
variable, if one is used. 

1. u=Va* + a2aj» + a?*. Ans. du= ( «^ + 2g»jd^ ^ 

Va* + ah!^ + a?* 

2. y = — ' Ans, dy = 



Vl - aj2 (1 - aj2)* 

3. t« = • Ans. du = 



1 - a? (1 - «)* 

Suggestion. Introduce an auxiliary variable y = 1 — 05. 
Then w = yK 

1 . dtt 2 

4. w = -- — • Ans, — = 



(1 - xy dx (1 - xy 

$. y = ^— . Ans. ^= -^^ . 
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6. s ^-. A71S. ^ = - ^^' 



(a + ty dt (a 4- tf 

7. 2aj2-a?y-|-4y« = 5. Ans. ^^ ^^-J , 

dx » — oy 

8. xyssza\ Ans. -if=: — •'. 

dx X 

dic y 

10. ^ + g=l. ^«s. ^ = -^. 

11. 2aj2-f.3««=»ia Jina. ^ = -|H. 

12. 2xy^x + y^0. Ans. ^ = Lll^. 

doc 2x+ 1 

The student can work the problems at the end of Chaptei 
II by the method of differentials. For further practice, if de- 
sired, the following examples are appended. 

du 7a^-2aj?-l 



13. w=(aj«H-l)VS^^. Ans, — = 

^ 2Va«"^ 

14. 2^=(aj4-26)(a?-6)2. Ans. ^ = 3(aj2-62). 

dx 

15. u = — » Ans. — = 



iA .. Id-'X yi du a 



17. u= ^-^ . ^n.. ^= «' 



^2ax--a^ dx V'(2 ace - aj2)8 



... .-(-±-»') 



^n«. *?=2 *• 



c?» a?* — a^ 



1». .=f2?i±^Y. ^„,. ^=4^^^!*?. 

\ y^ J dy y^ 
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20. was 4- — Va^ — ic*. Jirw. — = 

a^ da? i»4 Va2 - aj« 

21. u=J^H^. ^n.. ^ ^^ ^ 

\a;-H-» + l cioj (aj24-aj + l)Vic* + a?+ 1 

22. u = (^-^)^ Am. ^ = -?i;^EZ. 

a^ dac 3a?* 

23. u =(«*-«»)*. ^n8. ^ = ii?Lz^. 

. ^ 3aj* 

24. tt = aj(a^ + 5)*. -4n«. ^ = 6 (aj8 + 1) («« + 5)*. 



\e 



CHAPTER V 

m 

TRIQO]fOM£TRIC FUNCTIONS 

1. Badian Heasnre. In Trigonometiy, the radian measure 
of an angle was introduced, apparently for no good purpose. 
The reason lies in the importance for the Calculus of this new 
system of measurement, and will become clear in the next 
paragraph, when we come to differentiate the sine. We will 
first recall the definition. 

Let a circle be described with its centre at the vertex of 
the angle ; let r denote the length of the radius of the circle 
and 8, that of the intercepted arc. Then 
the radian measure, 0, of the angle is 
defined as the ratio e/r : ^/" Y 

(1) 0=i. 

FlQ. M 

For a right angle, « = -^ , and hence ^ = ^« A straight angle 
has the measure 

tf = -„. = 3.14169 26635 89793 • . -. 

Let <^ be the measure of the given angle in degrees. Then 
B and <^ are proportional, 

where c is a constant. To determine c, use a convenient angle 
whose measure is known in both systems; for example, a 
straight angle. Eor the latter, 

e^ir and ^sl80. 

105 
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Substituting these values in the above equation we find : 



irs=cl80, cs= 



TT 



180' 
and hence 

(2) «=^^, ^='Me. 

This equation can also be written in the form 

and thus an easily remembered rule of conversion from radian 

measure to degree measure, or the opposite, obtained: ITie 

radian measure of an angle is to tt a^ its degree measure is to 180. 

The unit of angle in radian measure, i.e. the angle for which 

0=sl and hence a = r, 

is called the radian. It is obvious geometrically that it is a 
little less than 60^. Its precise value (to hundredths of a sec- 
ond) is given by (2) : 

* l*-i = — = S7*» 17' 44.81" (= 57.29578**). 

IT 

On the other hand, the radian measure of an angle of 1^ is 

^ 1^1 = -^ = .01745 32925 19943... 

'*^^ 180 

The student should practice expressing the more important 
angles, as 30®, 45**, 60**, 90°, 120°, etc., in radian measure until 
he is thoroughly familiar with the new representation for 
them. 

If, in particular, the radius of the circle is taken as unity, 
then 6 and s are the same number : 

(4) 6 = s, when r = 1 ; 

or tJie arc is equal to the angle. Thus the radian measure of an 
angle might have been defined as the length of the intercepted 
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arc in the unit circle (i.e. the circle of unit radius with its 
centre at 0). 

Graph ofaiaz. It is important for the student to make an 
accurately drawn graph of the function 

y as sin a;, 

X being taken in radian measure. Let the unit of length, as 
usual, be the same on both axes, and let it be chosen as 1 cm. 
For this purpose Peirce's Table of Integrals (the table of 
Trigonometric Functions near the end) is especially conyenient, 
since the outside column gives the angles in radian measure, 
and thus as many points of the graph as are desired can be 
plotted directly from the tables. 



V y^axix 




\x 



Fig. 35 

Since sin(ir — a;)=sina; 

each determination of the coordinates (a;, y) of a point on the 
graph, for which 0<a?<^ yields at once a second point, 

namely (ir — a?, y). Thus one arch of the curve is readily con- 
structed from the Tables.* 

From this arch a templet, or curved ruler, is made as foL 
lows. Lay a card under the arch and with a needle prick 
through enough points so that the templet can be cut ac- 
curately with the scissors. 

By means of the templet further arches can be drawn me- 
chanically, and thus the curve is readily continued in both 

* The graph could be made directly without tables from purely geomet- 
rical consideratioiis. Draw a circle of unit radius. Construct geomet- 
rically convenient angles, as those obtained from a right angle by 
successive bisectors. Measure any one of these angles, ^ -4.BP„, in ra- 
dians and'this number will be the abscissa of the point on the graph, the 
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directionB to the edges of the paper.* Pnt this ourre ia Uia 
upper quarter of a, sheet of centimetre paper. 

The graph brings out dearly the property of the function 
expieBsed by the word periodic. The function admits the 

period 2v, since . , „ , 

BUI (x + 2 it) = sin X 

Oraph of cosx. By means of the templet the graph of the 

function 

y = cos iT 

can now be diawn mecbanically. This function also admits 

the period 2v : , , n ^ 

' cos (a; + 2 jr) = cos x. 



ordinate being the perpendicnlar dropped from F, on the fine BA. Thns, 
if n = 8, the coordinates of the point oq the graph are : 



A second point of the arch, 
that corresponding to Pg, Iiaa 
the same ti, !U coordinate be- 



FiQ. 36 x = w-^=1.96. v=.e2. 

Of coTtne, the diHtauce t muBt be laid oS on the axis of z by measure- 
ment ; it cannot be constructed geometrically from the unit length. This 
done, the further abacissae are found by successive bisectors. 

■ In order to obtain the moat satisfactory figure, observe that tlie 
curve has a point of inflection at each of its inteisectlons with the axis of 
z, the tangent there mailing an angle of ± 45° with that aiis. Since a 
curve separatee very slowly from an Inflectional tangent, it will be well to 
draw these tangents with a ruler. On laying down the templet, the curve 
can then be ruled in from the latt«r with great accuracy. It will not 
separate sensibly from Its tangent for a considerable distance from a 
point of inflection 
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Put the graph in the second quarter of the sheet, choosing the 
axis of y for this curve in the same vertical line as the axis of 
y for the sine curve above. There remains the lower half of 
the sheet for the next graph. 

Graph 0/ tan x. The same tables make it easy to plot points 
profusely on the graph of the function 

y =tana: 
in the interval 0^ ar < -. Take the axis of y in the same ver- 




r o 



I. 



I 
tan^ 



^ 







Fig. 38 

tical line as in the case of the preceding graphs. This done, a 
second templet is made and by means of it the graph is drawn 

mechanically for values of x such that — ^ < a? < 0. 

It is desirable furthermore to plot the function in the two 
adjacent intervals 
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-T<*<-2' 



in order to suggest the fact that this function admits the 

period IT : ^ / . \ i. 

^ tan (aj -f- w) = tana?. 

2. Differentiation of sin x. To differentiate the function 

(1) y = sin aj, 

apply the definition of a derivative given in Chap. II, § 1. 

Give to X an arbitrary value 
odq and compute the corre- 
sponding value yoofy'j 

yo = sin Xq. 

Then give x an increment Ax, 
and compute again the corre- 
sponding value of y : 

yo + Ay = sin(ajb + Aa?). 

Hence 

Ay = sin (ajo -h Aa?)— sin a^, 




Jf ' M 



Fia. 39 



(2) 



Ay _^ sin (xp -f Aa?) ~ sin as^ 
Ax Ax 



It is at this point in the process that the specific properties 
of the function sin a; come into play. Here, the representa- 
tion of sin X by means of the unit circle, familiar from the 
beginning of Trigonometry, is the key to the solution. From 
the figure it is clear that 

sin aJb =5 -3fP, 8in(aJb + Aa?)=3rP', 

Ay = sin (aJb -f- Aa?)— sin ajo = QP', Aa? =b PP. 

Hence 

(3) ^=9P^, 
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and so we want to know the limit approached by the lattei 

ratio: j^j^ 

lim^. 

By virtue of the Fundamental Theorem of Chap. IV, § 2, we 
can replace this ratio by a simpler one, since the arc PP* and 
the chord PP' are equivalent infinitesimals : * 

Henoe lim ^ = lim ^. 

On the other hand, the triangle QPP is a triangle of refer- 
ence for the ^ QPF* = ^, and so 

^E=r = sm <h, 

pp 

When P' approaches P, the secant PP' (i.e. the indefinite line 
determined by the two points P and P) approaches the tan- 
gent PT at P, and thus 

IT 



p'^p z 

Finally, then, 

lim ^ — = lim sin ^ a= sinf ? — asn 1= cos xb* 

p'^ppi P'^p ^ V2 y 

and consequently ii„, % ^ cos o^, 

* The student should assure himself of the truth of this statement by 
▼isoalizing the figure (making an accurate drawing with ruler and com- 
pass for angles of 30®, 16°, and 71°, the circle used being 10 in. in 
diameter) and realizing that, when P* is near P, the difference in length 
between the arc and the chord is but a minute per cent of the length of 
either one. A formal proof will be found below. 
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or, on dropping the subscript, 

(4) DjaiD. X = cos X. 

This theorem gives rise to the following theorem in dif 
f erentials : 

(5) dsinx = cos xdx. 

Reason for the Radian, The reason for measuring angles in 
terms of the radian as the unit now becomes clear. Had we 
used the degree, the increment Aa? would not have been equal 
to PP ; we should have had : 



9 



or 



360 2ir IT 

Hence (3) would have read : 

Ax 180 ' pp»' 

and thus the formula of differentiation would have become : 

D, sin 0? = -^ cos x. 
180 

The saving of labor in not being obliged to multiply by this 
constant each time we differentiate is great. Still more impor- 
tant, however, is the elimination of a multiplier which is of 
the nature of an extraneous constant, whose presence would 
have obscured the essential simplicity of the formulas of the 
Calculus. 

EXERCISE 
Prove in a similar manner that 

D, cos a? = — sin OS, 

3. Certain Limitf. In the foregoing paragraph we have made 
use of the fact that the ratio of the arc to the chord approaxihes 
1 as its limit, A formal proof of this theorem, based on the 
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\ 

moms of geometry, can be giyen as follows. Draw the tan- 
gent at P and erect a perpendicular at P' cutting the tangent 
> in Q. Denote the angle ^ PPQ by a. 
Then w 

ppkpp'kpq + pq: 

p 

for i) a straight line is the shortest dis- 
tance between two points ; and ii) a convex carved line is less 
than a convex broken line which envelops it and has the same 
^ extremities. But 




PP 



f 



PQ:=:z±J-., P'Q = PP' tan a. 

cos a 

Hence pjM i 

1 <==-<—= l-tana. 

ppi cos a 

When a approaches 0, the right-hand member of the double 
inequality approaches 1 ; hence the middle member must also 
approach 1, or ^^ 

lini =1, q . e. d. 

PP* 

The foregoing proof holds, not merely for a circle, but for 
any curve with a convex arc PP*, Consequently the theorem 
is established generally. 

Vp 

The Limit lim?^^. From Fig. 41 ^ 

a^ a 

it is clear that 

^ (f^^^^ 2£A 

MPsssma, APssa, Fio. 41 




and hence 



sin a MP 



« AP 
By direct inspection of the figure it is seen, then, that 

(1) lim5HL«=l. 

OiM) a 
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A formal proof of this equation can be given as foUowa 

From Fig. 42 ^ 

PP' = 28ina, PP'==2a. 



Hence 



sin a PP' 



a 



Pp' 



and therefore, by the proposition just established, 



lim5i^ = lini:??:=l. 



a 



p'^p 



Pp' 



Another Proof of (1). The area of the sector OAPy Fig. 42, 
is ^ a, and it obviously lies between the areas of the triangles 

. OMP and OPN. Hence 

V' 

^ sin a cos a < ^ a < ^ tan a 




or 



cos a < -^ < 



sm a cos a 



Fia. 42 



jp^ When a approaches 0, each of the ex- 
treme terms approaches 1, and so the 
middle term must also do so, q. e. d. 
From Peirce's TableSj p. 130, we see that 

sin 4** 40' = .0814, 

and the same angle, measured in radians, also has the value 
.0814, to three significant figures. Thus for values of a not 
exceeding .0814, sin a differs from a, by less than one part in 
800, or one-eighth of one per cent. 



The Umits lim ^ - <^Q8 « and lim ^"^.^^" - From Fig. 42, 



azbO 



a 



a^H 



a' 



the first of these limits is seen to have the value : 

j.^l-C08«^Q, 



«U^ 



a 
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A formal proof can be derived at once by the method em^ 
ployed in the evaluation of the next limit, 

1 — cos a 



lim 



a' 



Expressing 1 — cos a in terms of the half angle, we have 

1 — cos a = 2 sin^^. 

2 



Hence 



and 



1 — cos a 



2 sin2 ? 



a" 



a" 



2 1 
2 



lim 



l-cos« ^l^.^ 
a^ 2 a^ 



sin- 



ce 



a 
2 J 



sm- 
2 

a 

L 2 J 
s 

_1 
■"2 



EXERCISES 

In the accompanying figure determine the following limits 
when a approaches : 

AR 



1. lim 



2. lim 



3. lim 



MP 

AP 
MP 




6. lim— r-r 



4. lim 



7. lim 



AP 

PQ 

AN 



8. lim 



AP 

RQ 
PN 



Determine the principal part of each of the following infini- 
tesimals, referred to a as principal infinitesimal : 

9. MP, Ana. a. 10. PR. An8.ia. 11. RQ. 
12. PN. 13. AQ. 14. MA Ans. ^a^ 

16. PQ. 16. MN. 17. AQ - MP. 
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4. Critique of fhe Foregoing IKf f erentiation. The differenti 
ation of sin a; as given in § 1 has the advantage of being direct 
and lucid, and thus easily remembered. Each analytic step is 
mirrored in a simple geometric construction. It has the dis- 
advantage, however, of incompleteness. For, first, we have 
allowed Aa?, in approaching 0, to pass only through positive 
values ; and secondly we have assumed Xq to lie between and 
^w. Hence there are in all seven more cases to consider. 

An analytic method that is simple and at the same time 
general is the following. Becall the Addition Theorem for 
the sine : 

sin (a + 6)= sina cos 6 -f- cos a sin 6, 

sin (a — 6) = sin a cos b — cos a sin 6, 
whence sin (a -f- 6) — sin (a — 6) = 2 cos a sin b. 

Let a + 6 =a ojq + Aa?, a — b = Xf^ 

Solving these last equations for a and 6, we get : 

Ihus sin(a:Q -f- Aa?)— sinajos=2cos[a\)-f--^ jsin-^, 
and the difEerence-quotient becomes 



Ay / . Ax\ 



. Aa; 
sm — 

2^ 

Aa? 
2 



The first factor on the right approaches the limit coso^ 
when Aa; approaches 0. On setting ^Aa;ss a, the second fac- 
tor becomes 

sma 

a 
Hence the factor approaches 1. Thus 

^' Av 

iim— ^a=cosa\w 

AsiM)Aa; 
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or^ on dropping the subscript, 

D,sina?=scosaj. 

5. IKfferentiation of cos a;, tancc, etc. To differentiate the 
function cos a?, introduce a new variable, y, by the equation 

y=Z^x. Hence aj = |-y, 
and cos x = cos f ^ ~ y J= siny. 

Taking the differential of each side of the equation thus ob* 

tained, we have : 

d cos X = dsin y = cos ydy. 

But cos y =3 sin x and dy = — dx. 

Hence 

(1) dcosaj = — sinojcto. 

To differentiate the function tan x, set 

sin a; 



Hence dtana^ss 



tana? = 

cos a; 

cosardsinag — singdcosa? 
cos^a? 



_ cos^ a?da? -f- sin' xdx __ dx 

cos'a? cos^aj' 

and thus 

(2) (2 tan a; = sec' a; c^. 

It is shown in a similar manner (or by setting a? = ^ — ^ in 
the equation just deduced) that 

(3) d cot 05 = — csc^ X dx. 

These are the important formulas of differentiation for the 
trigonometric functions. By means of them all other differen- 
tiations of these functions can be readily performed. Thus, 
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to differentiate the function sec x^ set 

seca; = (co8aj)~*. 

dcosx sin a; da? 



Then dsecaj = — 



cos^a? cos* 05 



It is not desirable to tabulate the result, since one rarely 
has occasion to differentiate either sec x or esc Xy and wheu the 
occasion does arise, the differentiation can be worked out 
directly, as above. 

The student should now add to his card of Special Formulas 
the four main formulas just obtained. This card will now read 
as follows : 

1. dc = 0. 

2. da^ = na;"~i cZa?. 

3. d sin a; = cos a; (2a;. 

4. d cos a? = — sin x dx. 

5. (2 tan x = sec^ x dx. 

6. d cot aj = — esc' x dx, 

6. Shop Work. To acquire facility in the use of the new 
results, the student should work a generous number of simple 
examples, for which the following are typical. 

Example 1. To differentiate the function 

u = sin ax. 

Let y=:ax. 

Then u = sin y, 

and du = d sin y = cos y dy. 

But dy = a dx. 

Hence, substituting, we have 

du = a cos aadx or — sin ax=sa cos oas. 

dx 
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The solution can be abbreviated as follows. The equation 

dsina;=; cosxdx 

is true, not merely when x is the independent variable. II 
holds, for example, in the form 

dQiayssooQydyy 

where y is any function of x. Hence we can write immediately 

dBinctxss cos ax d(ax)y 

and thus obtain the result 

d sin oo; = a cos ax doc 

Example 2. To differentiate the function 



) 




u = VI — A? sin' ^. 


Let 




2 s= 1 - A;2 siu* <^. 


Then 

1 




(tess — fc'dsin*^. 


Let 




y s= sin ^. 


Then 




discos 4>d<f> 


and 


dsin2<^ 


= dy2 --. 2y dy = 2 sin ^ cos 


Hence 


du 


= J^«~*(— 2A? sin ^ cos <fid<fy 


or 




du k^ sin ^ cos <f> 
^ VI - A:2 sin2 4> 



Example^. If 8inaj + siny = aj-y, 

to find -^. Take the differential of each side of the equation? 
ax 

cos xdx -f- (to^ydy s^dx — dy. 
Hence (cos x — l)dx + (cos y + l)dy = 

and dy _ l-^ooBx 

dx 1 + cos 2^ 
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EXERCISES 

Differentiate the following functions. 

du 

1. w = cos ax. —- = — a sin oo?. 

dx 

2. y = cos2a?. -^ = — 2 sin a; cos » 

dx 

3. y = CSC X. -2 = — csc*-^ X cos X. 

dx 

4. w = tan^. ^-^ = lsec2?. 

2 da; 2 2 

5. w = cot2a?. ^ = -2csc22aj. 

dx 

7. u = tan2 ax, 

9. u = 1 — sin x. 

11. t/ = cos'o?. 

13. u 3= sin a; cos x. 



6. 


w=ssec3aj. 


8. 


u = sin* X. 


10. 


w = a? + tan a?. 


12. 


u = sec2 a?. 


14. 


«- ^^^ 


u — 

1 — cos a? 


15. 


w = VI + cos X. 


16. 


1 — cos X 
u = 

1 -f cos 05 


18. 


sin a; 


a + 6 cos x' 


20. 


«- 1 



sin a; + cos x 
22.* w = vers as. 

23.* tt =s covers x. 



* The versed sine and the coversed 9ine are defined as f ollowa : 
veisxs 1 — coBX; covers x == 1 — sin x. 





du 
dx 


-lc8C2?. 

2 2 




du 
dx 


1 . X 

V2 2 


17 


, u = 


1 + sin a? 
1 — sinx 


19. 


. w== 


1 


acoax + bam9 


21. 


. u = 


1 


(a + 6 COS ap)* 




du ^ 
dx 


sin a;. 




du 
dx 


— cosaj. 
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X 
C08^ 

26. t* = taii^^-|Y 27. u=cot^|-j\ 

28. w=:taii--^. 29. M = 2i5J!:?. 

1 —X X 

30. t£ = sin a; + cos 2x. 31. u^ofi cos irx. 

1 „^ cos A 



32. u= 33. ti=: 

Vl-A;*sin2<^ VI - A;2 sin* <> 

34. xco^y^^m(x + y). ^^^ cos (o^ + y)- cosy ^ 

cto cos(a+y)+a?smy 

36. tana;— cot y= sin 0? sin y. 36. sin a? + sin y = 1. 

37. tand + tan<^ = 2tan<^tan^. 38. a; = ysiny. 



7. Maxima and Minima. By means of the new functions 
studied in this chapter the range of problems in maxima and 
minima which can be treated by the Calculus has been materi- 
ally enlarged. No new principles are involved ; the student 
should go over carefully the paragraphs of Chap. Ill relating 
to this subject, before he proceeds farther with the present 
paragraph. 

Example 1. A man in a rowboat 1 mile off shore wishes to 
go to a point which is 2 miles inland and 4 miles up the 
beach. If he can row at the rate of 5 miles an hour, but can 
walk only 3 miles an hour after he lands, in what direction 
should he row in order to get to his destination in the shortest 
possible time ? 

In the first place, it is clear that the straight line AEB is 
not the best path. Eor, if he rows toward a point P slightly 
farther up the beach, the amount by which he lengthens the 
leg AP of his path is very nearly equal to the amount by which 
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he shortens the leg PB,* Consequently the time is short- 
ened. 

On the other hand, P obvioasly ought not to be taken so 

far up the beach as D. 
The minimum occurs, 
therefore, for some in- 
termediate point. 

Let the angles B^ ^ 
be taken as indicated 
in the figure. Then, 

since < = -, 
Fia. 44 t; 

time from wd to P=:— — - = - -; 

5 5cos^ 

time from P to 5 = ^ = 




3 3cos<^ 
Hence the total time, u, which is to be made a minimum is 



(1) 



t£ss 



+ 



5 cos ^ 3cos <^ 

Moreover, B and ^ are connected with each other by a rela- 
tion which is readily obtained by expressing the distance CD 
in two ways : 

(2) * tan^ -j-2tan<> = 4. 

We are now ready to compute du/dO and set it equal to : 

, dcos^ 2dco8^ 

"" Scos*^^ 3cos2<^ 



(3) 



__ sec^^3in^ ,^ 2sec^^sin<^ , . ^ 

(ftf_ sec^^8in^ 2se6'^sin<^d<^ 
de^ b 3 de' 



* Let the student not leave this statement till he is absolutely con* 
yinced of its truth. An accurate figure on a large scale will bring the 
fact out clearly. 
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On setting dujdB = 0, we obtain the equation : 

. . s sec^^sin^ 28eo^<^sin^ d^ 

^^ 5 "■ 3 c»* 

Next, differentiate (2) : 

sec^ BdJQ + 2 se62 6d6 = 0, 
or 

(5) 8ec2^ = -2 8e(5»<^^. 

Now, divide equation (4) by equation (5) : * 

,^ sin^ __ 8in<^ 8in^ __ 5 

^ ^ 5 ~ 3 ^' sini^^S* 

The result, stated in words, is as follows : sin B is to sin ^ as 
the velocity in water is to the velocity on land. 

Let the student work the general problem, in which all the 
data are taken in literal form, and verify the general result 
just stated. 

In order actually to determine $, equations (2) and (6) must 
be solved as simultaneous : 

,jy^ I tand + 2tan<^ = 4, 

^ ^ l3sind = 5sin«^. 

This is done best by the method of Trial and Error, as it is 
called in Physics ; Successive Approximations being the name 
usually given to it in Mathematics. It is a most important 
method in both sciences, and the student should let no oppor- 
tunity go by to use the method whenever, as here, he meets a 
case which calls for it. Cf . Chap. VII, § 5. 

The Corresponding Problem in Optics. We have stated and 
solved a problem which is not lacking in interest, but which 
appears to have no scientific importance. This very problem, 
however, occurs in Optics. The velocity of light is different in 

* i.e. divide the left-hand side of (4) by the left-hand side of (6) for a 
new left-hand side ; and do the same thing for the right-hand sides. 
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different media, such as air and water. Suppose two media to 
be in contact with each other, the common boundary being a 
plane. Let ^ be a luminous point, from which rays emanate 
in all directions. When the rays strike the bounding surface, 
they are all refracted and enter the second medium in case the 
velocity of light in that medium is less than in the first. One 
of the refracted rays will pass through a given point B. And 
now the law of light is that the time required for the light to 
pass from -4 to B is less for this path than for any other 
possible path. 

If, then, the velocity of light in the first medium is w * and 
in the second medium, v, we have : 

sin^ u 
sin<^ V 

where n is the index of refraction for the passage from the first 
medium into the second. 

EXERCISES 

1. A wall 27 ft. high is 64 ft. from a house. Eind the leng^ 
of the shortest ladder that will reach the house if one end 
rests on the ground outside the wall. 

Take the angle which the ladder makes with the horizontal 
as the independent variable. 

2. The equal sides of an isosceles triangles are each 8 in. 
long, the base being .variable. Show that the triangle of 
maximum area is the one which has a right angle. 

Take one of the base angles as the independent variable, ^ 

3. A gutter is to be made out of a long strip of copper 
9 in. wide by bending the strip along two lines parallel to the 
edges and distant respectively 3 in. from an edge. Thus the 
cross-section will be a broken line, made up of three straight 
lines, each 3 in. long. How wide should the gutter be at the 

* The letter u used here has nothing to do with the u used above in 
flolTing the problem. 
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top, in Older that its carrying capacity may be as great as 
possible ? Ans. 6 in. 

4. Johnny is to have a piece of pie, the perimeter of which 
is to be 12 in. If Johimy may choose the plate on which the 
pie is to be baked, what size plate would he naturally select ? 

5. A can-buoy in the form of a double cone is to be made 
from two equal circular iron plates by cutting out a sector 
from each plate and bending up the plate. If the radius of 
each plate is a, find the radius of the base of the cone when 
the buoy is as large as possible. Ana. «Vf . 

6. Erom a circular piece of filter paper a sector is to be cut 
and then bent into the form of a cone of revolution. Show 
that the largest cone will be obtained if the angle of the sector 
is .8165 of four right angles. 

7. Two solid spheres, whose diameters are 8 in. and 18 in., 
have their centres 35 in. apart. At what point in their line 
of centres and between the spheres should a light be placed in 
order to illuminate the largest amount of spherical surface ? 

Ana. 8 in. from the centre of the smaller sphere. 

8. Find the most economical proportions for a conical tent. 

9. A block of stone is to be drawn along the floor by a rope. 
Find the angle which the rope should make with the horizontal 
in order that the tension may be as small as possible. 

Ans. The angle of friction. 

10. A block of stone is to be drawn up an inclined plane by 
a rope. Find the angle which the rope should make with the 
plane, in order that the tension in the rope be as small as 
possible. 

11. A statue ten feet high stands on a pedestal that is 50 ft. 
high. How far ought a man whose eyes are 5 ft. above the 
ground to stand from the pedestal in order that the statue may 
subtend the greatest possible angle ? 

12. A steel girder 25 ft. long is moved on rollers along a 
passageway 12.8 ft wide, and into a corridor at right angles 
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to the passageway, l^eglecting the horizontal width of the 
girder, find how wide the corridor must be in order that the 
girder may go round the comer. Ans. 5.4 ft. 

13. A gutter whose cross-section is an arc of a circle is to be 
made by bending into shape a strip of copper. If the width 
of. the strip is a, find the radius of the cross-section when the 
carrying capacity of the gutter is a maximum. Ans, a/tr. 

14. A long strip of paper 8 in. wide is cut oJff square at one 
end. A comer of this end is folded over on to the opposite 
side, thus forming a triangle. Find the area of the smallest 
triangle that can thus be formed. 

15. In the preceding question, when will the length of the 
crease be a minimum ? 

16. The captain of a man-of-war saw, one dark night, a 
privateersman crossing his path at right angles and at a 
distance ahead of c miles. The privateersman was making 
a miles an hour, while the man-of-war could make only b miles 
in the same time. The captain's only hope was to cross the 
track of the privateersman at as short a distance as possible 
under his stem, and to disable him by one or two well-directed 
shots ; so the ship's lights were put out and her course altered 
in accordance with this plan. Show that the man-of-war 

crossed the privateersman's track ~Va'~&' miles astern of 
the latter. 

If a s &, this result is absurd. Explain. 

17. The illumination of a small plane surface by a luminous 
point is proportional to the cosine of the angle between the 
rays of light and the normal to the surface, and inversely pro- 
portional to the square of the distance of the luminous point 
from the surface. At what height on the wall should an arc 
light be placed in order to light most brightly a porticm of 
the floor a ft. distant from the wall ? 

Ans. About -^a ft. above the floor. 
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18. A town A situated on a straight river, and ancther town 
By a miles farther down the river and b miles back from the 
river, are to be supplied with water from the river pumped 
by a single station. The main from the waterworks to A 
will cost $ m per mile and the main to B will cost $ n per mile. 
Where on the river-bank ought the pumps to be placed? 

19. A telegraph pole 25 ft. high is to be braced by a stay 
20 ft. long, one end of the stay being fastened to the pole and 
the other end to a short stake driven into the groimd. How 
far from the pole should the stake be located, in order that the 
stay be most effective ? 

20. Into a full conical wine-glass whose depth is a and 

generating angle a there is carefully dropped a spherical ball 

of such a size as to cause the greatest overflow. Show that the 

radius of the ball is 

asm a 



sin a -f cos 2 a 



21. A foot-ball fleld 2 a ft. long and 2 b ft. broad is to be 
surrounded by a running track consisting of two straight sides 
(parallel to the length of the field) joined by semicircular ends. 
The track is to be 4 c ft. long. Show how it should be made 
in order that the shortest distance between the track and the 
foot-ball field may be as great as possible. 

22.* The number of ems (or the number of sq. cms. of text) 
on this page and the breadths of the margins being, given, 
what ought the length and breadth of the i>age to be that the 
amount of paper used may be as small as possible ? 

23. Assuming that the values of diamonds are proportional, 
other things being equal, to the squares of their weights, and 
that a certain diamond which weighs one carat is worth $ m, 
show that it is safe to pay at least $8m for two diamonds 
which together weigh 4 carats, if they are of the same qualit]^ 
as the one mentioned. 

* Exs. 22-25 do not inyolye Trigonometry. 
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24. When a yoltaio battery of given electromotive force 
(E volts) and given internal resistance (r ohms) is nsed to 
send a steady current through an external circuit of B ohms 
resistance, an amount of work, TF, equivalent to 

is done each second in the outside circuit. Show that, if dif- 
ferent values be given to B, W will be a mayimum when 

25. An ice cream cone is to hold one-eighth of a pint. Th« 
slant height is l, and half the angle at the vertex is x. Find 
the value of x that will make the cost of manufacture of the 
cone a minimum. (Ans. x ss 35^27;) 

8. Tangents in Polar Coordinates. Let 

be the equation of a curve in polar coordinates. We wish to 
find the direction of its tangent. The direction will be known 
if we can determine the angle iff between the radius vector pro- 
duced and the tangent. Let P, with the coordinates (tq, Oq), be 

an arbitrary point 
fT of the curve and 

P':(ro+Ar, do+A(9) 
a neighboring point. 
Draw the chprd 
PP* and denote 
the Z OP'P by f . 
Then obviously 

lim^'=^o« 

To determine ^o, 
drop a perpendic- 
ular PM from P on 
the radius vector OP and draw an arc PJV of a circle with 
O as centre. The right triangle MP'P is a triangle of refer- 




Fia. 45 
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enoe for the angle ^ and 

^ MP 
Hence 

(1) cot^o =* lii^ cot ^ = lim — — . 

p'*p P'^p MP 



In the latter ratio we can replace P'M and MP by more 
oonyenient infinitesimals ; of. Chap. lY, § 2. We obserye that 

JfP=rosinA^; hence lim ^^ == lim 5^^^ = 1 • 

^.6. JfP and roA(9 are equivalent infinitesimals. 

Furthermore, P'Jfef and P'N=Ar are also equivalent infini- 
tesimals. For ^ 

P'M^P'N-{-NM 

And NM^iTq — r© cos Ad. 

1 — cos Ad 



Hence 



NM ^® Ad 



Ar Ar 

Ad 



Now, by § 3, 2»j^ 1 — cos Ad __ Q 

A0^ Ad 

On the other hand, v Ar 7^ 
and this quantity is not, in general, 0. Hence 

L»^ Ar 

Returning to equation (1) we can now write the last limit in 

the form : -nt-mM- a ^ 

i. P'M T Ar 1 r\ 
lim = lim =— D-r: 

p^F MP Afl*oroAd ro 
or, dropping subscripts, 

(2) cot^^s=l2)^n 

r 
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In terms of differentials, this result can be written in eithez 
of the two forms : 



(3) 



cot^= 



dr 
rdO' 



tan^rs 



rdO 
dr 



Example. Consider the parabola in polar form : 

m 




r = 
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1 — cos 4> 
To determine ^. Here, 

^y^ m8m<l>d<l> 

(1 - cos <i>y 
Hence 

m sin d>d<l> 1 •— cos <^ 

(1 — cos <l>y md<f> 

__ sm<f> 

1 •— cos <l> 

In particular, at the extremity 
of the latus rectum, we have : 



cot^ 



<5o*^L-ir = -l> 



* 



^ 4 2' 



and thus we obtain anew the result that the tangent there 
makes an angle of 45*^ with the axis of the parabola. 
Again, at the vertex, 

cot,Al«=.=0, ^ = |, 

and the tangent there is verified as perpendicular to the axis. 
From the above equation, 

cot^ = -, ^^^ , 
^ 1 — cos«^ 

a simple relation between ^ and ^ can be deduced. Since 



8in<^ 



2 sin? cos * 

2 2 A 

— J — =cot J, 

2 
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itfoUowsthat cot^ = -cot*. 

But, for any angle, Xy 

cot (w — a?) = — cot X. 

Setting a; =s ^ in the above equation, we have : 

cot (tt— ^)= cot^- 
Hence * , 6 

or, the supplement of ^ is equal to ^. Thus we have a new 

proof of the familiar property of the parabola, that the tangent 
at any point P of the curve bisects the angle between the focal 
Tadius, OP, and a parallel to the axis, drawn through P. 

EXERCISES 

1. Plot the spiral, r = 0, 

and show that the angle at which it crosses the prime direction 
when^=:2ir is 80*^57'. 

2 Plot the spiral, __1 

Show that it has an asymptote parallel to the prime vector. 

Suggestion. Consider the distance of a point P of the curve 
from the prime direction, and find the limit of this distance 
when approaches 0. 

"determine the angle at which the radius vector corresponr^ 
ing to ^ = ir/2 meets this curve. 

3. Plot the cardioid, 

r = a (1 •— cos <^), 

* The trigonometric equation admits a second solution, namejy 
(t — ^) + IT = 0/2. If, however, we agree to take <f> and ^ so ilia/< 
"^ < 2 r and ^ )^ < ir, this second solution is ruled out. 
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and show that ^. , sin 6 

cot w = ^ — • 

1 — cos ^ 

At what angle is the curve cut by a line througii the cusp 
perpendicular to the axis ? 

4. Prove that, for the cardioid, 

^ 2 

6. Show that the tangent to the cardioid is parallel to the 
axis of the curve when <f> = ^7r. 

6. At what points of the cardioid is the tangent perpen- 
dicular to the axis of the curve ? 

7. Determine the rectangle which circumscribes the cardioid 
and has two of its sides parallel to the axis of the curve. 

8. Show that, for the lemniscate, 

r2 = a«cos2^, 
the angle ^ is given by the equation : 

cot^ = — tan 2^. 
Hence, show that , ir , ozj 

9. At what points of the lemniscate is the tangent parallel 
to the axis * of the curve ? 

Ans. At the point for which = tt/G, and the points which 
correspond to it by symmetry. 

10. The points of the curve 

at which the tangent is parallel to the prime vector, are evi- 
dently those for which . , 
•^ y = r sm <^, 

* The axis of any curve is a line of symmetry. The lemniscate has 
two such lines. The axis referred to in the text is that one of these linai 
whLcn passes through the vertices of the curve. 
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considered as a function of 4> through the mediation of the 
equation of the curve, has a maximum, a mininium, or a certain 
point of inflection. For these points, then, 

^=rcosA + 8inii — = 0. 

Show that this condition is equivalent to the one used above 
in the special cases considered, namely : 

11. Plot the curve, r=ia cos 20, 
taking a = 5 cm. Show that for this curve 

cot^ = — 2tan2d. 

12. At what points of the curve of question 11 is the tan- 
gent parallel to the axis ? 

Ans. Tor one of the points, tan =» — =• 

V5 

13. Plot the curve, r = a cos 3^, 
taking a = 5 cm. Show that 

cot ^ = — 3 tan 3^. 

14. At what points of the curve of question 13 is the tan- 
gent parallel to the axis of the lobe ? 

Ana, For one of these points, tan ^ =-1/1 + 



16. The equation m^ 



V3 



1 + sin <^ 

represents a parabola referred to its focus as pole. Give a 
direct proof that the tangent to this curve at any poiut bisects 
the angle formed by the focal radius drawn to this point and 
a parallel to the axis, through the point. 

16. Show that the tangent to the hyperbola 

1 — VScos^ 
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at the extremity of the latus rectum makes an angle of 60° 
with the transverse axis. 

17. Prove that the tangent to the ellipse 

r = 1 

V3 — eos^ 

at the extremity of the latus rectum makes an angle of 30° 
with the major axis. 

9. Differential of Arc. Let 
(1) y -/(a!) 

be the equation of a given curve. Let P, with the coordinates 
(Xy y), be a variable point, and A a fixed point of the curve. 
Denote the length of the arc AP by s. Then « is a function 
of X ; for, when x is given, we know P and thus s. 

It is possible to determine the derivative of a, D,s, as fol- 
lows. By the Pythagorean Theorem we have (Chap. IV, Fig. 33). 

PP^ = Aa;2 -j- Ay\ 



Let Aa; approach as its limit. Then 



AasAO \ Ax J A»AO \^Xj 

Since by § 3 the chord PP" and the arc PP':= A« are 
equivalent infinitesimals, it follows from the Fundamental 
Theorem of Chap. IV, § 2 that, in the above equation, -PJP' 
can be replaced by As. Hence 



limf^7=limf^Y=:(Z)^)«. 
A-oV Aa; J A-oVAasy ^ • -" 

and oonseqnentlj 

(2) (D^)«=l+(i)^)*. 
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On replacing the deriyatiyes in (2) by their yalues in terms 
of differentials^ we have 

or \^J \dxj 

(3) cUPz=da^ + dy\ 

This formula is easily interpreted geometrically by means 
of the triangle FMQy Fig. 33. Since 

PM= dx and MQ = dy, 

it follows from the Pythagorean Theorem that 

(4) FQ « da. 

It is obvious geometrically that ds and A« differ from each 
other by an infinitesimal of higher order; i.e. that they are 
equivalent infinitesimals.'''^ 

Formtilas for sin r, cos r. From the triangle FMQ we can 
write down two f urth'er formulas : 

(5) sinr = ^, cosr = ^. 
^ ^ ds' ds 

These formulas presuppose a suitable choice of r. As s in- 
creases, the point F describes the curve in a definite sense. 
Let this be chosen as the positive sense of the tangent line at 
F. Then t shall be the angle between the positive axis of x 
and this line. If t were taken as the angle which the op- 
positely directed tangent makes with the positive axis of x, 
the — sign must be written before each right-hand side in (5). 

The formulas (5) suggest that x and y can be taken as func- 
tions of « : , , . . . 

* In case the coordinates x and y are expressed as functions of a third 
variable t, dx will not in general be equal to Ax, but will differ from it by 
an infinitesimal of higher order. The triangle PMQ will then be replaced 
by a similar triangle PMiQu in which Mi lies on the line PAf, its distance 
frx>m M being an infinitesimal of higher order. 
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This is, of coxLTse, always possible, since, when 8 is given, P. 
and hence also x and y, are determined. 
Since 



(6) d8 = ±VdU^+^, 
we have from (5) 

(7) Sinr = ±-— ^=, C0ST = ±— :^=, 

no matter what choices of s and t are made.* Furthermore, 

(8) sinT=:+ y cost = ± 



V'+(l)" , V'+(|)' 



Which sign is to be used in (8) depends on which of the two 
possible determinations has been chosen for t. Thus t in a 
given case might be 30** or 30** + 180** = 210**. If the first 
choice were made, t = 30**, then sin t, cos t, and dy/dx = tan t 
would all be positive quantities, and hence the upper signs 
must be taken. But if the other choice, t = 210**, is made, then 
sinr and cos t are negative, and the lower signs hold. 

9 Example. Consider the parabola 

y — 7?. 

Let P be a point of the curve which lies in the first quadrant. 
Since 

tanT = ^=s2aj 
dx 

is here positive, r may be taken as an angle of the first quad- 
rant. In that case, formulas (8) give 

2x 1 

smT = — . cost = 



Vl + 4aJ2' Vl + 4a:? 

* The signs in (6) and (7) are not necessarily the same ; also in (7) and (8) 
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If P is a point of the curve whieli lies in the second quad- 
rant, tan r is negative, and r is an angle of the second or fourth 
quadrant. If we choose to take r as an angle of the second 
quadrant, formulas (8) become 

2x 1 

smT = . cost = — 



We may, however, equally well take t as an angle of the fourth 
quadrant. Then 

2x 1 

sm T = — , cos t = 



In each case, one of the numbers, sin r and cos r, is positive, 
the other, negative. 

FoUxT Coordinates. Similar considerations in the case of 
the curve ^,.. 

lead to the following formulas ; cf . Fig. 45 : 

PF^^P'M^ + MP^. 



Hence 



limf^y=linir^*+lmf^*. 



Now, the chord PP* and the arc PPss^s are equivalent 
infinitesimals. Moreover, PM and Ar are equivalent ; and 
MP and Tq^O are equivalent. Hence 

Dropping the subscript and writing the derivatives in terms 
of differentials we have, then : 

or 

(10) d8« = dr® 4- r2(W«. 
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Furthermore, 
(11) «i°^ = ^. ^'^^"I' 

the tangent PT being drawn in the direction of the increasing 
8, and ^ being taken as the angle from the radius vector pro- 
duced to the positive tangent. 

• 

10. Rates and Velocities. The principles of velocities and 
rates were treated in Chapter III, § 8. We are now in a 
position to deal with a wider range of problems. 

We note the following formulas. Let a point P describe 
the curve y^fix). 

Let 8 denote the length of the arc, measured from an arbitrary 
point in an arbitrary sense, and let t be the angle from the 
positive direction of the axis of 05 to the tangent at P drawn 
in the direction of the increasing arc. Then the components 
of the velocity (y = ds/dt) of P along the axes are, respectively : 

/^v dx dy 

(1) — = v cos T, -2 = V sm T. 

^ ^ dt ' dt 

Let a point P describe the curve 

(2) r = ¥($). 

Let 8 denote the length of the arc, measured from an arbitrary 
point in an arbitrary sense ; and let ^ be the angle from the 
radius vector, produced beyond P, to the tangent at P drawn 
in the direction of the increasing arc. Then the components 
of the velocity (y = d8/dt) of P along the radius vector pro- 
duced and perpendicular to the same (the sense of the increas- 
ing being taken as positive for the latter) are respectively : 

(3) — = vcos^, r — = vsin^. 

dt dt 

Example 1. A railroad train is running at the rate of 30 
miles an hour along a curve in the form of a parabola : 

y«« 1000 a?, 
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the axis of the parabola being east and west, and the foot being 
taken as the unit of length. The sun is just rising in the east 
Find how fast the shadow of the locomotiye is moying along 
the wall of the station, which is north and south, when the 
distance of the shadow from the axis of the parabola is 300 xt. 
The first thing to do is to draw a suitable figure, introduce 
snitable variables, and set down all the data not already put 
into evidence by the figure. Thus in the 
present case we have, in addition to the ac- 
companying figure, the further data : (a) the 
velocity of the train ; this must be expressed 
in feet per second, since we wish to retain 
the foot as the unit of length for the equa- 
tion of the curve. Now, 30 miles an hour 
is equivalent to 44 feet a second. On the other hand, another 
expression for the velocity is ds/dt Hence we have, on 
equating these two values, 

^ = 44. 
dt 

(b) We must set down explicitly at this point the equation 

of the curve, , . ^^^ 

y*=1000x. 

To sum up, then, we first draw the figure and then write 
down the supplementary data : 

Given a) — = 44, 

^ dt 

and b) y2-5l000aj. 

The second thing to do is to make clear what the problen^ 
is. In the present case it can be epitomized as follows : 

Tojind (^\ . 

We are now ready to. consider what methods are at our di* 
posal for solving the problem. We observe that ds occurs in 
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the data. Obvionsly, then, we must make use of the one gen« 
eral theorem we know which gives an expression for ds when 
the equation of the curve comes to us in Cartesian coordinates, 
— namely, the theorem: 

Since dx occurs neither in the data nor in the conclusion, 
we wish to eliminate it. This can be done by means of the 
equation of the path 6). Differentiating b) we have : 

2ydy = l(mdx. 

Hence da? = -|-^. 

600 

Consequently d^ = ^ r^ + dj/^ 

and d8==yl^ + idy. 

The next step is obvious ; divide through by dt : 



dt > 5002 "^ ^ 

In this last equation, replace ds/dt by its known value from 
a), and we now have an equation for determining dy/dt : 

dy 44 

\ 500* 

Finally, bring into action the particular value of y with 
which alone the proposed equation is concerned, namely, 

'^'^'- m - ^\ ^^3m 

U^A=8oo V.62 + 1 Vl.36 

or, the rate at which the shadow is moving along the wall of 
the station is 37.73 ft. a second. 
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Angular Velocity. By the angular velocity , w, with which a 
line is turning in a given plane is meant the rate at which the 
angle, <(>, made by the rotating line with a fixed line, is in- 
creasing : 

dt 

Example 2. A point is describing the cardioid 

r = a (1 — cos d) 

at the rate of c ft. a second. Find the rate at which the 
radius vector drawn to the point is turning when 6 = x/2. 
The formulation of this problem is as follows : 

Given a) ^=c 

^ dt 

and b) r = a (1 — cos ff).* 

""^ (D..i' 

Since, from § 9 (10), 
and from 5), ^^dr^ + ^d0^. 

it follows that (ir=asin(9(W, 

da2 -. a^sin*^ d^ + a2(l — cos fff dJB^ 
= a«d^[sin2^ + 1 - 2 cos tf + cos^ tf] 

=2 a«d^ . (1 - cos ^= 4 a» sin2 ^ (W«. 
Hence, s being measured from the cusp, 

(23 = 2asin-c{0, 
2 ' 

and $ = 2asinJ^. 

dt 2dt 

* The student should make a free-hand drawiiig of the curve. 
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Consequently, by the aid of a) 

dO c 




Jasin- 
2 



and thus, finally /d^ __ c 



2 



EXERCISES 

1. A point describes a circle of radius 200 ft. at the rate 
of 20 ft. a second. How fast is its projection on a fixed 
diameter travelling when the distance of the point from the 
diameter is 100 ft. ? Arts, 10 ft. a second. 

2. A flywheel 15 ft. in diameter is making 3 revolutions a 
second. The sun casts horizontal rays which lie in or are 
parallel to the plane of the flywheel. A small protuberance 
on the rim of the wheel throws a shadow on a vertical wall. 
How fast is the shadow moving when it is 4 ft. above the 
level of the axle ? 

3. A revolving light sends out a bundle of rays that are 
approximately parallel, its distance from the shore, which is 
a straight beach, being half a mile, and it makes one revolu- 
tion in a minute. Find how fast the light is travelling along 
the beach when at the distance of a quarter of a mile from the 
nearest point of the beach. 

4. A point moves along the curve r = l/d at the rate of 
6 ft. a second. How fast is the radius vector turning when 

d = 27r? 

6. In the example of the ladder. Chap. Ill, § 8, Ex. 5, find 
how fast the ladder is rotating at the instant in question. 

6. At what rate is the direction of the second ship from th« 
first changing at the instant in question, in Ex. 2 of Chap. Ill, 
§8? 
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7. How fast is the direction of the man iiom the lamp- 
post changing in Ex. 12 of Chap. Ill, § 8 ? 

8. The sun is jast setting as a baseball is thrown vertically 
upward so that its shadow mounts to the highest point of the 
dome of an observatory. The dome is 50 ft. in diameter. 
Find how fast the shadow of the ball is moving along the 
dome one second after it begins to fall, and also how fast it is 
moving just after it begins to fall. 

9. Let ABy Fig. 48, represent the rod that connects the 
piston of a stationary engine with the fly-wheel. If u denotes 
the velocity of -4 in its rectilinear path, 
and V that of B in its circular path, / o/V-— -^ 
show that 




Fig. 48 




Fia. 49 



u s=(sin ^ -f- cos tf tan <^)v. 

10. Find the velocity of the piston of 
a locomotive when the speed of the axle of the drivers is given. 

11. A drawbridge 30 ft. 
long is being slowly raised 
by chains passing over a wind- 
lass and being drawn in at 
the rate of 8 ft. a minute. A 
distant electric light sends 
out horizontal rays and the 
bridge thus casts a shadow 
on a vertical wall, consisting of the other half of the bridge, 
which has been already raised. Find how fast the shadow 
is creeping up the wall when half the chain has been 
drawn in. 

12. A man walks across the floor of a semicircular rotunda 
100 ft. in diameter, his speed being 4 ft. a second, and his 
path the radius perpendicular to the diameter joining the 
extremities of the semicircle. There is a light at one of the 
latter points. Find how fast the man's shadow is moving along 
the wall of the rotimda when he is halfway across. 
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13. A man in a train that is running at full speed looks out 
of the window in a direction perpendicular to the track. If 
he fixes his attention successiyely for short intervals of time 
on objects at different distances from the train, show that the 
rate at which he has to turn his eyes to follow a given object 
is inversely proportional to its distance from him. 

14. Water is flowing out of a vessel of the form of an in- 
verted cone, whose semi-vertical angle is 30**, at the rate of a 
quart in 2 minutes, the opening being at the vertex. How 
fast is the level of the water falling when there are 4 qt. of 
water still in ? 

16. Suppose that the locomotive of the first of the Examples 
worked in the text is approaching the station at night at the 
rate of 20 miles an hour, its headlight sending out a bundle 
of parallel rays. How fast will the spot of light be moving 
along the wall of the station when the distance of the head- 
light from the vertex A of the parabola, measured in a straight 
line, is 500 ft. ? 

Assume that the wall is perpendicular to the axis of the 
parabola and distant 75 ft. from the vertex. 

16. In the preceding question, how fast will the bundle of 
rays be rotating ? 

17. A point describes a circle with constant velocity. Show 
that the velocity with which its projection moves along a given 
diameter is proportional to the distance of the point from this 
diameter. 

18. A point P describes the arc of the ellipse 

which lies in the first quadrant, at the rate of 12 ft. a second. 
The tangent at P cuts off a right triangle from the first quad- 
rant. How fast is the area of this triangle changing when F 
passes through the extremity of the latus rectum ? Is the area 
increasing or decreasing ? 
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19. A point P describes the eardioid 

r = 5 (1 — cos B) 

at the rate of 12 cm. a second. The tangent at P cuts the 
axis of the curve in Q. How fast is Q moving when = 7r/2 ? 

20. The sun is just setting in the west as a horse is running 
around an elliptical track at the rate of m miles aik hour. The 
axis of the ellipse lies in the meridian. Find the rate at 
which the horse's shadow moves on a fence beyond the tracl^ 
and parallel to the axis. 



CHAPTER VI 



LOGARITHMS AITD EXPONENTIALS 



1. Logarifhmt. The logarithms with which the student is 
familiar are those which are ordinarily used for computation* 
The base is 10, and the definition of log^QX is as follows : 

y = logioaj if 10» = aj. 

These are called denary, or Briggifaj or common logarithms. 

More generally, any positive number, a, except unity, can 
be taken as the base, the definition of log. x then being : 

(1) ^sslog^a; if a'ssfls. 

= logx 




Fia 60 



The accompanying figure represents in character the graph 
of the function log. a; for any a > 1. It is drawn to scale foi 

146 
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, i 



a = 2.71828. The reason for this choice of a will appear 
shortly. 

From the definition it follows at once that 

(2) log. 1 = 0, log.a = l. 

Only positive numbers have logarithms. For, a* is always 
positive. Hence, if » be given a negative value (or the value 
0), the second equation under (1) above cannot be satisfied by 
any value of y. 

The two leading properties of logarithms are expressed by 
the equations : * 

(I) logP+logQ = log(PQ) 

(II) log P» = n log P. 

Here, P and Q are any two positive numbers whatever, and n 

is any number, positive, negative, or zero. The base, a, is 

arbitrary. Thus 

log 10 = log 2 + log 6 

and log VT = log 7^ = ^ log 7. 

From equation (I) it follows that 

(3) log 1 — log Q 

and 

(4) log 1= log P- log Q. 

For, if we set P= 1/Q in (I), we have 

log 1 = log - + log Q. 

But, by (2), 

logl = 0. 

* The student should recall the proofs of these theorems, which he 
learned in the earlier study of logarithms, and make sure that he can 
reproduce them. Proofs of the theorems are given in the author's 
DifferenUal and Integral Calculus^ p. 76. 
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Hence ^ ^ ^ /\ j 

log— = — logQ, q.e.4 

y 

Again, write (1) in tJie form 

log(PQ0 = logP+log(2', 
and now set Q' = 1/Q. Then 

log^=logP+logl. 
But log i = - log Q. 



Hence 



Q 

p 

log-=logP-logQ, q.e.cL 

For example, 

log (a + 6)- loga = log (l +-\ 
as we see by setting, in equation (4), 

* 

As a further example of the application of equation (II) we 
may cite the following : 

^-5«^^ = log}(o + 6)i}. 

For, if P = a + 6 and n = -, the left-hand side of this equa 

h 

tion has the value n log P. 

A Further Property of Logarithms. When it is desired to 
express a logarithm given to a certain base, a, in terms of 
logarithms taken to a second base, &, the following relation is 
needed : 

(HI) log,a. = j2a^. 

The proof of (III) is as follows. Let 

y = log^ a?, ay = x. 
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Take the logarithm of each side of this equation to the base b : 

(5) logfc a^ = logt, X. 

But the left-hand side can be transformed by (II), if in (II) 
we take b as the base, thus having 

logfc P^=zn logt P. 
Here, let 

P=sa, n = y. 

Then log^ a*=y log^ a, 

and (5) now becomes : 

y logt a = logj X. 
Hence 

y = j2af, or log.a, = j2&^. q.e.cL 

log, a logj a 

Example. Let & = 10 and let a = 2.718. To find log. 2. 
From (III), 

log. 2 l2Slo2_ ^ .3010 ^ g932 

'*' logio 2.718 .4343 

Two Identities. Just as, for example, 

•\/s^ = X and ( V^)' = a, 

no matter what value x may have, so we can state two identi- 
ties for logarithms and exponentials. In the second equation 
(1), replace y by its value from the first equation. Thus the 
equation 

(6) rf*««* = aj 

is seen to hold for all positive values of x. 

Secondly, replace x in the first equation (1) by its value 
from the second equation : 

y = log. a^ 

We can equally well write x instead of y, understanding 
now by x any number whatever, and we have, then, the 



150 CALCULUS 

identily 

(7) log. a' = X. 

This equation holds for all values of sc, positiye, negatiye, or 
zero. 

EXERCISES 

1. ShoTTthat , Q^^^ ^-oo 

logio •o950 s — .0482. 

2. Find logio .09420. Ans. -1.0259. 

3. Compute 2.718-»«. Ans. 1.758. 

4. Compute 2.718--*^. Ans 0.4186. 

6. Compute ir'. 6. Compute v^^. 

7. Show that 

logtantf salogsintf — logcostf, < tf < ^• 

8. Show that 

log8ind + logco8d = logS^, 0<tf<^. 



9. Show* that 



j^gl-|08^^21og8in|, < tf < 2^. 



10. If {Xy y) are the Cartesian coordinates of a point distinct 

from the origin, and (r, 6) the polar coordinates of the same 

point, show that , , i / « . •x 

^ log r =s ^ log (a?2 4- f). 

11. Prove that 

log (a« -6«) = log (a + 6) + log (a - 6), 
provided a + 6 and a — 6 are both positive quantities. 

12. Simplify the expression 

log(l4-aJ«)-log(l+a?). 

13. Show that 

V(e* — e-*)^ + 4 = e* + «-•, 

where e has the value 2.7182. 
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14, Simplify the expression 



16. Show that 



llog(l + = log(l + 0'- 



2. Differentiation of Logarithms. In order to differentiate 
the function , 

it is necessary to go back to the definition of a derivatiye. 
Chap. II, § 1, and carry through the process step by step. 

Give to a; an arbitrary positive value, Xq, and compute the 
corresponding value, ^o, of the function : 

(1) Vo = log. ^ 

Next, give to x an increment Ax (subject merely to the restric- 
tion that Xq + ^Is positive and Aa; ^ 0) and compute the new 
value, yo + ^Vy of the function : 

(2) yo + ^y = loga («b + ^• 
From (1) and (2) it follows that 

^y _ iQgg (^ 4- Aa?) — log^ Xq 
Ax Ax 

It is at this point that the specific properties of the loga- 
rithmic function come into play for the purpose of transform- 
ing the last expression. By § 1, (4), 



and hence 



loga {^ 4- Ax) - log. xo = log„ ^1 +— \ 



We next replace the variable Ax by a new variable t as 
follows : 
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t=: or AXssXff. 

Xq 

Thus (3) takes on the form 

From (II), § 1, the bracket is seen to have the value 

log. (14- OS 
and hence 

(4) ^ = i log. (1+0? 

As Arr approaches as its limit, t also approaches 0, and so 

(5) lim^ = ilimlog. (1 4- 0^- 

Kow, the variable (1 + ty approaches a limit when t ap- 
proaches 0, and this limit is the number which is represented 
in mathematics by the letter e ; cf . § 3. Its value to five 

places of decimals is 

e =s 2.71828 ... ; 

cf . § 3. Moreover, log a; is a continuous function of x, as is 
shown in a detailed study of this function.* Hence 

lim log. (1 + 0^= ^og, f lim (1 + 0^1 = log. «• 

On substituting this value in the right-hand side of (5) we 
have: 

* Such a treatment is too advanced to be pursued with profit at this 
stage. Cf . the author^s HfferentUU and Integral Caleulua^ Appendix, 
p. 41^ 
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or, on dropping the subscript : 

(6) 2>^log^aj = ^-5S^. 

X 

Thus if the usual base, a = 10, be taken, the formula 
becomes : 

(7) i).log„a, = :^^- 



X 



Discussion of the Result We have met a similar situation 
before, in the differentiation of the sine. There, if angles be 
measured in degrees, the fundamental formula reads : 



w 



J9, sin X = — cos x* 
• 180 

In order to get rid of this inconvenient multiplier, we 
changed the unit of angle from the degree to the radian, and 
then the formula became : 

2>, sin a? = cos x. 

In the present case, it is possible to do a similar thing. The 
base, a, is wholly in our control, to choose as we like. Now, 
for any bai^e, the logarithm of the base is unity, § 1, (2) : 

log^ a = 1. 
If, then, we choose as our base the number e : 

a = e = 2.71828 ... 
the multiplier becomes 
(8) log^ e = log. e = 1. 

For this reason, e is taken as the base of the logarithms 
used in the Calculus.* These are called natural logarithms. 
They are also called hyperbolic^ or Naperian logarithms, — the 
latter name after Napier, the inventor of logarithms. But 

* The notation e for this number is due to Euler, 1728. 
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Napier * was the very man who introduced denary logarithms 
into mathematics, and so the use of his name in connection 
with natural logarithms is misleading. 

Since natural logarithms are always meant in the formulas 
of the calculus, unless the contrary is explicitly stated, it is 
customary to drop the index e from the notation log^a; and 
to write 

(9) y = logaj, if e» = aj. 

The identities (6) and (7) of § 1 now take on the form : 

(10) e^"^' = X, 

■ 

(11) loge* = aj. 

The formula of differentiation becomes : 



(12) i),logaj = i. 

X 




In differential form it reads : 




(13) ^log.=i. 




(14) dlogx = ^^' 




Example, Differentiate the function 




u = log sin X. 




Let y = sin a?. 




Then u = log y, 




cftA=5dlogy=-^, dy = 

y 


cos xdXf 


and 

, cosajdaj . , 





sma; 
* Napier was a Scotchman, and his discovery was published in 1614. 
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Hence d log sin a; = cot xdXy 

or — log sin (6 = cot Ok 

da ^ 



EXERCISES 

Differentiate the following functions. 

1. u = log cos X, — = — tan x. 

dx 

2. w = log tan x. — = cot x 4- tan st^ 

* ^ dx 

du -2 



3. tt = logcota. , . « 

dx sin 2x 

4. u = log sec X. 6. u = log esc x, 
6. ti = log- • -— =s--|- 



1 — aj dx X l — x 

7. M = log — ■ — -— = 

a — x dx a^ — a^ 



8. u = log Va* -j- aj«. 



dt/ a; 



cte a* + aj2 



/2t£ 2/ 

9. u = log (1 — cos a;). — =cot-- 

dx 2 

10. tt = log (1 + cos x). _=3 _ tan-. 

dx 2 

1 
3. The Limit lim (1 + 1)*, Since this limit is fundamenial 

in the differentiation of the logarithm, a detailed discussion 
of it is essential to completeness. Let us set 

(1) a=(l+0« 

and compute the value of s for values of t near 0. Suppose 

^ = .1. Then 

«=(1.1)«>, 
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and this nxmiber is found by the usual processes with loga- 
rithms to be 2.59. 

Further pairs of corresponding values (t, s) are found in a 
similar manner. In particular, the student can verify the 
correctness of the following table of values : * 



^0.1 


-.01 


-.001 . , 


. +.001 


+ .01 


+ 0.1 


2.87 


2.73 


2.72 . , 


. 2.72 


2.70 


2.59 



The foregoing table indicates strongly that, when t ap- 
proaches the limit from either side, the variable s is 
approaching a limit whose value, to three significant figures, is 
2.72. This is in fact the case.f The exact value of the limit 
is denoted by the letter e : 



(2) lim (1 +- «) *^ = « = 2.71828 



• ••- 



4. The Compound Interest Law. The limit (2) of § 3 pre- 
sents itself in a variety of problems, typical for which is that 
of finding how much interest a given sum of money would 
bear if the interest were compounded continuously, so that 
there is no loss whatever. For example, $ 1000, put at in- 
terest at 6^^, amounts in a year to $1060, if the interest is 
not compounded at all. If it is compounded every six months, 
we have , ^wj. 

as the amount at the end of the first six months, and this 
must be multiplied by (l+^j to yield the amount at the 

end of the second six months, the final amount thus being 



$ lOOO/^l + '^' 



jiooo/'i + ^^Y. 



* To compute the middle entries in this table a six-place table ot 
logarithms is needed. 

t For a rigorous proof cf . the author^s Differential and Integral Cal^ 
CttZtM, p. 70. 
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It is readily seen that if the interest is compoiinded n times 

in a year, the principal and interest at the end of the year will 

amount to . ^. ^ 

1000(1 + — j 

dollars, and we wish to find the limit of this expression when 
n = 00. To do so, write it in the form : 



1000 



(l4.:^l 



n 
.06 



M\ 



106 



Of> 
and set ^ = * — . The bracket thus becomes 
n 

(i + OS 

and its limit is e. Hence the desired result is 

1000e~ =: 1061.84.* 

EXERCISE 

If $1000 is put at interest at 4 ^6, compare the amounts of 
priacix)al and interest at the end of 10 years, (a) when the 
interest is compounded semiannually, and (b) when it is com- 
pounded continuously. Ans. A difference of $ 5.88. 

5. Differentiation of e*. Before beginning this paragraph 
the student will turn to Chap. VIII and study carefully § 1. 
Since 

(1) y = e* and a? = logy 

are equivalent equations, the former function can be differen- 
tiated by taking the differential of each side of the latter 

equation: , 

da; = alogy = -^* 

y 

* The actual computation here is expeditiously done by means of 
series ; see the chapter on Taylor's Theorem. 
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ax 




Fia. 61 

The function 

(4) y = a» 

could be differentiated in a similar manner. It is, however, 
simpler to take the logarithm of each side of (4) and then dif- 
ferentiate the new equation : 

logy = log a* =s a; log a, 



(6) 



dlogy = -^ = cfojlog o. 

y 

da'^c^logadx. 



Differentiation ofo^. It is now possible to complete the dif- 
ferentiation of this function for the case that n is irrational. 
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Since by § 2, (10), x=^e^', 

I it follows that af = e''^«», 

I and hence d«- = de»^» 



= e 



= a?» 






sc 



Thus finally, 

(6) d a?" = noy^'i da?, 

no matter what value n may have, provided merely that n is 
a constant. 



i 



Differentiation of f(x)'^'\ Let it be required, for example, 
to differentiate the function 

Here, both base and exponent are variable. Begin by tak- 
ing the logarithm of each side of the equation : 



Hence 
or 

and 80, finally, 
or 



log y 5= log af = aj log x. 
d log y = d{x log x), 

^^(l+logx)dx, 

y 

dyssy(l+ log x)dx 
daf = af (1 +logaj)cte. 



The general case, y^ffxY^^ 

can be treated in a similar manner. 
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6. Oraph of the Fnnotion a^. For positiye values of n the 
curves 



y=i 




Fia. 52 



lie as indicated in the figure. When n = 1, we have the ray 
from the origin, which bisects the angle between the positive 
axes of X and y. 
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When n > 1, the curve is always concave upward ; when ^ 
n < 1, it is concave downward. 

All the curves start at the origin and pass through the 
point (1, 1). 

For values of a? > 1, the larger n, the higher the curve lies. 
For values of a? < 1, the reverse is the case. 

Let X have any fixed value greater than unity : ar = oj' > 1. 

Consider the ordinate ,» 

y = a?' . 

As n increases, x'"" increases continuously. This property is 
the basis of the property of logarithms included in the word 
continu(yus. 

For proofs of the foregoing statements cf . the author's 
Differential and Integral GaJculub, p. 27 and Appendix, p. 417« 

7. The Formulas of Differentiation to Date. The student 
will now bring his card of formulas up to date by supple- 
menting it so that it will read as follows : 

Genebal Formulas of Diffebbntjation 



L 


deu = edu. 


11. 


d(u + v)=du + dv. 


ni. 


d(uv)= udv + vdu 


IV. 


jfu\_vdu — udv 



Special Fobmulas of Diffbjbentiation 

1) dc = 0. 

2) dx'^^nx'^^dx. 

3) d sin X = cos x dx. 

4) dco8aj = -*-sinaj da?. 
6) dtan x = sec^ x dx. 
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^6) dcotaj = — csc^ajdflp. 

7) dloga? = — 

X 

8) def = ^dx. 

9) da* = a* log a dx. 

To obtain facility in the use of the new results it is desirable 
that the student work a good number of simple exercises. 

Example 1. To differentiate the function 



Let 




y 


:=ax. 




Then 




u 


-«% 




Hence 




du = de^ 


= eydy = 


c«*(a(foj). 


de" 


= a€ 


i'^dx 


or 


dx 


Example 2. 
show that * 


If 


uss A cos {nt + y), 








n*it = 0. 





To do this, compute first — . The computation is readily 

effected by taking the differential of each side of the given 

equation : 

du = -4dcos (n^ + y) 

=zAl-'Sm(nt + y)d(nt+y)'\ 

= — An sin (nt + y) dt, 

* Such an equation as the following is called a diferential equation^ 
and any function which, when substituted for u, satisfies the equation is 
called a 9oltUion. 
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— aai — ^n sin (nt + y). 
dt 

Nezty compute — . Since 

d^_dfdu\ J^\dtJ ^ 



) 



ctt* dt\dtj dt 

we take the differential of each side of the equation for — : 

dt 

d( -^ j= — ^ndsin {nt + y) 

= — -4n [cos {nt + y)d{nt + y)] 
= — An^ cos {nt + y) dt. 
Hence, on dividing through by dty we have : 

^ = -^n«co8(n« + y). 

If now we multiply the given value of u by n* and add the 
product to the value just obtained for — , the result is iden- 
tically 0, %.e, for all values of t : 

^+»^ = 0, q.e.4 

dt^ ' ^ 

EXERCISES 

Differentiate the following functions. 

1. ti=»€-^. — = -2aje-**. 

dx 

2. t« = e*»*. — =e^*cosaj. 

dx 

dx 
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4. u = !()•. ^ = (2.30259 ...)10'. 

dx 

6. tt = ajin(r. ^ = aj»10'(10 + 2.30259«). 

dx 

e, usa log(sec X + tan x). -— - = sec x. 

dx 

7. wrsa^logaj. ^=a?(l + 21oga?). 

dx 

8. « = aj» log (a — ar). 9. tt = e-*log(2a? + 3). 

10. tt = e-** cos (ni — y). 11. tt = e-'*'(J. cos n«+ 5 sin nlj 

a? log a? 1 / , i\ c?M log a 

12. w = — i^q — log(aj + l). — = . f.. * 

a? 4-1 cto (aj + l)2 

13. tt = log(aj+Va^-a2). ^= ^ 



14. tt = log(a? + Va2 + a^. ^= ^ 



1 /^ . -«\ 1^ sin a? + cos a 

16. M =s log (e* + e^). 16. u=i— -l. • 

t M X du 

17. w = logtan^- --=csca?. 

2 dx 

18. u = logtan/'| + |Y ^ = secft 



19. u 



20. u = tan 



-»'(i-i> 

(i-0- 



(20 
du 



dx 1 — sin a; 

du_ 1 
(2a; 1 + sin 06 



sinx 



21. w = log VI -h sin 0. 22. w = log 

23. u =5 log Vl — cos aSi 24. tt=sV?. 

25. w=(10i+')*. 26. u^-^/cF*. 

27. tt=/^— 5L_Y. 28. M=Vi6» 
Va + V 
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• 29. « = «*»•. ^ = af^"^(smx-^xQ08xlogx). 

dx 

80. ti s= (sin a?)~". — = (sin aj)**'"i (cos* x — sin* x log sin x) 
\ da? 

1 
31. u = X'. 32. u =s (cos «)■*"■. 33. u = (tan x)'. 

m 

34. tt = (loga^)». 35. t* = (1 + a)«. 36. m = (a^)*". 

37 If u=sA cos n^ -H J^ sin n^, show that 

h n^ = 0. 



38. If tt = Cfe-*' cos ( Vn* — K* « + y), show that 






89. The curve 



r 8= a6^* 



is known as the equiangular spiral, because the radius vector 
drawn to any point, P, of the curve, and the tangent at P, 
always make the same angle with each other. Prove this 
property, and show that, if the angle from the radius vector 
produced to the tangent be denoted by a, then 

cot a =s \. 



CHAPTER VII 
APPLICATIONS 

1. The Problem of Bfomerical Computation. It often 
happens in practice that we wish to solve a numerical equa- 
tion in one unknown quantity, or a pair of simultaneous 
equations in two unknowns, to which the standard methods 
with which we are familiar do not apply ; for example, 

cos x=x, 

r2cottf-|-2 = cot<i, 
or ; ^' 

[ 2 cos tf 4- cos <f> = 2. 

Such equations usually come to us from physical problems, 
and the solution is required only to a limited degree of 
accuracy, — say, to two, three, or possibly four significant fig- 
ures. Any method, therefore, which yields an approximate 
solution correct to the prescribed degree of accuracy furnishes 
a solution of the problem. 

In particular, the problem of the determination of the 
error in the result due to errors in the observations conies 
under this head. 

2. Solution of Equations. Known Oraphs. 

Example 1. Let it be required to solve the equation 

1) cos 0? = a. 

We can evidently replace this problem by the following: 
To find the abscissa of the point of intersection of the curves 

2) y^ cos Xf ysssx. 

166 
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The first of these curves we have plotted accurately to scale. 
The second is the right line through the origin, which bisects 
the angle between the positive coordinate axes. It is, there- 
fore, sufficient to lay down a ruler on the graph of the former 
curve, so that its edge lies along the right line in question, 
and observe where this line cuts the curve. The result lies 

between ^ -, o 

a = .7 and x = .8, 

and may fairly be taken as a? = .75. It is understood, as 
usual in approximate values, that the last figure tabulated does 
not claim complete accuracy ; but we are entitled to a some- 
what better result than would be given by the first figure 
alone. 

Example 2. To solve the equation 

3) ic8-f 2ic-2 = 0. 

Suppose we have plotted the curve 

4) y = a^ 

accurately from a table of cubes. Then the problem can con- 
veniently be formulated as follows : 

To find the abscissa of the point of intersection of the curves 

5) ^ = 0?* and y = 2—2x. 
The details are left to the student. 

Example 3. To find the positive root of the equation 

6) 6-i* -I- 2.92a? = 2.14. 

Here, we can connect up with the graph of the function 6^ 
by making a simple transformation. Let 

7) ar'=-^a;; a? = --2aj'. 
The equation then becomes 

8) e*' - 6.84aj' = 2.14, 
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and we seek to determine the abscissa of that point of inter- 
section of the curves (for simplicity, we drop the accent) 

9) y = e* and y = 5.84 a? + 2.14 

which lies to the left of the origin. The second place of 
decimals in the coefficients is not to be taken too seriously ; we 
make as accurate a drawing as the graph and a well-sharpened 
pencil permit. Having thus determined the negative a:' from 
the graphs of 9), we find the desired positive x by substituting 
this value in equations 7). The execution of the details is 
left to the student. 

Example 4. Solve the equation 

If one of the curves 

y = e* or y = tan x 

were plotted on transparent paper, or celluloid, it could be 
laid down on the other with the axes coinciding and the inter- 
section read off. The same result can be attained by holding 
the actual graphs up in front of a bright light. 

In cases as simple as this, however, free-hand graphs will 
often yield a good first approximation, and further approxima- 
tions can be secured by the numerical methods of the later 
paragraphs. 

EXERCISES* 

1. Solve the equation 

cos X = 2a?. 

2. Find the root of the equation 

3 sin x = 2x 
which lies between and ir. 

* In soMng these exercises only so great accuracy is expected as can 
be attained from well-drawn graphs of the standard curves. It will be 
shown in later paragraphs how the solutions can be improved analytically 
suid carried to any desired degree of accuracy. 
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8. Solve: aj + taiia5 = l, 0<aj<~. 

4. Solve: Seosas — 5xa6y — |<as<0. 

6. Find the root of the equation 

log a^ + 2 = « 
which lies between and 1. 

6. Solve: sin 2a; = as. 

7. Find all the roots of the equation 

12aj» + 4a? + 3 = 0. 

8. The same f or ^ , ^ ^ ^ 

oaj" — 5a5 — 1 = 0. 

9. The same for , - ^v 

ar — a? — 1 =a 0. 

Solve the following equations : 

10. COS* tf + .47 cos tf - 1.23 = 0, < tf < 90*. 

11. sinajasVl — ac*. 12. a^ + cos^a5 = 4. 

18. Show that the equation 

tan a; = a; 

has an infinite number of roots. These can be written in the 

form 

«» = nit 4- €n> 

where e^ is numerically small when n is numerically large. 

14. Find the largest value of P for which the equation 

cos a; H- Pa? = 1 
admits a solution in the interval < a; < ir« 

16. Find the point of the parabola 

2y = a? 
which is nearest to the point (2, 0). 
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ie. Find the radius of the circle whose center is at (0, 2) 
and which is tangent to the parabola 

y* = aj. 

3. Interpolation. Consider the equation 
1) /(a^)=0. 

Suppose a root has been located with some degree of accuracy. 
More precisely, suppose that 

f(xi) and /(a,) 

are of opposite signs. If the function f(x) is continuous in 
the interval ^ ^ ^ ^ ^ and if its derivative is always posi- 
tive (or always negative) in this interval, then the function is 
always increasing (or always decreasing) and so must have 
just one root between Xi and a^. 

The root can be found approximately as follows. Consider 
the graph of the function 

2) y =/(«). 

Let yi =:/(aJi), y, =/(«2), 

and draw the chord through the points (a^, y{) and (Xf, y^. 

The point in which this chord cuts the axis of x will obviously 

yield a further approximation to the root 
sought. Denote this last value by X. 
The equation of the chord is 

gv a? — a?i _ y — yi . 

^-«i Vt-yi 
Fro. 63 

On setting yaO and solving for a^ we 

have, as the value of X, the following : 

4) X=aji-&^^yi, 

or 
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We have explained the method in detail and developed, in 
equations 4) and 5), the analytic formula for the determina- 
tion of the new approximation, X. In practice, however, it is 
asually simpler to draw the straight lines of Fig. 53 accurately 
on a generous scale and read off from the figure the value of X 

Example. Consider equation 3) of § 2, Ex. 2 : 

6) aj»-|-2aj-2 = 0. 
The curve in question is here 

7) y = aj>-|-2ic-2, 

and the graphical solution of § 2 shows that the root is about 
05 = .7 or .8. 
Let a; =: 0?! = .7 ; then yi is found to have the value 

^1 = - .257. 
Next, let a? =s a?2 = 'S > ^^cn y^ = .112. 
We have, then, to lay a secant through the points 
(»i, Vx) = (.7, - .257) and {x^, y^) = (.8, .112). 
Its equation is given by 3) * : 

a?-.7 _ y-i-.257 
.8 -.7 .112 + .257' 

On setting y = in this equation and solving for a;, we get, 

X=.7+:^ = .7693. 
.369 

In order to see about how close this approximation is, com- 
pute the corresponding value of y : 

y|x=.7693 = — -0063. 

We get, then, about two places of decimals, x = .77. 

* It is desirable that the student should make this determination 
graphically, as indicated above in the text. He should take 10 cm. to 
represent the interval of length .1, from Xi = .7 to X2 = .8. 
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It is possible to apply the method again, taking now 

(aJi,yi)=(.7693, -.0063) 

and (a:^, ^2) ^ before. We leave this as an exercise to the 
student. He should make both the graphical determination 
with an enlarged scale and the analytic determination of 
formula 4). 

The Method; Notj the Formula. The student may be 
tempted to use the formula 4) or 5), rather than to go back 
to the method by which it was derived. This would be un- 
fortunate, for the formida is not easily remembered, whereas 
the method, once appreciated, can never be forgotten. If the 
student finds himself in a lumber camp with nothing but the 
ordinary tables at hand, he may solve his equation if he has 
once laid hold of the method. It is true that the best way is 
for him to treat first the literal case and deduce the formula. 
But this he may not be able to do if he has relied on the 
formula in the book. 

EXERCISES 

Apply the method to a good number of the problems at the 
end of § 2. 

4. Ifewton'g Hethod. Suppose again that it is a question of 
solving the equation 

and suppose we have already succeeded in finding a fairly- 
good approximation, x = Xi, 

Consider the graph of the function 

2) y^f{x). 

Compute yx =f(Xi). To improve the approximation, draw the 
tangent at the point («!, 2^1). Its equation is : 
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Evidently, this line will cut the axis of x at a point very neai 
the point in which the curve 2) cuts this axis. If, then, we 
set y =B in 3) and solve for x, we shall ob- p 
tain a second approximation to the root of 
1) which we seek. The value of this root 
will be 

4) X^xi^^"^ ^'^ 





Sa#i 



Example 1. Let us apply the method to the Example 
studied in § 3. In order, however, to have simpler numbers 
to work with, take Xi = .77 and compute the corresponding 
yi ; it is found to be : yi = — .0035. 

Kyi) =(.77, -.0036). 

We must next compute dy/dx from the equation 

y = 05* -I- 2a? — 2; 

$ = 3a^ + 2, (^\ =3.779. 

dx \dxjj^r! 

On substituting these values in 3), we have : 

y + .0036 = 3.779 (a? - .77). 

Now set y = and solve. The result is that given by 4) : 

aj = .77-1-;^ = .7709. 
3.779 

We have tabulated four figures in the result because this is 
about the degree of accuracy that seems likely. To test this 
point, compute y for the value of x which has been found : 

y 1. -.7709 = -.0001. 

Since the slope of the graph is greater than unity, the error 
in a; is less than one unit in the fourth place. It is easy to 
verify the result by computing y for the next larger four-place 
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Thus we have a complete proof that the root lies between 
.7709 and .7710, and we see that it lies about one quarter of 
the way from the first to the seoond value. 

Example 2. It is shown that the equation of the curve in 
which a chain hangs, — the Catenary, — is 

where a is a constant. The length of the arc, measured from 
the vertex, is 



«) 



-!(•'-«-=)• 



Let it be required to compute the dip in a chain 32 feet long, 
its ends being supported at the same level, 30 feet apart. 

We can determine the dip from 6) if we know a, and we 
can get the value of a from 6) by setting 8 = 16, a; s 15 : 



16 



=i(-«-^ 



Let« = — . Then 
a 

/(aj) = e'-e--Ha? = 0, 

and we wish to know where the curve 

7) y=/(a?) = e'-e---f|a? 

crosses the axis '^f x. 
This curve starts from the origin and, since 

is negative for small values of x, the curve enters the fourth 
quadrant. Moreover, 

g=e.-e->0, x>0, 
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and hence the graph is always eoncave upward. Finally, 

/(I) = e - e-i - 2^^ = .217 > 0, 

and so the equation has one and only one positive root, and 
this root lies between and 1. 

It will probably be better to locate the root with somewhat 
greater accuracy before beginning to apply the above method. 
Let us compute, therefore, /(^). By the aid of Peirce's Tables 
we find: 

/(.5) = 1.6487 - .6066 - 1.0667 = - .0245 < 0. 

Comparing these two values of the function : 

/(.6) .02, /(I) = .22, 

and remembering that the curve is concave upward, so that 
the root is somewhat larger than the value obtained by direct 
interpolation (this value corresponding to the intersection of 
the chord with the axis of x) we are led to choose as our first 
approximation Xiz= ,^: 

/(.6) = 1.8221 - .5488 - 1.2800 = -.0067, 

/'(.6) = 1.8221 4- .5488 - 2.1333 = .2376. 

Hence the value of the next approximation is 

X = .6 ~ "" '^5 = '6 4- .0282 = .628. 
.2376 

To get the next approximation we compute 

/(.628) = 1.8739 - .5337 - 1.3397 = .0005. 

Hence the value of the root to three significant figures is .628 
with a possible error of a unit or two in the last place, and the 
value of a we set out to compute is, therefore, 15/.628 = 23.9. 

Remark. Newton's method, like the other methods of this 
chapter, has the advantage that an error in computing the new 
approximation will not be propagated in later computations. 
Such an error will in general hinder us, because we are not 
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likely to get so good an approximation. But the one test foi 
the accnracy of the approximation is the accurate computa^ 
tion of the corresponding y, and if this is done right, we see 
precisely how close we are to the desired root. 

The function f(x) is usually simple, and it is easy to see 
whether the curve is concave upward or concave downward 
near the point where it crosses the axis. We thus have a 
means of improving the approximation at the same time that 
we simplify the new value of x. For, if the curve lies to the 
right of its chord, the approximation by interpolation will be 
too small ; and if the curve lies to the right of its tangent be- 
tween the point of tangency and the axis of Xj the approxima- 
tion given by Newton's method will also be too small. 

Comparison of the Two Methods. When looked at from their 
geometric side the two methods appear much alike, the first 
seeming somewhat simpler, since it does not involve the use 
of derivatives. Why bother, then, with Newton's method? 
It is not a theoretical question, but purely one of convenience 
in carrying out the numerical work. It will be found that, as 
a rule, the first method is preferable in the early stages 
(usually, merely in the first stage). When, however, a fairly 
good approximation has been reached, the numerical work in- 
volved in Newton's method is generally shorter than that 
required by interpolation. 

EXERCISES 

Apply the method to the Exercises of § 2. When, however, 
the approximation given by the graphical method of § 1 is 
crude, the method of interpolation may be used to improve it. 

5. Direct TTse of the Tables. 

EoDomple 1. Let us recur to the first example studied, Ex. 1, 
S2: 

1) cos a? = a*. 
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The graphical solution gave x = .75. Turn now to a table 
of natural cosines in radian measure, preferably Peirce's Tables. 
As we run down the table, we find the entries : 



BADIANS 



.7389 
.7418 



cos NAT 



.7392 
.7373 



Thus X is seen to lie between .7389 and .7418. It is an ex- 
cellent exercise for the student to work out the interpolation 
for himself before we take it up at the end of the paragraph. 
The answer is : a = .7391. 

Example 2. Consider the equation 
2) tan xzsse', 

the desired root lying between and 7r/2. 

A free-hand drawing of the graphs of the functions 

y = tan x, yssef 

shows that x lies between 1 and 1.5. So the next step is taken 
conveniently by opening Peirce^ Tables to the Trigonometric 
Functions and Huntington's to the Exponentials, and writing 
down the two pairs of values of the functions which came 
nearest together : 



X 



1.3 
1.4 



tana; 

3.60 
5.80 



3.67 
4.06 



Thus the root is seen to lie between 1.3 and 1.4. 

The general case which the above examples are intended to 
illustrate is the following : — To solve the equation 

f(x) = <f>(x), 

where f{x) and f^{x) are tabulated functions, or functions 
xeadily computed. 
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When the solution has progressed to the point indicated 
by the examples, the next step can be taken by interpolation, 
or by Newton's method, as will now be explained. 

Interpolation. When two values of the independent varia^ 
ble near together, osi and a^, have been found such that /(«) is 
greater than <f>(x) for one of them and less than ^(o;) for the 
other, the best approximation to take next is the one given by 
the abscissa of the point of intersection of the chords of the 
graphs of the functions, 

This value, X, can be found as follows. 
Suppose that 

/(»i) < *(«i) and f(Xi) > <f,(Xi). 

Litroduce the following notation : 



iCj — 0/1 ss 8, 




X — iCi = A. 

From the figure, the triangles 
AiCBi and A2CJB2 are similar, 
and 

AiBi = Ai, Ai.B2 = A2. 

Their altitudes, when C is taken 
as the vertex, are respectively h 
and 8 — ^. Hence 

h ^h-h 



3) 



On solving this equation for h we find : 

A, 



h = 



A1 + A2 



8. 



Jif(xi) > <^(a?i) and/(a?2) < <l>(x2), the result still holds, for 
At and As now become negative, but their numerical values 



APPLICATIONS 179 

correspond to the lengths of the sides of the triangles in 
question. 

It is easy to express in words the result embodied in 3). 

KuLE. In order to see what fraction of h^x^ — Xi must be 
added to Xi in order to give X, form the differences 

*(a^)-/(a5i), /(«i)-<^(«2). 

Then the fraction is the quotient of the first of these differences by 
their sum. 

In practice, an accurately drawn figure on a large scale will 
often afford a quicker and sufficiently accurate solution. 

Example. Returning to Ex. 1 above, we haye : 
f(x) = cos X, ^(x) = X ; 

8 « a?, - a?i = .0029, a?i = .7389, aj2 = .7418. 
*(«i)-/(«i)=-.0004; /(«2)-<^(«2)=-.0045. 

:5^ .0029 = :^ ==.0002. 
.0049 49 

Hence the value of the new approximation is 

X = .7389 + .0002 = .7391. 

The student will have no difficulty in completing Ex. 2 above 
in a similar manner. It turns out that the correction is here 
less than one tenth of 8, and hence it does not influence the 
second place of decimals : x' = 1.30. 

Newton's Method. If a higher degree of accuracy is desired, 
it is well now to apply !N^ewton's method to the function 

F(x)^f(x)^ <l>(x). 

In the case of Ex. 1 above it is pretty dear that we already 
have four-place accuracy, and the computation of F(x) for the 
value X = .7391 would only verify the result. This is as far 
as we can f^o with four-place tables. If we needed greater 
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accuracy, we should use Newton's method and fiye or six-plaoe 
tables. 

Example 2 has been carried only to two-place accuracy, or 
three significant figures. We can obtain two further figures 
with the tables at our disposal. 

y = F(x)= tan a? — €•. 

yi = -^(1.30)= 3.602 - 3.669 = - .067. 



^ = sec2a?-€', ^ 
dx dx 



= 13.97 - 3.67 = 10.30 

:1.30 



X= 1.30 + ^=1.3067. 
10.3 

To test this result, howeyer, would require fiye-place tablea 



EXERCISES 

Solye the following equations : 

1. cot x = a?, < a < IT. 2. €• -f log a? = 1. 

3. The hyperbolic sine (sh x or sinh x) and cosine (ch x or 
cosh x) are defined as follows : 

8haj = — - — , chaj = -^| — , 

and are tabulated in Peirce's Tables, pp. 120-123. By means 
of these, reduce the treatment of Ex. 2, § 4, to the methods of 
the present paragraph. 

6. Snecessiye Approximations. We come now to one of the 
most important of all the methods of numerical computation. 
In physics it is known as the method of Trial and Error ; in 
mathematics it goes under the name of the method of Succes- 
siye Approximations. 

The problem is that of solying a x)air of simultaneous 
equations, 

1) i^(a^,y)=0, *(aj,y)=0. 
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The cases which arise in practice are characterized in general 
by two things : Eirst, there is only one solution of the equa- 
tions which interests us, and the physical problem enables us 
to make a fairly good guess at it for the first approximation. 
Secondly, each of the equations 1) is simple, the curve can 
readily be plotted in character, and the equation can be solved 
with ease numerically for the dependent variable when a nu- 
merical value has been given to the independent«variable. But 
elimination of one of the unknowns, though sometimes possible, 
is not expedient, since the resulting equation is hard to solve. 
The method is as follows. Plot the curves 1) in character 
with su£B.cient accuracy to determine which of them is steeper 
{i.e. has the numerically larger slope) at their point of inter 
section. Let 



be the one that is less steep. 



or y =/(«) 



or a = 4>(y), 




V 


ciN. 


te:=^ 




yt 




^ 


\ 




1 
1 




\ 





a 


'% J 


Pi 



Fio. 67 

the other. Then, making the best guess we can to start with, 
x = Xiy compute yi from the equation of Ci : 

Vi =/(«i), 

and substitute this value in the equation of C^, thus getting 
the second approximation: 

Proceeding with x^ in the same manner, we obtain first y^ 
then fl^, and so on. 
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The successiye steps of the process are shown geometrically 
by the broken lines of the figures. 

The success of the method depends on the ease with which 
y can be determined when x is given in the case of Ci, while 
for C2 X must be easily attainable from y. If the curves hap- 
pened to have slopes numerically equal but opposite in sigi^ 
the process would converge slowly or not at all. But in this 
case the arithflaetic mean of x^ and o^ will obviously give a 
good approximation. 

The method has the advantage that each computation is 
independent of its predecessor. An error, therefore, while it 
may delay the computation, will not vitiate the result. 

Example. A beam 1 ft. thick is to be inserted in a panel 
10 X 15 ft. as shown in the figure. How long must the beam 
be made? 




J si] 
[co 



We have : 

sin <^ + Z cos 4> = 15, 
cos <^ + Z sin <^ =r 10. 

Hence cos* <^ — sin^ <^ = 10 cos ^ — 15 sin ^ 

Fio. 68 Now an expression of the form 

a cos ^ — & sin ^ 
can always be written as 

Va^ 4- &gf ^ cos <^ z^=sin<^'^=V^T&*co8(<^-ha), 

where cos a = — , sm a = 



In the present case, then, 

cos 2 <^ = V325 cos (<^ + a), 

, 10 . 15 

where cos a = , sm a = 



V325 V325 

Thus a is an angle of the first quadrant and 

tana = |, a = 66' 16' 
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Our problem may be formulated, then, as follows : To find 
the abscissa of the point of intersection of the curves : 



y = cos 2 <^, y s= V325 cos (<^ -f- a). 

We know from the figure a good approximation to start 

with, namely : 

tan <^ = I, <^ = 33** 44'. 

For this value of <^ the slopes are given by the equations : * 

1§2 . ^ = - 2 sin2<^ = -2 sinGT** 28' = - 1.8, 
v d<l> 

i?5.^ = -V325sin(<^+a)=-Vm=-18. 

Hence we have : 

d: y = cos2<^; 

C2: y = V325 cos (<^ -f a) or <^ = cos"i — ^ a. 

'vS25 

Beginning with the approximation 

4>i = SS** 44', 
we compute yi = cos 67** 28' =.3832. 

Passing now to the curve €2, we compute its if> when its 



.3832 = V325 cos (<^ -f- a), <fc8 = 32** 31'. 

We now repeat the process, beginning with ^ = 32® 31' ami 
^^' 2^2 = cos 65^ 02'= .4221, 

.4221 = V326 cos (^ + a), <h = 32** 23'. 

A further repetition gives <^4 = 32** 22', and this is the value 
of the root we set out to determine. 

* Since the degree is here taken as the unit of angle, the formulas of 
differentiation involve the factor v/180 ; cf . Chap. Y, § 2. 
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EXERCISES 

1. Solye the same problem for a beam 2 ft. thick. 

2. A cord 1 ft. long has one end fastened at a point 2 ft 

above a rough table, and the other end is 
tied to a rod 2 ft. long. How far can the 
rod be displaced from the vertical through 

— and still remain in equilibrium when 




released ? 
The equations on which the solution depends are : 

2cottf + i=cot<^, 

. 2 cos tf + cos <^ = 2. 
If the coefficient of friction fi = ^, find the value of ^. 

3. A heavy ring can slide on a smooth vertical rod. To 
the ring is fastened a weightless cord of length 2 a, carrying an 
equal ring knotted at its middle point and having its further 
end made fast at a distance a from the rod. Eind the position 
of equilibrium of the system. 

4. Solve Example 2, § 4, by the method of successive ap- 
proximations. 

7. Arrangement of the ITiimerical Work in Tabnlar Form. 

In the foregoing paragraphs we have laid the chief stress on 
setting forth the great ideas which underlie these powerful 
methods of numerical computation. There are, however, cer- 
tain details of technique which are important, not only for 
ease in keeping in view the results obtained, but also for 
accuracy, since they reduce the numerical work to a system. 
We will illustrate what we mean by an example. 

Example, Let it be required to find all the values of x be* 
tween 0® and 360** which satisfy the equation 

sin X = logio (1 — cos x). 
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A free-hand graph of each of the functions 

1) y aa sin a, y = logjo (1 — cos a;) 

shows that there is one root between 
0'' and 180° and a second between 
180** and 360^ But these roots 
cannot be located with any great 
accuracy in this manner. It is nec- 
essary to do exact table work, and 
to keep the successive results in 
such form that they are convenient 
for later reference. 

To this end such a table as the following is useful.* 
with the trial value x = 150**. 




FiQ, eo 



Begin 



X 


150° 










cosx 

1 — COS 05 

logio(l -cossc) 


-.8660 

1.8660 

.2709 










anx 


.5000 











Since the ordinate of the sine curve is larger than that of the 
logarithmic curve, it is clear from the figure that x is too small. 
Try X = 160^ 

Before proceeding further let us ask ourselves whether the 
above scheme is the simplest for the example in hand. For 
the special value x = 150** we know cos x without reference to 
the tables, and hence one entry of the tables was suificient. 
But when x = 160°, it will be necessary to enter the tables first 
for cos a?, a second time for logio (1 — cos x), and still a third 
time for sin x. ' 



* Paper ruled in small squares is convenient for these tables, tiie m< 
diyidnal digits being written in separate squares. 
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Now, 



1 — co8a = 2 8m25, 



X 



logu, (1 — COS x) = logio sin^ - + logio 2 



X 



= 2 log sin J +.3010. 

Hence it is possible to get along with only two entries of the 
tables if we make use of the following scheme. 



2 


160° 


164° 


163° 3' 


i^ 


80° 


82° 


81° 32' 


logio sin J 05 


T.9934 


1.9958 


1.9952 


2 logio sin \ X 


1.9868 


1.9916 


1.9904 


+ .3010 


.2878 


.2926 


.2914 


sin (180 - x) 


.3420 


.2756 


.2916 



The ordinate of the sine curve is still in excess, but only 
slightly so. Try x = 164*. It is seen that the curves have 
now crossed. Moreover, the two approximations for x — 
namely, 160® and 164** — are so near together that we can with 
advantage apply the method of interpolation of § 5. We 

" ' ' f(x) = logio(l - cos x) ; 



<^ (x) = sin Xf 
xi = 160^ 
4> (xi) = .3420, 



ojj = 164^ 
/(aji) = .2878, 
/(ajj) = .2926, 
.0542 



8 = 4^ 
Ai = .0542 J 
Aj = .0170 ; 



Ai + Aa 



8:= 



.0712 



4 = 3.05. 



Thus the correction is seen to be 3.05% or 3^ 3', and 
the new approximation is : 

«=163*'3'. 
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For this value of x the values of the two functions, /(«) and 
<l> (x)y differ by a quantity which is comparable with the erroi 
of the tables, and the problem is solved. 

EXERCISES 

1. Determine the other root in the above problem. 

2. Solve the equation : 

cot a; = logio (1 -h sin sb), <x < 90**. 

3. Find the positive root of the equation 

g-* = aj* — a?. 

Suggestion. Tabulate x, a^ (from a table of cubes), aj* — a, 
and e"*. 

8. Algebraic Equations. By an algebraic eqvxxiUm is meant 
an equation of the form 

1) Ooaj* + aia?*-i + - + a„ = 0, Oo ^ 0, 

where n denotes a positive integer. 

If the coefi&cients Oq, Oi, ••• are numerical, the roots can be 
approximated to by the method of interpolation or by Newton's 
method. In either case it becomes necessary to compute the 
value of the polynomial 

f{x) = aoa?** + aia;«-i H 1- a„ 

for several values of x, the later ones of which will be at least 
three- or four-place numbers. There are labor-saving devices 
for performing these computations, to which we now turn. 

Numerical Computation of Polynomials, Let a cubic poly- 
nomial, for example, be given : 

f(x) = aaj3 -f 6aj2 -f ca? -f- (f , 

and let it be required to compute f{x) for the value x = nu 
Write down the following scheme : 

ja am + b am^ + bm'^c f{m) 

am am^ -f bm am^ + bm^ -f cm 
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the explanation of which is as follows. Begin with the first 
coefficient, a, and multiply it by m to get the expression am 
which stands below the line. To this expression add the 
second coefficient, 6, to get the second expression above the 
line, am + h. Next, multiply this expression by m to get 
the expression which stands below it, and continue the process. 
The last entry above the line will be the required value, 

/(m) = am^ + hm^ + om -f d. 

Example. Let 

f{x) = 7aj» - 6a^ -f- 3» - 7, 

and let it be required to compute the value of f(x) for x = .8. 
Here, the scheme is as follows : 

7 -^A 2.68 -4.856 

5.6 -.32 2.144 
and hence 

/(.8) = - 4.856. 

It will be observed that the process requires only additions 
(or subtractions) and multiplications. The former can be per- 
formed mentally. The latter are executed most simply by 
one of the machines now in general use with computers. 
These instruments, combined with the method of this para- 
graph, have rendered Homer's method for solving numerical 
algebraic equations obsolete. 

EXERCISE 

Compute the value of 

5.1a?* - 3.42a58 + 1.432aj + .8643 
for X = .1876. 

In the problems which arise in physics, however, it is not 
a question of computing all the roots of a numerical equation, 
about which nothing is known beyond the coefficients. Usu- 
ally, the equation is a cubic or biquadratic, and only one root 
is required. Moreover, from the nature of the problem, a close 
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guess at the yalne of this root can be made at the outset 
Then the methods set forth in this paragraph and in §§ 2, 3 
lead quickly to the desired result. 

EXERCISES 

Solve the following equations, being given that there is one 
root, and only one, between 0® and 90° : 

1. 4 cos8 ^ - 3 cos tf = .5283, 0** < tf < 90**. 

2. sin' ^ - .75 sin d = .1278, 0° < tf < 90°. 

3. Find the root of the equation 

aj« + 2.6ic» - 5.2 aj2 - 10.4a? + 5.0 = 
which lies between and 1. 

4. Find the root of the equation 

3a?*-12a;»4-12aj2-4=:0 
which lies between 2 and 3. 

9. Continuation. Cubics and Biquadratics. Aside from the 
special problem of numerical computation, the simpler alge- 
braic equations present an intrinsic interest which should not 
be ignored. 

Transformations, a) Let the cubic equation 

1) f(x) =za3^-\'bx'-\-cx + d=zOy a=^0, 
be given, and let x be replaced by y, where 

2) y = x — h, oj = y -f- ^. 

Then 

f(x) = a(y + A)» + b{y -h hy +c(y + A) + d = 4>(y) 

= ay* + (3 aA + %'+-, 
where the later coefficients are easily written down. 
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If y s= )3 is a root of the equation 
3) *(2^) = 0, 

then x = p-\'h 

will be a root of equation 1). Por, it is always true that 

when X and y are connected by the relation 2). 

Here, h is any number we please. In particular, h can 
always be so chosen that the coefficient of the second term of 

3) will drop out. It is sufficient to set 

4) 3aA4-6 = 0, or A = -A. 

Obviously, the same method can be used to transform an 
algebraic equation of any degree into a new equation whose 
second term is lacking. 

EXERCISES 

Transform the following equations into equations in which 
the second term is lacking. 

1. aj»-f-aj? — a4-l = 0. 2. 3aj» — 4«»4-2 = 0. 

3. a?*4-ic» — aj?-f 1 = 0. 4. 5aj* — 4 iB» + aj2 4- a? — 80=0. 

6. 3a?*--7iB»4-a^-« — 1 = 0. 6. a5« -f- aj» + aj? + a? 4- 1 = 0. 

b) Let the equation 

5) /(a;)=a*+iXB2-f ga; + r = 
be given, and let x be replaced by y, where 

6) y=p x^Jcy. 

Then 

/(aj) = fcV + A;2p3^ + A;gy + r. 

Denoting this last polynomial by 4>(y)f we have 

for all values of x and y which are connected by the relation 6) 
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It is clear that, if y as /3 is a root of the equation 

7) *(y)=o, 

then x = k/3 will be a root of 5), 

The factor k is arbitrary, and we can always determine it so 
that, on dividing equation 7) through by k : 

the coefficient of y^ will be numerically equal to unity (provided 
thati>^0): 

i) £=1 or A: = yp, if i>>0; 

ii) £ = -1 or fc=rV^, if p<0. 

K 

In this way, equation 5) can be reduced to one of the two 
forms 

a) y* + f' + Ay + B = 0; 

fi) y^^y'^-^Ay + B==0. 

If, in particular, p = and q 4^0, 5) can be reduced to the 
form 

y) y' + y-hB^O. 

The method can be applied to any algebraic equation whose 
second term is lacking : 

af» + C2a:"-2 + Czocr-^ + - + c„ = 0. 
EXERCISES 

1. Replace the equation 

7aj* - 175aj2 4- 16a; + 10 = 

by an equation of the type ^), and state precisely the relation 
of the roots of the second equation to those of the first. 
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2. Show that, if in the equation 

a^ + aioj*""^ -f ... -4- a„ = 0, 
where Oq ^ and a„ ^ 0, the transformation 

X 

is made, the roots of the new equation, 

«»y 4- an-i3r~* H h Oo = 

are the reciprocals of the roots of the given equation* 

8. If on transforming equation 1) by 2), where h is deter- 
mined by 4), the constant term in the resulting equation 3), 
<fi(y) a 0, does not yanish, the further transformation 

8) y = -> or a?=i--fA, 

z z 

will carry 1) into an equation in which the linear term is lack- 
^^' J^ + Bz' + D=:0. A^O, D^O. 

The theorem holds in full generality for an algebraic equa- 
tion of any higher degree. State it accurately. 

4. Eeplace the equation 

a?« — 4iB» — 6a^ + 16aj-4 = 
by an equation of the type 

Ai/' + By'+Ot/^ + D^O. 

Oraphical Treatment We have already seen that the cubic 

can be solved graphically by cutting the standard graph 

by the straight line, 

Since the general cubic can be reduced by the trausformation 
2) to a cubic of this type, we may consider the general problem 
of the graphical solution of a cubic as solved. 
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To obtain a similar solution for the general biquadratic, 
9) aa?* + 6aJ« -f- caj? + cf a? + e =s 0, a^O, 

begin by reducing it to one of the three forms : 
i) y* + y^+Ay + B:==0', 

ii) y^-f + Ay + B^O; 

iii) y* +^y + B = 0. 

An equation of type i) : 

a?* + a^4- Ax + B = Oj 

can be solved graphically by cutting the standard oarre 

y = aj* 
by the parabola 

y r= — a;^ — Ax — B. 

A similar procedure leads to a solution in the case of each 
of the other two types, ii) and iii). 

The Method of Curve Plotting. Let the coefficients a, e in 
equation 9) be different from 0. By means of Ex. 3, p. 192, the 
equation can be reduced to one of the following type : 

Aj3S^ + Ba^ + Ca^ + E = 0. 

In order to discuss the number and location of the roots of 
(Ms equation, it is sufficient to plot the curve 

Since all the maxima, minima, and points of inflection of this 
curve can be determined by means, at most, of quadratic equa- 
tions, the problem is readily solved in any given numerical case. 

EXERCISES 

Determine the number of real roots of each of the following 
equations, and locate them approximately. 

1. 3aj*-f-8a^ -90a?2+100-=0. 

2, 3a?* + 8aj»-90aj2 + 500 = 0. 
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3. 3a?* + 8aj» — 90a2-h 1500 = 0. 

4. Show that the equation 

3a?* + 4«» + 2a58 + l«0 
has no real roots. 

How many real roots has each of the following equations ? 

6. a?* — 6aj— 1 = 0. 6. fiB»4- 7aj— 1 = 0. 

7. a»-4a? + l = 0. 8. i»»-3aj-2 = 0. 

9. aj»-» + 3 = 0. 10. 4iB» — 15a^-hl2» + l = 0l 

11. 3a?* + 4«» + 6»2_l = 0. 12. 3aj* - 4aj» 4- 12a^ + 7 = 0. 

13. How many positive roots has the equation 

6aj* + 8ic» - 12aj2 - 24a - 1 = ? 

14. Has the equation 

3aj8_8a^4-12a^ + l = 
any real roots ? 

15. By means of the graph of the function 

show that the equation 

a^+jxc + g = 
has 

(a) 1 real root when ^ + 2. > ; 

(b) 3 real roots when ;^ + j < ; 

(c) 2 real roots when ^ -f- i- = 0, {p and g not both 0} 

(d) 1 real root when ^-|-2-=:0, {p = q = 0} 

2i 4 

In case (c) it is customary to count one of the roots twioe { 
in case (d), to count the root three times. 
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16. Extend the criterion of Ex^5 to the case of the general 
cubic aa^ + 6aj8 + (^d = 0. 

10. Curve Plotting. We will close this chapter by consider- 
ing the application of the principles set forth in the earlier 
paragraph on curve plotting (Chap. Ill, § 6) to some interest- 
ing curves of a more complex nature. 



1) 



Example 1. To plot the curve 



05 — 1 05-}- 1 



The curve is obviously not symmetric in either axis; but 
the test for symmetry in the origin is fulfilled, since on replac- 
ing x\yj —X and y by — y the new equation, 

is equivalent to the original equation, 1). Incidentally we 
observe that the curve passes through the origin. 

In consequence of the symmetry just noted it will be 
sufficient to plot the curve for positive values of x and then 
rotate the figure about the origin through 180®. 

To each positive 
value of X but one 
there corresponds 
one value of y. 
When X approaches 
1 as its limit from 
above {Le, always 
remaining greater 
than 1), y becomes 
positively infinite. 
Hence the line a; = 1 
is an asymptote for 
one branch of the 



curve. 



Via. 61 
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When X approaches 1 from below, y becomes n^ativel; 
m&iitey and hence this same line, a; = 1, is an asymptote for a 
second branch of the curve. 

For all other positive values of a?, y is continuous. 

The slope of the curve is given by the equation 

^ dx \(x^iy^(x + iy/ 

and is seen to be negative for all values of x for which y is 
continuous. Thus, in particular, the curve is seen to have no 
maxima or minima, or in fact any points at which the tangent 
is horizontal. 
The second derivative is given by the formula 

^ dafi \(x - 1)» (x + 1)V 

When x> 1, the right-hand side of this equation is always 
positive, and so the curve is concave upward in this interval 
Moreover, it is evident from 1) that, when a5 = -|-oo, y ap- 
proaches from above, and so the positive axis of x is also an 
asymptote. 

In the interval < a? < 1, the second derivative is surely 
sometimes negative, for this is obviously the case when a« 
is only slightly less than 1. Is dhf/doc^ always negative in 
this interval? If not, it must pass through the value 0; 
for a continuous function cannot change from a positive to 
a negative value without taking on the intermediate value 
O.'*^ Let us set, then, the right-hand side of equation 3) 
equal to and solve: 



/ 1 , 1 Vo 



« How must the graph of a continuous function look, whicH is some- 
times positive and sometimes negative ? It mnst cross the axis of ab- 
scissas, must it not ? At the point or points where it crosses, the function 
has the value 0. 
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This eqnatioin is equivalent to the following; 

1 ^ 1 

(x-iy (x+iy' 

Extracting the cube root of each side of this equation, we have': 

1 1 

x—l x+1 

Clearing of fractions we find : 

ic + l=-(aj-l), 
or 2a; = 0. 

Hence a? = is the only value of x for which cPy/da^ can 
vanish, and we see at once that the right-hand side of 3) does 
vanish for a? = 0. • 

We have thus proven that the continuous function 3) is no- 
where in the interval < a? < 1, and since it is negative in 
part of this interval, it is negative throughout. Hence the 
curve is concave downward throughout the interval. 

It is now easy to complete the graph. The curve has one 
point of inflection, — namely, the origin, — and the slope there 
is, by 2), equal to — 2. 

EXERCISES 

Plot the following curves : 



3 + a;2 -^ 3 4- aj« 

1.1 ^ 1^ 1 



a; — 2 a; + 2 x x — 1 

1,1 « 1 



X a?-|-l a^— 1 

1 Q 1 
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11. y=aaj + — 

X 



12. y = x 

X 



13. y = 



16. y = 



+ a^'-2x. 



1 1 



14. y = 



S + x 



- 6aj — a^. 



05 — 1 a?H-l 



16. y = l- 1 



X 05— 1 



Example 2. To plot the curve 
4) y^ = x^-\- a?. 

We observe first of all that the curve is symmetric in the 
axis of X, It is sufficient, therefore, to plot the curve for posi- 
tive values of y, and then fold this part of the curve over on 
the axis of x. The curve goes through the origin. 

Unlike the examples hitherto considered, this curve does 
not permit an arbitrary choice of x. It is only when the right- 
hand side is positive or zero, i,e, when 



or 



a?2 + »» ^ 0, 
a?(l + a)^0 or a? > - 1, 



that there will be a corresponding value of y and thus a point 
with the given abscissa. 

Obviously, the curve cuts the axis of x at the origin and at 
the point a5 = — 1. We have, then, essentially two problems : 

i) to plot the curve for a5 > ; 
ii) to plot the curve for — 1 < 05 < 0. 

i) When 05 > 0, the positive value of y is given by the 
equation 



6) 
Hence 

6) 



y = a; VI + x. 
dy_ 2 4- 3a? 

^ 2vr+« 
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For positive values of x the right-hand side of this equation 
is always positive, and hence there are no horizontal tangents 
in the interval under consideration ; the slope of this part of 
the curve is always positive. In particular, the slope at the 
origin is unity : 



dx 



1. 



s»0 



7) 



The second derivative has the value 

d^_ 4 + 3a? 
^^ 4(1 + «)♦ 



The right-hand side of this equation is always 
positive in this interval, and thus it appears 
t.hat the curve is concave upward for all posi- 
tive values of x. 
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ii) When — 1 < 05 < 0, the positive value of y is no longer 
given by the formula 5), since x is now negative.* In the 
present case. 



8) 

and consequently 

10) 



y =B — osVl + X, 



dy_ 
dx 

^= 



2 -(-3a? 



2Vl-fa? 

4 + 3a? 

4(1 -f a?)* 



The first derivative will vanish if, and only if, 

2 -I- 3a? = 0, 



or 



a? ^. 



* The student must have clearly iu mind the definition of the function 
expressed by the y/ sign, which was laid down in Chap. I, § 1. This func- 
tion is the positive square root of the radicand ; it can never take on a 
negative value. 
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It is, therefore, important to determine the corresponding 
point on the curve and draw the tangent there : 

y|— 1= -(- *) Vr^= ?^ = .38. 

Two other important points for the present curve are the 
origin and the point 05 = — 1, ^ = 0. At these 
points the slope has the following values : 



V 



.1. 

s 
Fio. 63 



dy 
dx 



1; 22 



dx 



= oo. 



.-1 



Draw the corresponding tangents. 

From the expression 10) for the second derivative it is 
clear that, when — 1 < a? < 0, the right-hand side of this 
equation is always negative, and 
hence the curve is concave down- 
ward throughout the whole in- 
terval in question. We can now 
draw in the curve in this interval, 
Fig. 63. 

The curve is now complete above 
the axis of x. It remains, therefore, 
merely to fold this part over on that 
axis. The entire curve is shown in 
Fig. 64. 

EXERCISES 
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Plot the following curves : 

1. y2--/^_/^, 2. y^ = a? — 2aj2-|.a^. 

3. y2 = (a? - ay {Ax -\- B) 

Suggestion : Write the second factor in the form 

Ax + B = A(x — 6), where 6 = -7, 

A 

and make two cases : i) A>0; ii) ^<0. Discuss the omitted 
case, A^O. 
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4. j^^sfi^-'O^, 



6. y» = a^ + «*. 



Example 3. To plot the carve 
11) 3/« = aj(aj-l)(a?-2). 

The curve lies wholly in the regions 

0<a?^l and 2^». 

It is symmetric in the axis of Xf and hence it is snfficieiit* ua 
plot it for positive values of y. 
The function 

y =s Va;(fl5 — l)(x — 2) 

is continuous in the interval ^ a; ^ 1. It starts with the 
value when » = 0, increases, and finally decreases to when 
» = !. 

When Xf starting with the ^ 
value 2, increases, y, starting 
with the value 0, increases, 
always remaining positive, and . 
increasing without limit as x be- 
comes infinite. 

So much from considerations of continuity. A more specific 
discussion of the character of the curve can be given by means 
of the derivatives of the function. 

The slope is given by the formula 




1 2 

Fzo. 66 



12) 

or 
13) 



2y^=3a;2_6ic + 2 
dx 

dy__ 3a;^ — 6a; + 2 
doi 2Va;(a?-l)(a;-2) 



The slope is infinite when 05 = or 1 : 



dy 
dx 



r=:0O, 



dy 
dx 



= 00. 



At these points, the tangent is vertical. 
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The slope is when 

3a.2-6aj+2aa0. 
The roots of this equation are 

The first of these values does not correspond to any point on 
the curve. The second, x = .42, yields a horizontal tangent, 
the ordinate being . 

y=-v/-=-=-62. 

^ \3V3 

Plot this point and draw the tangent. Erom the above dis- 
cussion on the basis of continuity it is obvious that this point 

must be a maximum, and we see that there 
are no other maxima or minima. But it 

^ is not clear that the curve has no points of 

^ inflection in this interval. 

To treat this question, compute the sec- 
ond derivative. This might be done by means of formula 13) ; 
but it is simpler to use 12) : 

22^^ + 2^'=6x-6, 

da? da? 

Substitute here the value of dy/dx from 13) and reduce : 

..X (Py^ 3g*~12g» + 12a^~4 

^ ^da? 4a;(aj-l)(aj-2) 

And now we seem to be in difficulty. How are we going te 
tell when dhf/da? is positive, when negative ? 

First of all, y is positive, and so the sign of d?y/da? will be 
the same as that of the right-hand side of the equation. 

Secondly, in the interval in question, < a;< 1, the denomi- 
nator is positive. 
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All tarns, then, on whether the numeTator, i,e, the function 

15) u = 3aj*-12iB» + 12iB«-4, 

is positive or negative. To answer this question, plot the 
graph of the function 16). The slope of the graph is given by 
the equation 

16) ^ = 12aj»- 36aj2 + 24a? = 12a(a?- 1) (a? - 2). 
dx 

In the interval in question, the right-hand side of this last 
equation is always positive. Hence u increases with x through 
out the interval ^ a? < 1, and consequently attains its great- 
est value at the end-point, a; = 1. Here, 

wU=-l. 




We see, therefore, that u is negative ^ 
throughout the whole interval in question, 
and consequently the graph of 1) is concave .^ ^ 

downward in this interval, ^^' 

The reasoning by which we determined whether u is pos- 
itive or negative is an excellent illustration of the practical 
application of the methods of curve plotting which we have 
learned. It is in no wise a question of the precise values of 
u which correspond to x. The question is merely : Is u posi- 
tive, or is it negative? Without the labor of a single corpk- 
putation involving table work we have answered this ques- 
tion with the greatest ease. Such questions as these arise 
again and again in physics, and the aid which the calculus is 
able to render here is most important. 

One further point. It may seem to have been a fluke that 
we were able to factor the polynomial in 16) and thus simplify 
so materially the further discussion. And yet, in the problems 
which arise in practice, — the problems with apedigrree, — just 
such simplifications as this present themselves with great 
frequency. 
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To complete the graph, it remains to consider the interval 
2 ^ a; < oo. Since 



dx 



s=00, 



the tangent to the curve is vertical at the point where the curve 
meets the axis of x. It is clear, then, that the curve must be 
concave downward for a while, and so cPy/da^ < for values 
of X slightly greater than 2. This is verified from 14), since 

17) t*U=-4. 

On the other hand, when x is large, u is positive and cPy/da^ 
is positive. Hence the curve is concave upward. There must 
be, therefore, a point of inflection in the interval, and there 
may be several. 

From 14) we see that the second derivative will vanish when 

ajid only when Sx'^12a?-\-12a^^4. = 0. 

The problem is, then, to determine the number of roots of 

this equation which are greater than 2, and to compute them. 

Again, it is a question of 

the graph of 16). When 

a? > 2, we see from 16) 

that 

> 0. 




du 
dx 



x>2 



Hence u steadily increases 
with X. Now, from 17), 
u starts with a negative 
value, and u is positive 
and large when x is large. 
Hence u vanishes for just 
one value of x which is 
greater than 2. Since 
w|,^ = 23, this root is seen 
to lie between 2 and 3. 
It can be determined to 
any required degree of accuracy by the foregoing methods of 
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this chapter, which find herewith a practical application. To 
two places of decimals it is 2.47. 

EXERCISES 

Plot the following curves : 

1, y = 05" — 35. 2. y^x^of. 

3. y8 = ie» + a5. 4. y^ssl — aj*. 

6. 3/« = (1 - a^Xaj* - 4). 

1 



6. 


y« = (aj«-l)(aj2-«4). 


7. 


._ 1 


9. 




11. 


^ 1+a? 


13. 


^ aj-l 


16. 


3^ = oj" - 4aj2 + Saj. 


17. 


y = sinfl5— sin2fl5. 


19. 


^ =s cos 05 — cos 2flS. 



o. 


" (a?2 - l)(a? -^ 4) 


10. 


V2-^ « 




^ 1+X 


12. 


A ^ 

^ = i-y 


14. 




16. 


y = sin2+siIl2a^ 


18. 


y = cos 2 + cos 2a;. 


20. 


y=:jB4-8ma;,0^a;^« 



CHAPTER VIII 
THE nrVERSE TRIGONOMETRIC FUNCTIONS 
1. Livene Fnnotioiu. Let 

(1) y=f(p) 

be a giyen function of Xy and let us solve this equation for x as 
a function of y : 

(2) « = <^(y). 

Then <^ {y) is called the inverse function^ or the inverse of the 
function /(a?). Thus if /(a?) = a^, we have 

y = a?. 

Hence x = Vy, 

and f^{jy) is here the function ^v^ 

When the given function is tabulated, the table also serves 
as a tabulation of the inverse function. It is necessary merely 
to enter it from the opposite direction. Thus, if we have a 
table of cubes, we can use it to find cube roots by simply re- 
versing the r61es of the two columns. 

In the same way, the graph of the function (1) serves as the 
graph of the function (2), provided in the latter case we take 
y as the independent variable, and x as the dependent variable, 
or function. 

The graph of the inverse function, plotted with x as the in- 
dependent variable, can be obtained from the former graph as 
follows. Make the transformation of the plane which is de- 
fined by the equations : 

206 
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It is easy to interpret this transformation. Any pointy whose 
coordinates are (x, y), is carried over into a point (a/, y') situ- 
ated as follows : Draw a line L through the origin bisecting the 
angle between the positive 
axes of coordinates. Drop 
a perpendicular from (aj, y) 
on L and produce it to an 
equal distance on the other 
side of L, The point thus 
determined is the point 
(a/, y'). The proof of this 
statement is immediately 
evident from the figure. 

Thus it appears that the 
transformation (3) can be 
generated by rotating the 
plane about L through 
180*. 

The transformation is also spoken of as a reflecHon in Lj 
since if a plane mirror were set at right angles to the plane of 
{Xy y) and so that the line L would lie in the surface of the 
mirror, the image of any figure, as seen in the mirror, would 
be the transformed figure. 

MoTiotonic Functions. A function, /(a), is said to be mono- 
tonic if it is single-valued and if, as x increases, f{x) always 
increases, or else always decreases. We shall be concerned only 
with functions which are, in general, continuous. It is obvious 
that the inverse of a monotonic function is also monotonia 

A given function, 

y = /(«), 

can in general be considered as made up of a number of pieces, 

each of which is monotonic in a certain interval.'*^ Thus the 

function 

(4) y^st^ 

* There are functions which do not have this property ; but they do 
not play an important r61e in the elements of the Calculus. 
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can be taken as made up of two pieces, corresponding respeO' 
tively to those portions of the graph which lie in the first and 
the second quadrants, the corresponding intervals for x being 

liere ~oo<a;^0, < a: < oo. 

Each of the pieces, of which /(aj) is made up, has a monotonic 
inverse, and thus the function ^(05) inverse to f{x) is repre- 
sented by a number of monotonic functions. 

In the example just cited, the inverse function is multiple- 
valued : 

(5) y=±Va. 

But one of the two pieces into which the original function was 
divided yields the single-valued function 

(6) 2^ = VS, 

the so-called principal value of the multiple-valued function 
(5) ; the other, ^ ^^ 

the remainder of (6). 

The derivative of a monotonic function cannot change sign ; 
but it can vanish or become infinite at special points. Thus 

is a decreasing monotonic function. Its derivative is, in gen- 
eral, negative ; but when 05 = 0, it vanishes, and when x=sa, 
it becomes infinite. 

Differentiation of an Inverse Function. The function 4>{x) 
inverse to a given function f{x) can be differentiated as follows. 
By definition, the two equations 

C^) y = <!>(«) and x=:f{y) 

are equivalent ; they are two forms of one and the same rela- 
tion between the variables x and y. Their graphs are identical 
Take the differential of each side of the second equation : 

dx^df(i,)^DJ{y)'dy. 
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Hence 
(3) 



dy^ 1 
^ DJ{y) 



To complete the formula, express the right-hand side of (8) 
in terms of x by means of (7). 

2. The Inverse Trigonometrio Functions. The inverse trigo- 
nometric functions are chiefly important because of theii 
application in the Integral Calculus. They are defined as 
follows. 

(a) The Function sin~ifl5. The inverse of the function 

(1) y = sin as 

is obtained as explained in § 1 by solving this equation for x 
as a function of y^ and is written : yy 

(V) a5=ssin~iy, 

read " the anti-sine of y." * In order to 
obtain the graph of the function 

(2) y = sin~ia? 

we have, then, merely to reflect the graph 
of (1) in the bisector of the angle made 
by the positive coordinate axes. We 
are thus led to a multiple-valued func- 
tion, since the line x = »'(— 1 ^ a/ ^ 1) 
cuts the graph in more than one point, 
— in fact, in an infinite number of points. 
For most purposes of the Calculus, how- 
ever, it is allowable and advisable to pick Fio. 70 

* The usual notation on the Continent for sin-^ x, tan'^ x, etc., is arc sin x, 
arc tan x, etc. It is clumsy, and is followed for a purely academic reason ; 
namely, that sin^^x might be misunderstood as meaning the minus first 
power of sin x. It is seldom that one has occasion to write the recipro- 
cal of sin x in terms of a negative exponent. When one wishes to do so^ 
aU ambiguity can be avoided by writing (slnx)''^. 
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out just one value of the function (2), most simply the value 
that lies between ^ = — ir/2 and .y = + ir/2, and to understand 
by sin"^a5 the single-vdltied function thus obtained. This de- 
termination is called the principal value of the multiple-valued 
function sin"^a:. Its graph is the portion of the curve in 
Fig. 70 that is marked by a heavy line. This shall be our 
convention, then, in the future unless the contrary is explic- 
itly stated, and thus 

(3) y = sin"! x 

is equivalent to the relations : 

(3') x=8my, -l<y^l' 

In particular, 

sin-iO = 0, sin-il=^, sin-i(-l)=:-^. 

The student should now prepare a second plate, showing 
the graphs of the three functions sin"^ a?, cos"^a?, tan"^ x. Place 
the first in the upper left-hand corner of the sheet ; the second, 
in the upper right-hand corner; and the third on the lower 
half-sheet. All of these curves can be ruled from the templets. 
Use a fine lead-pencil ; then mark in the principal value of 
the function in a clean, firm red line. Also mark, in each fig- 
ure, aU the principal points, as is done in Fig. 70 of the text. 

Differentiation of sin"* x. In order to differentiate the func- 
tion . _, 

y = sin 1 X, 

make the equivalent equation, 

x = siD.y 

the point of departure. Then 

dx = dsinyssoosy dy. 

Hence ^ = J_. 

dx coQy 
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The right-hand side of this equation can be expressed in 
terms of a; as follows. Since 

sin^j^-f cos^^ = l 

and since sin^^ =s a;, we have , 

We have agreed, however, to understand by sin"ia; the 
principal value of this function. Hence y is subject to the 
restriction: — ir/2 ^ y ^ ir/2, and consequently cosy is posi- 
tive (or zero). We must, therefore, take the upper sign before 
the radical,* the final result thus being: 



(*) 



or 



(40 



d . , 1 

d» VI -0^ 



dsin"iaj 



dx 



Vl-a? 



(b) The Function cos^^a;. The treatment here is precisely 
similar. The definition is as follows : 

(5) y = cos"i X if xss cos y, 

read: "anti-cosine a; ")• 

The graph of the function cos~ia? is as 
shown in Fig. 71. Like sin'^a;, this function 
is also infinitely multiple-valued. A single- 
valued branch is selected by imposing the 
further condition 

This determination is known as the principal 
vcdtue of cos""i x : 



(6) 



y == C0S"1 X, 



^ y ^ TT. 
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* Geometrically the slope of the portion of the graph in question if 
always positive, and so we must use the positive square root of 1 — x*. 
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It will be understood hencefor^th that the principal value is 
meant unless the contrary is explicitly stated. 

In preparing the graph of this function, mark the principal 
value as a firm red line. 

To differentiate the function cos'^o;, use the implicit forir^ 

of equation (5) : 

X = cos y. 
Hence 

dx=:d cos y=s—siD.ydy 

and ^ = ^. 

dx amy 

For the principal value, sin^ is positive, and hence 

(7) Aqos-1x = - ^ • 



or 

(7') dcos-iaj=- ^ 



Vl-a^ 

Tbo principal values of the functions sin'^aand cos^^ojare 
connected by the identical relation ; 



IT 



(8) sin"i X 4- cos"i » = o 

By means of this relation, the differentiation of cos"* a 
could have been performed immediately. 

(c) ThA Function tan~ia5. Here, the definition is as follows; 

(9) 3^ = tan"iaj if aj = tan3^, 

(read: " anti-tangent a: "). 

The principal value is defined as that determination which 
lies between — v/2 and ir/2 : 

(10) y = tan-ia:, -|<y<|. 

In preparing the graph of this function, mark the principal 
value as a firm red line. 
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Fig. 72 

To differentiate tan"^aj use the implicit form (9). 

dx=sd tan y = sec^ y dy, 

dx sec^- y 
Since sec^ j^ = 1 + tan^ y 

and tany ss x, it follows that 

(11) 

or 
(12) 



Hence 



dx 1 + ic^ 



dtan"*a? = 



dx 



l + a' 



(c^ 7%6 Function cot"^ a:. Here, the definition is • 

(13) y = cot"i X if a; = cot y, 

(read : " anti-cotangent x "). 

The principal value is chosen as that one which lies between 
and v: 

(14) y=:cot-^ic, 0<y<7r. 
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The differentiatioii can be performed as in the case of the 
function tsjr^x, but still more simply by means of the identi- 
cal relation coimecting the principal valaes of taja'^x and 
ooir^x: 

(15) tan-ia? + cor*a? = |. 
Hence 

(16) Icoir^x 1 



Sc 1 + 0^' 

or 

dx 



(17) dcot-^oji-. 



It is well for the student to make a graph of this function, 
also, drawing in the principal value, as usual, in red. 

The following identity holds for positive values of Xy when 
the principal values of the functions are used : 

(18) tan-ii = cot-i«, 0<x. 

X 

For negative values of x it reads : 

(ISO tan-ii = cori x — w, x<0. 

X 

Remarks. The other inverse trigonometric functions, sec^a;, 
csc'^x, can be treated in a similar manner. They are, how- 
ever, without importance in practice. Their principal values 
cannot be defined by means of a single continuous curve. 
The graph necessarily consists of more than one piece ; it is 
most natural to take it as consisting of two pieces. 

Corresponding to the Addition Theorem for each of the 
trigonometric functions, there are functional relations for the 
inverse trigonometric functions. Thus, for tan'^o;: 

(19) tan-i u + tan-i v = tan-i -!i±^. 

1 — uv 

These relations, however, are not always true when the 
principal value of each of the functions is taken, and for this 
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reason it is usually better not to employ them. If, however, 
in a particular case, u and v are each numerically less than 
unity, the principal values can be used throughout in (19). 

3. Shop Work. The student will now add to his list of 
Special Formulas the four new formulas of this chapter. The 
list of formulas of differentiation is now complete. It reads 
as follows. 

Special Formulas of Diffebentiatiok 

1. dc = 0. 

2. daf =na^''^dx. 

3. d sin X = cos x dx. 

4. d cos a; = — sin x dx. 

5. dtan x = sec' x dx, 

6. d cot a; s= — esc' x dx. 

7. dloga:=^. 

X 

8. de* = Cdx. 

9. da' = a'\oga dx. 

10. dsin-*a; = 



11, dcos"*a5 = — 



Vl-aj2 
dx 



12. dtan~*a;=: 



Vl-aj2 
dx 



13. dcot"ia? = — 



1 + 0:2 
dx 



1 + sfi 



It is important that the student gain facility in the use of 
the new resxdts. 
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Example 1. Differentiate the function 

w = cos""i-, a>0. 

a 

Let y = -• 

a 

Then w = cos"i y, 

du = d co8~i y 

dy , 

, da? 
d2/ = — . 

a 

dx 
dy a do; 



Hence — 



Vl — y2 / /a-y ^/a^^a^ 



and, finally, 



a cos *— = — 



dx 



« Va2 — 0^ 
In abbreviated form, 

, ,x \a) 
d cos^ - SB ^ ^ = , 

Example 2. Differentiate the function 

. _,2aj4-l 
w = tan 1 — -i^^ — 

3 
Here, 

_ 3 |da! 3 dag 

V 3 ; 9 

or d« 3 



die 5 + 2x + 2sfi 
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The student should notice that the method used in the text 
for deriving the fundamental formulas of differentiation is not 
to be repeated in the applications. It is these formulas them- 
selves that should be used. Thus, to solve Ex. 1 by writing 

X 

cos w = - 
a 

and then differentiating would be logically irreproachable, but 
bad technique. 

EXERCISES 

Differentiate each of the following functions. 

4 „' -xX du 1 :j! ^ ^ A 

1. w = smi— — = — y if g > 0. 

a dx Va^ — a?^ 

o . - a? du 1 

2. w = tan^-. — 



a (to a^ + sc^ 



X 

3. u = cot"^ -• du = — 



dx 



4. w = sin~*(w sin x). 



du n cos x 



dx Vl — w2 sin2 



X 



_, 1 — a? du 1 

2 ^ V3+2a;-a^ 

6. M = sin-i^2^. 7. it = cot-i^±^. 

V2 & 

8. u = cot"i =. 9. w = tan-^-. 

X X 

10. u = tan-i-^. 

11. ^=:tanYa? ,^""^^ Y 

V l-3ajV 

12. w = sin-i^^^ — -• 

X 

14. w = 8in-i(2a?Vl-a?2). ^= ^ . M< — 

do; Vl-ai* V2 







2 

1 + x' 






dx 


3 




13 


. w = 


cos"*— 
a; 


a; 




du 


2 


!"■» 
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16. « = co8-ii. ^ = -2sm2<. 

2 dt 

16. ^ = sin-ii. ^ = 3cos3<. 

3 dt 

17. t = cos'i - + v. — = — n sin n(t — y)« 

18. U=sX81Dr^X. 19. w== 



20. u=s 



X 

1 (fu 



sin-i X da? VT^^ (sin-i a)* 

21. u=:acosi^^^. 22. u=atan~i ^""^ « 

a x-\-a 

23. u = cot-i?^±^. 24 w=:siii-i2£±i. 

bx—'a bx-^a 

X dx X 



26. u =a Bin-i - 4- -^1-^^^ ^ i*c*_j^w ±-, a>0. 

ax dx a^ 

du 2 



= tan-i/': 



27. -M =tan""^f 2 tan 



28. u = tan"i(3 tan d). 



da; 5 — 3 cos x 
du 3 



dd 5-4cos2^ 



4. Continnation. Nnmerioal Computation. By means of 
the Tables the numerical value of any of the functions of this 
chapter can be determined when a specific numerical value has 
been chosen for the independent variable. It is, however, an 
important aid to ease and security in such computations to be 
able, in advance, to make sure of the early significant figures 
and the location of the decimal point. There are two impor- 
tant geometrical methods for achieving this end. One is the 
representation of the trigonometric functions by suitable lines 
connected with the unit circle ; the other consists in the graphs 
introduced above, in § 2. 
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First of all, however, it should be pointed out that there are 
two distinct problems. One is to find aU values of x which 
satisfy such equations as 

(a) sin 0? = .2318 ; 

(5) cos a? = - .4322 ; 

(c) tan a? = - 1.4861. 

The other is to find the principal value of an inverse trigono- 
metric function ; for example, 

sin-1.2318 ; cos'i (- .4322) ; tan'i (- 1.4861) 

The methods of treating these problems are identical. 

First Oeometric Method. Equations (a), (&), (c) can be 
solved graphically by the aid of the unit circle representation 
with an error corresponding to a degree or two, the results 
being expressed in radians if the problem comes from the 
Calculus. 

For example, consider equation (b). The student should 
provide himself with an accurately drawn circle of his own 
construction, executed on the accurate centimeter-millimeter 
paper commercially procurable ; the radius of the circle being 
10 cm. and its center at a principal intersection of the rulings. 

To solve equation (&), he will lay a straight-edge on his 
plate, parallel to the secondary (or y-) axis and at a distance 
of 4 cm., 3^ mm. to the left of that axis. Marking the two 
points of intersection of the straight-edge with the circle by 
fine pencil lines easily erased, he now measures one of the 
acute angles involved by means of his protractor and thus 
determines the two solutions of (b) lying between 0° and 360** 
correct to minutes or thereabouts. By aid of the Tables the 
values can at once be converted into radian measure. 

Arithmetic Solutions. From the figure before him the stu- 
dent now sees clearly a right triangle, one leg of which is 
known. The determination of the angle he needs is merely a 
problem in the solution of a right triangle by the tables, and 
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he proceeds to carry this work through to the degree of accct 
racy which the tables permit. 

Equations (a) and (c) are treated in a similar manner. The 
point of this method is that the student is trained to visvalize 
a figure, and not to try to remember a table that looks like 

sin J. -f -f — —. 

For, such tables vanish in a short time, and when the student 
needs his trigonometry in later work, he is helpless. 

In terms of the inverse functions, this first problem consists 
in finding all the values of the multiple-valued function cos"i x 
for the value of the variable, a? x= — .4322. 

Second Geometric Method, This method consists in reading 
off from the graph the two values which lie between and 2 ir, 
and then adding to these arbitrary positive or negative multi- 
ples of 2 IT. 

The graph suggests, moreover, how to determine these values 

arithmetically by the aid of a table of sines or cosines of angles 

of the first quadrant. It also suggests a further refinement of 

the graphical method, of which the student will do well to 

avail himself, — namely, this. Let him make an accurate 

graph of the function 

^ y = sm 05 

on cm.-mm.-paper, taking 10 cm. as the unit and measuring 
the angle in radians, x ranging from to ir/2. This half-arch 
supplements the four graphs of the functions sin a?, cos x, sin"i a;, 
cos-^a: and serves as a 3-place table for determining their values 
(with a possible error of two or three units in the third place). 

To sum up, then, there are two geometric methods ; 1) the 
unit-circle method ; 2) the graphs of the functions, the latter 
being supplemented by the 10-cm. graph just described. Either 
of the geometric methods suggests how to use the tables correctly 
and affords an altogether satisfactory check on the tables. 

When the accurately drawn graphs are not at hand, free- 
hand drawings indicate clearly how to use the tables with 
security and accuracy. 
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EXERCISES 

1. Determine both in degrees and radians all values of x 
which satisfy the above equations (a), (6), (c), using each time 
all of the geometric methods set forth, and also the tables. 

2. Find the value of each of the following functions. It is 
understood that the principal value is meant. Use first the 
method of the graphs. Then determine from the tables. 
Check by unit-circle and protractor. 

i) sin-i(- .1643) ; ii) cos-i(.6417) ; 

iii) tan-i(- 2.8162). 

3. By means of a free-hand drawing of the graph estimate 
the value of each of the following functions. Remember that 
a curve recedes from its tangent very slowly near a point of 
inflection. 

a) 8in-i.ll3; b) tan-i ( - .214) ; c) cos-i.l72; 

d) tan-i ( « 7.4) . e) cot-i ( - .152) ; /) cos'i ( - .998) ; 

g) sin-i(-.21); h) sin-i.89; t) tan-i5 2; 

j) cori7.3; k) cos-i(-.138); I) sin-i(- .138). 

In what cases is your error large ; in what, small ? 

5. Applicatioiis. The inverse trigonometric functions afford 
a convenient means of solving the following problem in Optics. 

A ray of light is refracted in a 
prism. Show that its deviation from 
its original direction is least when 
the incident ray and the refracted 
ray make equal angles with the 
faces of the prism. 

The study of this problem has a Fig~73 

vivid interest for the student who 

has seen the laboratory experiment of admitting a ray of 
sunlight into a darkened room, allowing it to pass through 
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a prism, thus being refracted, and throwing it finally, di» 
persed, on a screen. 

Let AP be the incident ray; PQ, its path through the 
prism; and QjB the ray which emerges. Then the deflection 
of PQ is obviously ^ — ^ and the further deflection of QB isi 
0' — ^' ; so that the total deflection, u, is : 

(1) u = ^ - <^ + tf' - <^' == tf + d' - (</> + V)' 

On the other hand, the sum of the angles of the triangle 

Hence 

(2) 4> + 4>'^a. 

We can, therefore, write (1) in the form : 

(3) u = e-\-ff - a. 

This is the quantity it is desired to make a minimum. 9 and 
6* are, however, connected by a relation which can be obtained as 
follows. We have by the law of refraction (cf . Chap. V, § 7) : 

fA\ 8"^* •, siny ^ 

sm^ sm^' 

Let V = 1/n. Then 

(5) 8in^ = vsintf or ^ = sin"i (v sin fl). 

Similarly, 

(6) sin <^' =a V sin tf ' or <^' = sin-i (v sin ^'). 

Substituting these values of ^ and ^' in equation (2) we have 
the desired relation : 

(7) sin"i (v sin S) + siu'i (v sin $*) =s a. 

Our problem now is completely formulated ; it is : To make 
the function u given by (3) a minimum, when and 0' aie con 
nected by (7) : 

^V I sin-i (y sin tf) + sin-i(F sin «')=«• 
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Take B as the independent variable. Then 


(9) 


du i . <W 
dO~^'^de' 


and the conditdon 






^^"^ d»^-^' 



Nexty take the differential of each side of the second equa- 
tion (8) : 

d(v8in^) d(v8in^0 _/v 

VI - v2 8in2 Vl - v2 gin2 ^ 



or 



vcos^cZfl . vcos^d^' _Q 



Hence 



VI - F* sin2 B VI - v2 8in2 ^ 



QQv cos^ . cosy f dO'\ __^Q 

Vl - v2 8in2 Vl-v^sin^tf'Utf/ 

But dO'/dO = — 1. Consequently 

r^^x costf costf' 



Vl-v^sin^tf Vl - 1/2 giii2 ^' 

One solution of this equation is $=i$', — the solution de- 
manded by the theorem. But conceivably there might be 
other solutions, and then it would not be clear which one of 
them makes u a minimum. We can readily show, however, 
that equation (11) has no further solutions. Square each side : 

cos^^ _ cos^y 
l-.v2sin2d l-i/2 8in2^/' 

Clear of fractions and express each cosine in terms of the sine : 

(1 - v2 sin* ^(1 - sin2 $)=(! - v* sin2 e)(l - sin'? ff). 
Multiply out and suppress equal terms on the two sides : 
- sin2 tf - v2 sin2 tf' = - sin2 ^ - v- sin2 9, 
(i^-l)sin2fl=:(v2-.l)sin2y. 
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Hence 

sin2 $ = 8m2 ^', sin tf = sin ^, 

and consequently the only angles of the first quadrant which 
can satisfy (11) are equal angles, $= 6^. 
From (5) and (6) it follows that ^ = ^'. Hence, from (2) 

^ = ^, and so ^=ssin"-i( rising], 

?i = 2 sin"i (n sin- )— a. 

That u is a minimum, is clearly indicated by the labora- 
tory experiment. It can be proven analytically as follows. 
From (9) 

Differentiate (10) as it stands ; then, after the differentia- 
tion, set dO'/dO = — 1 and $ = $\ It is seen at once that 

_>0, hence _>a 

and u has a minimum. 

EXERCISE 

The bottom of a mural painting 4 ft. high is 12 ft. above 
the eye of the observer. How far back from the wall should 
he stand, in order that the angle subtended by the painting be 
as large as possible ? 

Suggestion. Take the distance, x, of the observer from the 
wall as the independent variable, and express the angle of 
elevation of the bottom and the top of the painting in terms 
of ^. 



CHAPTER IX 



INTEGRATION 



1. The Area under a Cnrve. Let it be required to compute 
the area bounded by the curve 

(1) y =/(«), 

the axis of x^ and two ordinates whose abscissas are x^a 
and a? = 6, (a < 6), Fig. 74. We can proceed as follows. Con- 
sider first the variable area, Ay bounded by the first three lines 
just mentioned and an ordinate whose abscissa x is variable. 
Then ^ is a function of x. For, vhen we assign to x any value 
between the limits a and h in question, the corresponding 
value of the area is thereby determined and could actually be 
computed by plotting the figure on squared paper and counting 
the squares, or by cutting the figure out of a sheet of paper or 
tin and weighing the piece. 

If, then, we can obtain an analytic expression for this func- 
tion of Xy holding for all values of x from a to 6, we can then 
set a? = 6 in this formula and thus solve the above problem. 

To do this, begin by giving to a? an arbitrary value, a; = cbq, 
and denoting the corre- y 
sponding value of A by A^^. 
Next, give to x an incre- 
ment. Ax, and denote the 
corresponding increment in 
A by A-4. We can ap- 
proximate to the area A-4 
by means of two rectangles, as shown in the figure, — an in- 
scribed rectangle, whose area is yo^®> ^uid a circumscribing reo 
tangle, whose area is (y© -I- At/)Aa?, — and thus we get : 

yo Aa? < A^ < {y^ + Ay)Aa;. 
225 
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Hence 



yo<^<yo + Ay. 



Now allow Aa; to approach as its limit. The variable 
A^/Ao; always lies between the fixed number ^q stnd the variable 
yo + Ay which is approaching Pq as its limit. It follows, then, 
that AA/^x must also approach yQ : 

V Ail 

hm -— = yo. 

The limit on the left-hand side is, by definition, [i^^];^.^. 
Hence, dropping the subscript, which has now served its pur- 
pose, we have : 

(2) D^ = y, 

or 

(2') D^ =f(x). 

lif(x) is decreasing as x passes through the value Xof the 
signs of inequality must point the other way : 

yoAa? > AA>(yo + Ay)Aaj, 

etc. The reasoning is, however, essentially the same, and the 
result, namely, equation (2), is identical. 

The answer to our question: What is ^? thus comes to 
us in tlie form of a riddle. Tell me what function must be 

differentiated to yield the given function 
(1), i.e., /(«), and I will tell you the area. 
The riddle can be easily answered in 
simple cases. Suppose the curve (1) is 
the parabola 

(3) y = aj*, 

and let a ss 1, & = 2.* Here, 

f(x) = aj», 

and (2) or (2') becomes 

Fia. 75 D,A = 0.^. 




* The parabola is drawn accurately in Fig. 76 ; but the oidinates and 
the area are schematic, i.e. not drawn to scale. 
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The question now is : What fonction must we differentiate 
in order to get o^ ? We readily, see that 05^/3 is such a func- 
tion. But this is not the only one. For, if we add any con- 
stant, aj'/S -f G will also differentiate into 05*. We shall see 
later that this is the most general function whose derivatiye is 
x\ and hence A must be of the form : 

(4) ^ = f+^' 

This formula is not wholly definite, for C may be any con- 
stant. On the other hand we have not as yet brought all our 
data into play, for we have as yet said nothing about the fact 
that the left-hand ordinate shall correspond to the abscissa a;=l. 
I^ow the variable area A will be small when x is only a little 
greater than 1, and it will approach as its limit when x ap- 
proaches 1. If, then, (4) is to be a true formula, it must give 
as the value of A when a; s 1, or 

(6) = 1-1.(7, (7 = -i. 

^^ 3 3 

Having thus found the variable area, we can now obtain the 
area we set out to compute by putting aj = 2 in (6) : 

[^]^=f-i=2i. 

The process of finding the area under a curve is thus seen 
to be as follows. First find a function which, when differen- 
tiated, will give the ordinate y =/(«) of the curve (1) before 
us ; and add an undetermined constant to this function. Next, 
determine this constaiCt by requiring that A shall = when 
05 = a. Thus the variable area is completely expressed as a 
function of x. Lastly, substitute a; = & in this formula. 

EXERCISES 

1. Show that, if the variable area in the foregoing example 
had been measured from the fixed ordinate a; s 2, the value of 
the constant G would have been — 2| : 
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and if it had been measured from the origin, then G would hav^ 
been = : 

^ = ?? 
3' 

2. If, in (1), y =/(«)=«, the curve is a straight line ; and 
if a = 6, 6 = 20, the figure is a trapezoid. Compute its area 
by the above method and check your result by elementary 
geometry. 

3. Find the area under the curve 

lying between the ordinates whose abscissas are a? = 10 and 
X = 20. Ans. 620,000. 

4. Find the area of one arch of the curve 

^ = sin a;. AtiS. 2. 

6. Find the area under that portion of the curve 

y = l — aj* 

which lies above the axis of x. 

6. A river bends around a meadow, making a curve that is 
approximately a parabola : 

yzrzX — 405*, 

referred to a straight road that crosses the river, as axis of x ; 
the mile is taken as the unit. How many acres of meadow 
are there between the road and the river ? Ana. 6|, nearly. 

2. The Integral. In the preceding chapters we have treated 
the problem : Given a function ; to find its derivative. The 
examples of the last paragraph are typical for the inverse 
problem : Given the derivative of a function ; to find the func- 
tion. Stated in equations, the problem is this. If 

D,U=Uy or dUssudXy 

^here u is given, to find (/• 
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The function Uis called the integral of u with respect to x 
and is denoted as follows : 



"'/' 



dx 



Thus we have the following 

Definition of an Intbobal. The function {7is said to be 
the integral of u with respect to x : 



U= I udxy 



if D^Ussu, or dU=sudx. 

The given function u is called the integrand. 
For example, 

(1) J^dx^'^^a 
For, if we set 

and differentiate this function with respect to x^ we get : 
This last function is precisely the integrand, 

^ = 05**. 

Hence equation (1) is true by definition. 

It follows from the definition that differentiation and Integra 
tion are inverse processes. One undoes what the other does. 
Just as 

Vs^ = Xy or log e* = a?, or sin (sin'i a?) = a?, 
so 

(2) D^ ludx = u. 

Thus we can test conveniently any formula of integration bj 
differentiating back. For example, is 
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a true equation ? Differentiate each side : 

The value of the left-hand side is, by (2), u =s a5». The value 
of the right-hand side is 2)^ {7=s of. Since these two functions 
are the same, i.e., since D,U= u, it follows from the definition 
that (3) is true. 

EXERCISES 

\ Show that 



/■ 



sin a? da? =s — cos x + C. 

Solution. Differentiate each side : 

D^ I sin xdx = i?,(— cos a? -h (7). 

If this is a true equation, then the given equation is true. Now 

D^ I siD.xdx = Biax 

and ^»("' cos x -f (7)= sin x. 

Hence the given equation is true. 
Prove the following equations to be correct. 

2. I cosa:da?= sina?4- C 6. / « tan"^ xA- C. 
J Jl + a^ 

3. I sec*a:cte=tanaj4-<7. 6. / — — — = sin'^ag -I- C. 
J JVl-a^ 

4. j^=iogx + a 7. fodx^a 

Evaluate the following integrals. 
8. I Vxdx. Ana. |a?* + (7. 

»• 1^' Ana. 2V«-|-a 

J y/x 



10. 



11 
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Cdx 


Ans. -i+O. 

X 


1 xidx. 


Ans. !«*+ G. 
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3. General Theorems. We will first show that all the in- 
tegrals of a given function are obtained from a particular 
integral by adding an arbitrary constant to the latter. Sup- 
pose, then, that CTand U* are any two integrals of u with re- 
spect to X : 

C7= I udx and CT'ss ludx. 

Then, by definition : 

DJI=^u and DJI'^u. 

From these two equations we infer that 

DJJ' - D,U^ 0, or Z).(I7' - C0= 0. 

Hence CT' —• [7 is a function, ^(a?), whose derivative is al- 
ways 0. Plot its graph : 

y = *(«)• 

The slope of this curve, Z),y, is always 0. Hence the curve 
must be a straight line parallel to the axis of x, and the equa- 
tion of such a line is 

y^c. 

For, if the graph were any other curve, there would be points 
near which the ordinate is increasiug as x increases, or else 
points near which the ordinate is decreasing as x increases. In 
either case, there would result points of the graph at which 
the slope is not 0. 

We see, then, that <^{x)^ 0\ hence 

ir^U^Cy or U' = U+ C, 

and this is what we set out to prove. 
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The first two General Theorems of Differentiation, Chap. II, 
§ 6, pp. 29, 30, find their counterpart in integration. 

Theobem I. A constant factor can be taken out from under 
the sign of integration : 

(I) I cudx==c I udx. 

Thus, when we have once seen that 



/' 



sin aj daj = — cos a? + C, 

it follows by this theorem that 

2 sin a?cte =5 — 2 cos x + O'. 
Likewise, 



f- 



I 



cafdx^ :r-hC, n:^— 1. 

71 4- 1 



But a variable factor cannot be taken out from under the in* 
tegral sign. For example, it is not true that 

I X sin xdx=iX j sinaj cte = aj( — cos x + O). 

For, 

2),[aj(— cos a? -f C)] = a? sin a: — cos a? -f O, 

and this function is not the same as the integrand, x sin x. 
Proof of the Theorem. Form the function : 



^(aj) = j eudx — c j udx, 



and differentiate it : 

2>x</>(aj)= D, I cudx-^cDj, I udx 

= cu — cu = 0. 

Thus the derivative of 4>(x) is always 0. Consequently ^(aj), 
as we have seen above, must be a constant, (7. Hence we infer 
that 

(1) I cudx = c I udX'{'G. 
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This does not appear to be precisely what we set out to prove, 
since the term G is absent in (I). But obviously we cannot 
choose both integrals in (I) arbitrarily. What (I) means is 

that, when we have chosen / udx to be any particular integral 

of u with respect to a?, then one of the integrals i cudxi'&c I udXy 
and this result is contained in (1). 

Theobem II. The integral of the sum of two functions is equal 
to the sum of their integrals : 

(II) j (u + v)dx= I udx + I vdx. 

Proof Form the function : 

^(fl5)=a I (w + v)cte— I udx-- j vdx, 

and differentiate it : 

Z),<^(a?)=ft D^ I (u-{- v)dX'' D^ iudx-D^ I vdx 

Hence <ft(x) is a constant, (7, and we have 

I (u + v)dx= j udx+ I vdx-^ O. 

This is the equation which holds when all three integrals are 
chosen arbitrarily. If any two are chosen arbitrarily, then a 
particular value of the third can be found which will make (7=0. 
Hence the theorem is proved. 

Application. By means of these two theorems any poly- 
nomial can be integrated. Thus 

I (3a^ — a? + l)ctos= I 3aj*(faj+ j ^xdx+ t dx 

= 3|+(-l)|+a?+C 
= a» — |aj* + a:-|-<7. 
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It would have been allowable to add a constant to each in- 
tegral that was evaluated. But the result would not have been 
more general, since the sum of three arbitrary constants is 
merely an arbitrary constant. 

Area under a Curve, We can now express the area discussed 
in § 1 in the form : 

(1) -4= i ydx or A= lf(x)dx. 

In § 1 it was tacitly assumed that the function f{x) is posi- 
tive. If /(a?) is negative, so that the curve lies below the axis, 
we will agree to consider the area bounded by the curve as 
negative, and then we arrive at the same formula, D,A=sy^ 
as before. 

If, finally, part of the curve lies above the axis of x and part 
below, we will regard the total area under the curve as the al- 
gebraic sum of the part above the axis, reckoned positive, an<f 
the part below the axis, reckoned negative. 

EXERCISES 

Evaluate the following integrals. 
1. j {a? -h- X - l)dx, Ans, |aj*4-iaJ*-aj -|- (7. 

8. / (3-4aj-9aj8)daj. Ans. 3a?- 2aj*- «»-h O. 

4. I (^/2x-^fr)dx. Ana. J^ + vaj+O. 

J V2 

6. f (vo"fft)dt. Ana. Vo^ — |s^-hO. 

6. P^dx. Ana. 2Vi + iV?+a 

7. f^^^dx. 8. f(xi^x-i)da. 9. Tln^cte. 
J Vx J J Vx 



10. 
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j —^ — ^^—dx. Ana. \ogx + x + j^a^+0. 

n. P^da, 12. p-3» + 6a^^ 

18. Find the area above the positive axis of x bounded by 
the carve: 

y=:(aj»-l)(4-a:»). Ans. 1^. 

14. Find the area enclosed between the two parabolas : 

y = a?, y* — OS. 

4. Special Formulai of Integration. Corresponding to the 
Special Formulas of Differentiation, p. 215, we can write down 
a list of special formulas of integration, by means of which, 
together with the general methods discussed in this chapter, all 
the simpler integrals can be evaluated. Each formula can be 
proven by differentiating each side of the equation, as explained 
in §2. 

The constant of integration is omitted for brevity, just as, in 
a table of logarithms, the decimal point is omitted. But in 
applying the formulas the constant must always be included* 

Sfeoial Formulas of Iktbgration 

sirdx=s -, n^ — L 

n + 1 

2l I sinxcivss — cosa;. 



/-— 



/• 



«. cosxdx^smx. 



4. 



/f-'"*' 



5. f e*(2xae*. 



/• 
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/r 



6. I - — '— = tan"i X. 



7. C ^^ = sin-la?, 

8. / sec^ xdx = tan x. 



/• 



f 



9. I csc^ajda? = — cota?. . 



To these may be added the formulas : 

/: 



10. I = vers-1 X. 



V2a?--aj2 



log a 



11. 

The formula 

0(2a?= C 



/' 



should also be added for the sake of completeness. 

5. Integration by Substitntion. Many integrals can be ob- 
tained from the special formulas of § 4 by introducing a new 
variable of integration. The following examples will illustrate 
the method. 

Example 1. To find I Va + bxdx. 
Let a-\-hx = y. Then bdx=idy 

and -Va-^bx dx = - y * dy. 

Integrating each side of this equation^ we get: 

JV^rrbidx=^Jyidy==^^+a 

Hence C y/W^TSidx = ^ V(« + bxf ^ ^ 

J ob 
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Example 2. To find I cos ax dx. 

Let ax^y. Then adx^dy, 

cos axdx=s- cos y dy, 
a 

and / cos oueda; = - i cos y dy = - siny + C7 

= - sin oa: + C 
a 

Example 3. To find / xVa'^ -\-x^dx. \ \ 

Let x^ = y. Then 2xdx^dy^ 

a? Va« -h aj* da? = a? Va' + y |^ = i Va^ + ydy, 

2a; 

and / xy/a^ -{-a^dx^^ I Va» + ydy. 

This last integral is a special case of the integral of Ex- 
ample 1. For, if the a of that formula is replaced by a*, the b 
by 1, and the x by y, we have the present integral. Hence 

/ x^/c^^f^dx = |(a2 + a;^)^ + a 

We might have set a* + aj^ = 2/. 
Example 4. To find 1 tan a; da;. 

Here Ctmxdx^ fsmx^^ r-dcoBX 

J J COS X J COS* 

= — log COS aj -f 0. 

In substance, we have introduced a new variable, cos a; = 2^. 
But/in practice it is often simpler, as here, to refrain from ac- 
tually writing a new letter. 
Li the above examples we have tacitly assumed that if x and 
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y are functions one of the other, and if f{x) and ^{y) are two 
functions such that 

(1) f(x)dx,=z<Kiy)dy, 
then 

(2) Jf(x)dx::.J<l>(y)dy. 

We can justify this assumption without difficulty. For, 

D,Jf{x)dx^f{xy, 

D,j4^(y)dy^D,Ji>{2f)dy*D,y^4^(2f)D,y^ 

and since, by (1), /(a)=*(y)^, 

we see that the two integrals in equation (2) have equal de- 
rivatives. It follows, then, from § 3 that the above integrals 
differ from each other at most by a constant, (7. Hence, if the 
constant of integration in one of these integrals is chosen at 
pleasure, the constant of integration in the other can be so de« 
termined that 0=0, 

This theorem in integration corresponds to Theorem V of 
Chap. II in differentiation. As in the case of that theorem, 
the use of differentials, — and it is to this fact that their im- 
portance is due, — reduces the theorem in form to an identity : 



J«d.=J[u|]dy. 



EXERCISES 

Evaluate the following integrals * : — 
1. 



/ Vl - xdx. Ans. - i(l - a?)* -|- O. 

* The student should take care not to be unduly delayed by a particular 
integral in the following list which may give him difficulty. He should 
work first those examples which seem easiest, and then note precisely why 
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2. r</l -h 2xdx. Am. f(l+2aj)* + a 

6. jsmaxdx. 7. /cos|daj. g. / sm(ira? +y) da 



9. T-^?-.. u4iw. itan-i^+O. 



4-a? ' a a 



6. / a^Va* 4- aj»(2a?. 16. I xsinx^dx. 17. je'*dx. 

8. r_^. 19. r.^. 20. r^,-,. 

Ja + 6« Ja + ftx* J (1-05)' 

21. fcotxdx. 22. I sin 2a; dx. 23. I cosSxdx. 

24. f (er*ydx. 26. jtaxiaxdx. 26. j cot2xdx. 

^^- J 2 - 3x- J (2 - 3aj)« J (7 - 4rc)« 

SO. ri^. 31. r^. 32. Tj 



H-a* 



the others gave trouble. It is well to copy off the latter on separate sheet> 
of paper, lay them aside for a few days, and then work them again. 

It is a question here rather of observational science than of logic. A 
class-mate of mine, Mr. W. B. Stone, aptly compared this work to that of 
analyzing a flower in botany. 



/ 
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83./ 



xe'^^dx. 
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34. / e'^'dx. 



'■/ 



35. 



/tan- 
2 



dx. 



36. / (a* - a^y dx. 37. He' - e"')* dx. 38. Aa* + a"*)* da 

6. Integration by Ingenious Devices. 

Example 1. To find / cos^ d$. 
Set C082 d = 1(1 + cos 2 d). 

Then jcos^edB = | Al + cos 2ff)de = ^^ + J sin2tf + G, 

(1) .-. Tcos^ ^ d^ = ^(^ -I- sin 6 cos d) + C. 

We can now evaluate an important integral, namely : 

I ^a^ — x^dx. 
Let a; = asind; dto = a cos (20, 



Va2 — Qi?dx = a2 C082 tf cW, 



/ ^a^-x^dx=2a? / ( 



cos20dtf = ^(0 + sin tf cos 0)4- (7, 

(2) .-. rVa2 - aj2da; = \(x^a^ - ic* + a« sin-i^V O. 

A simple geometric evaluation of this integral can be givea 

by observing that it is represented by the 
area under the circle 

a;2 + y2 =r a*. 

This area can be cut into two parts, — a tri- 
^ angle and a circular sector, — and the areas 
" of these pieces are precisely the two terms 
Fio. 76 in a; on the right-hand side of (2). 
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Example 2. To find 






The integrand can be written in the form : 

-J: ±1^ L_-|. 

a' — ic* 2a\^x-r a a; — a J 

Hence [.^^ = 1. C^—L. CJ^ 

J a? — x^ 2a J x + a 2a J x — a 



= i-[log(a; + a)- log(a! - a)]+ C; 



^^ J a^'-'X^ 2a ^x-a 



Example 3. To find 



J sine* 



* In case —a<ix<ia, formula (3) involves the logarithm of a negative 
quantity. We can avoid this difiSculty by writing the second term in the 
bracket as + l/(a — a), the corresponding integral thus becoming 

r-^=-log(a-a;). 
J a — X 

This leads to the formula : 

(80 f-^^ = i log^L±^ + c. 

It will be shown later in the Calculus that, in the domain of imaginaries, 
the logarithms of (3) and (8') differ from each other only by an imagi- 
nary constant, and since the latter may be included in the constant of in- 
tegration, (8) and (3') may be regarded as equivalent formulas. 

No matter which formula is used in an applied problem, after the con- 
stant of integration has been determined, or the integral taken between 
limits ajB in Chap. XII, the final result will be the same. Hence it is not 
necessary, in tabulating integrals whose values involve logarithms, to enter 
two formulas coiresponding to a possible negative function under the sign 
of the logarithm. 
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First Method. A^- C — 

/ sin ^ f o ' 
«/ ^ 2sm^cos~ 

2 2 
Let ^ = ^« Then the last integral becomes : 

^sin^cos^ J tan<^ J tan^ 

(4) ... r_^«logtan^+a 

J sir "" 



siaO 
Second Method. 



r dO ^ TsiE 
J siaO J si 



s in^dg 



= - f dcose iiogl + cosg ^ 

Jl-cos^g ^ ^l-cos^^ 



The fraction 



cos'- 
1 + cosg 2 1 



1 — cosg . ,g . ,g 
sin*- tan2- 

2 2 



(*> •••/s-^^ = ^°«*-|+« 



EXERCISES 



1. I sm*Od$. Ans. ^(0 — Bm$Qoa$)+ G 

J 1 + cos d J 1 — cos g 



4. T-^. Ans. logtanf^ + l'j + a, 

or |log^-±ig| + (7. or log (sec (9 + tan g) + G 

5. r ^^ . ^rw. log(a?+V^+a*) + G 
Suggestion. Let x=a tan 0. 
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6. r ^^ . Ana. log(a?-f-VaJ»-a*)+a 






sin 3^ 
(20 



+ sin 20 



13. / (1 + cos 0)* d0. 14. hi - 2 sin 0)* d0. 

15. r(l-cos20)2(W. 16. f(4:-^smSeyd$. 

7. Integration by Parts.* The formtda of differentiation : 

leads to the formtda of integration : 

(1) I udv = ttv — I vdu. 

Integration \>j means of this formula is known as IrUeffration 
by Parts. 

Example 1. To find l x^ dx. 
Let u = x, dv ^^dx] 

then du=^dXy v = i c* d a? = €•, 

and / aje*da:=:aje*— I e*cto=(a?— l)e»H- C 

EooampU 2. To find i log a; da;. 

Let u =: log X, dv=sidx\ 

then du = — v = oj. 



* This paragraph should be omitted, or treated only cursorily, in a first 
study of the Calculus ; cf . remarks at end. 
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and I logxdx = xlogx— / a; -— = a? (log a? — 1) -|- (7. 

Examples, To find I xcos'^xdx. 
Let u =s cos"^ x dv = xdx'f 

then du = — . v = — , 

J* {* a?dx 

a;co8""*a;da; = 4ic2cos~^a; + 4 I — - 
^ J vr=T2 

This last integral can be evaluated by a simple device 
Write the integrand in the form : 



VI -ic* vi-a?2 vr=^ 

It follows, then, that 

J Vl-a;2 J Vl-aj» J 

= sin"^ X— \\x Vl — aj' H- sin"^ oj] 

= J sin-^a; — ^a; Vl — a^. 

Since the function cos"^ x already appears in the result, it 
would be well to replace sin"^ x by its value, ^ ir — cos~i x. 
Hence 

x^dx 



I 



= — ^ cos"i x—^ a; Vl — o^ -f -]^ ir. 



VT-^ 

Substituting this value above, we find : 



/ 



X cos"^ a; da = J (2 a;* — 1) cos~i a? — \x VI — a^ + C 

The method of integration by parts is, however, of exceed- 
ingly restricted application for the beginner, and he should be 
warned against attempting to use it. In fact, the chief appli- 
cations of the method are those actually given in the examples 
and exercises of this paragraph. The student's first thought^ 
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in trying to evaluate a new integral, should be that of simpli- 
fying it, if possible, by some obvious reduction (in plain Eng- 
lish, he should use gumption) and then applying, if necessary, 
the method of substitution. If the integral can be evaluated 
at all, the chances are ninety-nine to a hundred that he will 
thus be able to reduce it to a form he can treat, or else to a 
form given in the Tables, § 8. 

EXERCISES 

Evaluate the following integrals : 

1. I xe^'dx. 6. I xcoa axdx. 9. j xisBjr^xdx. 

2. I a^e^da^ 6. / Bior^xdx. 10. / xlogxdx, 

8. I a^e'^'dx. 7. I ta^jr^xdx, 11. j e'^siaxdx. 

4. I X sin X dx. 8. I x sin~i x dx. 12. I e^ cos x dx. 

8. Tlse of the Tables. The integrals that ordinarily arise in 
practice and which can be evaluated in terms of the elemen- 
tary functions can be found in such a table of integrals as 
Peirce's,* and for this reason it is not necessary for us to go 
further into the theory of integration at this stage. We have 
learned how to differentiate all the elementary functions, but 
not all these functions can be integrated in terms of the elemen- 
tary functions. Thus the integral : 

f-^^—r or r ^^ {0<k^<l), 

JVl + a?* J Vl-A;28in2<^ 

leads to a new class of transcendental functions, the Elliptic 
Integrals, and cannot be evaluated in terms of algebraic func- 
tions, sines and cosines, etc. 

« B. O. Feirce, A ShoH Table of InUgrala, Revised Edition, 1910, 
Ginn & Co., Boston. 
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There are, however, large classes of functions that can be 
integrated,* and the classes that are important in practice 
have been tabtdated. The student is requested to examine 
with care the classification in the Tables above referred to. 

Example 1. To find by aid of the Taibles f J^^ . 

The integrand is a rational function of a?, and so we look under 
"II. Rational Algebraic Functions," p. 5. There we find 
" A. — Expressions Involving a + 6aj." Formula 31 gives ua 
the integral we want : 



/: 



xdx _ 1 1 ^ 



Example 2. To find Tr— ^^ 



x + x'^ 

Here the integrand involves rationally an expression of the 
form X = a -f- 6aj -f <xx?, and so we look under C, p. 10. Two 
formulas, 67 and 68, give this integral. But since g = 4 oc 
— 62 -- 3 is positive, the second formula would introduce imagi- 
naries. The first gives : 



/ 



dx 



=J3tea-i^^±i+a 



l-k-x + Q? V3 V3 

It is to be noted that, in the case of inverse trigonometric 
functions occurring in the Tables, the principal value id to be 
used. 

Example 3. To find f——^——. 

Here the integrand involves VX, and so we look under 
" III. Irrational Algebraic Functions," and find under D, p. 23, 
Formulas 160, 161. Since c = 1 > 0, we choose No, 160 : 

* When we say, a function can be integrated, we mean, can be inte^ 
grated in term8 of the elementary functiona. Every continuous function 
has an integral, for the area under its graph is an integral. 
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f — -^ ^log(^l+x + a^+x+l)-\-a 

J y/l + x + sfi \ ^J 

Example 4. To find / Va^ + a?dx. 

It is true that here, too, the integrand involves VX, where X 
is a quadratic polynomial, a^ + a?. But the linear term in x is 
lacking in X, and for this reason the formula is simplified. On 
p. 20 we find "C. — Expressions involving Vaj^ ± d"- and 
Va^ — a^." Formula 124 yields the desi/ed result : 

Eocample 5. To find I sin> x dx. 

The integrand is a transcendental function. Turning to Y, 
p. 35, and looking down the list we come to No. 263 : 

/„;«n^^^ sin*"iajcosaj , n — 1 /••«_« ^ 
sm* xdx^ 1 I sm*^ x dx, 
n n J 

If we set here n = 6, we reduce the given integral to an ex- 
pression involving I sin^a;c2a;, and this integral can in turn be 

reduced by the same formula, written for n = 4. Thus we get 
finally : 

/siiA(ia = — ^"^^ a? cos 0? 5 sin' a? cos a? 5 sin a? cos a? , 5 a? 
^— 6 24 16 '*"l6' 

Example 6. To find C- — ^ 

J 5 — 4 cos 05 

Formula 300 gives : 



f^-^ ^|tan-ir3tan?l + a 

J5-4cosa? 3 [_ ^J 
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EXERCISES 
Evaluate the following integrals with the aid of the T<Me9k, 



/ * dx 

r dx r X 

' J (x^2){x-Sy ' J ^-i 



Am. -.^4-log-^— +a 
X l — x 



dx 



5a? H- 6 



/— ^ — Ans. -A-tan-Yax^^ + a 



6. 

J ^~ 

dx 



H-a?4-i»2 



' J x + x^ + a? 

Am. Jlog— ^ Ltou->2«±l+a 

2 ^l-\-x-\-a? V3 V3 

9, C^ll^dx. Am. 2V3rr^ + log "^lzf ~^ + G 

10. r-^==. 12. r:^^^^Hi^. 



r_dx__ r 

J x-yjx — 1 «/ 

11. r ^ . 13 rvi+4^^ 



a; 

das. 



u/V3 



14. I V— l + 4« — »*<&. 



JjM. /'ia;-l'\V-l+4«-a!» + |sm-»5:=i+G 



2 V3 

r ^ 16. c "^^ 

«/ (7 — 9!r + 2ai')* «/ xVas'+lMS + g 

^ -g /• jgcto 

(1 - a!')vT+lP J (1 + a!S!)vT^^ 



"•/V^*^- ''^••/Vri 



-cto. 

a; 
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25 






21. I cos^OdO. 22. I am^eooB^Ode. 
J sm*0 J i 

. r^ 26. r 

j6 + 7co8<^ ^5 — 4sin^ 

27. C{l-x^)edx. 28. j(l + x)siaxdx. 

da?. 80. I e"* cos x dx. 

31. I a; sin a; do;. 82. I xaia'^xdx. 



.. I a;siiia;da;. 82. 1 i 

33. / e"*** sinp^d^. 34. I e-*' cos {nt 4- c) d«. 

9. Length of the Arc of a Curve. The Integral Calculus 
enables us to compute the length of the arc of a curve. It has 
been shown in Chap. V, § 9, that the differential of the arc is 
given, in Cartesian coordinates, by the formula : 



ds^ = daj» -i- d2^ =/'l + ^da^ 



Hence, if a is measured in such a sense along the curve that a 
increases when x increases, 

(1) da = ^/i4.^daj. 

From this result we obtain by integration : 



(2) . s^f4 



1 + ^-tdx. 
dx^ 



If 8 is so measured that s decreases as x increases, the minus 
sign should be prefixed to the integral. 

Eamnple 1. To find the length of the arc of the parabola : 

y = aj2. 

Here, d^=:2a;da;, 



250 CALCULUS 

and the integrand becomes : 



Hence the length of the arc is given by the formula: 

This integral is nearly of the form of that given by Formula 
124 of the Tdblea ; all that is needed being to take the factor 4 
outside the radical. Thus 

(3) a = 2 rViTFcto==WH-^+ilog(« + ViT^)+(7. 

We have not yet said from what point of the curve the arc 
shall be measured. On this decision depends the value of C, 
It would be natural to measure 8 from the vertex of the 
parabola, which is at the origin. Then 8=^0 when a: = 0. 
Substituting these values in (3), we get : 

O=ilogi+0, or C=ilog2. 

Thus (3) becomes 

(4) « = I ccVl + 4a^ + \ log(2x + VH-4a*). 

This formula gives the length of the arc of the parabola, 
measured from the vertex to any point, (x, y), of the curve. In 
particular, let us find the length to the point (1, 1) : 

«Ui = i^/5 + I log (2 4- V6)= 1.11803 + J log 4.23607. 

Here, log 4.23607 means the natural, not the denary logarithm. 
Its value can be found from Peirce's Tables, p. 136, and it is 
seen to be : 

log 4.23607 = 1.44364. 

Hence aU, = 1.47894. 

As a check on this result we note that the length of the 
chord is \/2 = 1.41, — a minor approximation. A major ap- 
proximation is given by the length of the broken line formed 



INTEGRATION 251 

by the tangents at the extremities of the arc. Its length is * 

i + 1 V5 = 1.62. 

Hence the desired length must lie between these limits, and 
this is seen actually to be the case. If the above logarithm 
had been taken to the base 10, a result would have been ob- 
tained which this check would show to be wrong. 

EXERCISES 

Find the length of arc of each of the following ourres : 

1. The parabola Ay = Ssfi, 
from the vertex to the point (2, 3). 

2. The parabola a^ = 2 my, 
from the vertex to the point (x, y). 

3. The curve 27y« = iB», 

from the origin to the point whose abscissa is 16. Ans. 19. 

4. The curve y = log x, 

from the point (1, 0) to the point whose abscissa is x. 



Ans. jg = Vl + a?- - log ^ +^1 + ^' ^ ,5328. 

X 

6. The curve y = log cos oj, 

from the origin to the point (7r/4, 0). Ans. 0.8814 

6. The curve y = log sin a?, 
from X = 7r/4 to a = 7r/2. 

7. The curve y = log (sin x -f cos aj), 
from the origin. 

8. The parabola y^ = x, 
from the vertex. 



Ans. s = ^Vx -f 4aj2 + 1 log (4 Va? -f 4aj2 + 8a? + 1). 

* The student should draw the requisite figure and verify the assertion 
of the text by actual computation. 
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9. The catenary y =^( e* 4- «""), 
from the origin. Ans, « = -fe* — e «j. 

10. The catenary of question 9, from the origin to the point 
whose abscissa is a. Ans, 1.1752 a. 

10. Areas in Polar Coordinates. The area bounded by a 
curve whose equation is given in polar coordinates can be found 
by a method similar to that of § 1. Let the equation of the 
curve be 

(1) r=m. 

Let A denote the variable area bounded by a fixed radius 
vector, 0=s (t, the curve (1), and a variable radius vector, OP. 
Let = Bo correspond to a particular position of OP, and give 
to an increment, A^, marking at the same time the new posi- 
tion, 0P\ of the radius vector corresponding to ^1 = ^0 + ^^« 
Then the area will have received an increment, A J., represented 
by the figure POP'. 

We can approximate to this area by means of two circular 
sectors, one of radius r©, the other of radius Vi = r© -|- Ar. Since 
the area of a circular sector of radius R and angle <^ (measured 

in radians) is \ R!^<f>, we have : 

Divide through by Ad : 

Now allow ^6 to approach as its 

limit. The ratio AA/M always lies 

Fio. 77 " between the fixed quantity ^ Vq^ and 

the variable ^(ro -|- Ar)\ The latter 
18 approaching the former as its limit, and hence 

a«mA0 2 " 
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But the limit ou the left-hand side is [D^^]^^. Hence^ 
dropping the subscript, we have ; 

(2) D^A^^f^ or d^-:ir*cW. 

If r decreases as increases, the inequality signs will be re^ 
versed. The reasoning is the same, however, and the result 
identical. 

This formula is analogous to (2), § 1. From it we obtain by 
integration 

(3) A=^^ Cr^dO. 

Example. To find the area bounded by the equiangular 
spiral* 

and the radii vectores = 0,0== -nft. 



Here, A 



= i fe-^dO. 



Hence A = \e^+C. 

To determine 0, observe that J. = when tf = 0. 

Hence = ^+0, = -^, 

and J[ = i(e2«-1). 

This formula gives the area cut off by a variable ordinate* 
To obtain the required area, set = 7r/2 : 

^ = |(e--l)=:6.53. 

The student would do well to verify this result by cutting 
the area out of a piece of cardboard or tin and weighing it. 

• The student should make an accurate graph of the curve by means 
of the tables for e*, using 1 cm. as the unit. An approximate graph can 
be made geometrically as follows. Draw rays from the pole, the angle 
between two consecutive rays being small, — say, 6°. From the point 
^ = 0, r = 1 draw a straight line making an angle of 46° with the prime 
vector. At the point Pi, where this line cuts the next ray, draw a line 
making an angle of 46° with OPi produced. Repeat. 
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EXERCISES 

1. Find the area of one lobe of the lemnisoate 

r2«a2 cos 2d. Ana. \cf. 

2. Compute the total area inclosed by the cardioid 

r = a(l — cos ^). Ans. f ira*. 

3. Determine the area cut out of the first quadrant by the 
arc of the equiangular spiral 

r « 06^*, 
corresponding to values of 6 from to ir/2. 

4. The same for the spiral r=s$, 

6. Find the total area inclosed by the curve 

r2 =s 1 - ^; 

6. Compute the area of one lobe of the curve 

r = acos30. 

7. The same for r = a sin 3 ft 

8. The same for r = a cos n6, 
where n is a natural number. 

9. Find the area bounded by the curve 

r = 10», 0<tf<|, 

— — o 

and the rays tf = 0, d = ir/6. 

11. Arcs in Polar Coordinates. The differential of the arc 
of a curve, whose equation in polar coordinates is 

(1) r =/«?), 

was found in Chap. V, § 9, to be given by the formula 

Hence, if s increases with 6, 



d0t 



2 
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and the length of the arc itself can be obtained by integration : 

(2) ''-f^f+%^- 

Example 1. To find the length of the arc of the parabola 

m 
r = 



1 — COB tf 



Here, it is desirable to introduce the half-angle. The details 
are left to the student. The final result is as follows : 



•=? 



cos - 

_| + logtanf 

2 



Example 2. To find the length of the arc of the equiangular 
spiral 



r=set 



Here, it is well to take r as the independent variable, writing 
the equation of the curve in the form 

6 = log r. 
Next, we write da as follows : 

(3) ds = yjl + r-^dr. 

Thus the integral takes on the form : 

In the present case, 

dr r' 
and the radicand becomes 

Hence b^ I y/2dr = r^/2 + C. 
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If 9 in particalaTy the arc be measured from the point O^Qi, 
r = 1, then 

0=V2+C7, 

and « = V2(r-l). 

The formula gives a n^^ative result when r < 1. This is as 
it should be, for ds/dr is positive, by (3). Hence s and r in- 
crease together, and so, when r decreases, s also decreases. 
When r < 1, the value of s, although negative, will still be 
numerically equal to the length of the arc. 

As r approaches 0, the spiral coils about the pole, turning 
round it an unlimited number of times. Nevertheless, the 
length of the curve does not increase indefinitely, but ap- 
proaches V2 as its limit : 

lim|«|=:limV2|r-l|=:V5. 
EXERCISES 

Find the length of arc of each of the following curves. 

1. The general equiangular spiral, r = ae^*, from the point 
(a, 0) to the point (r, $). What limit does the length approach 
when the point (r, ff) approaches the pole? 

2. The total length of the cardioid : 

r = a(l — cos^). Ans. 8a. 

8. The arc of the spiral r = 0, from the pole to the point 
where it crosses the prime vector for the first time, 6 = 27r. 

Ans. 21.28. 

4. The arc of the spiral r = 1/0, from the point (1, 1). 
Compute the length to the point (2, ^), and check your auswer. 

6. The arc of the curve r =s 1 — ^, from the pole to the point 
where the curve crosses the prime vector for the first time. 




CHAPTER X 
CURVATURE. EVOLUTES 

1. Curvatnre. We speak of a sharp curve on a railroad and 
thus express a qualitative characteristic of the curve. Let us 
see if we cannot get a quantitative determination of the degree 
of sharpness or flatness of curves in general. 

If we consider the angle <^ by which the tangent of a curve 
has changed direction when a point that traces out the curve 
has moved from P to P', then this angle will 
depend, not only on the sharpness of the 
curve, but also on the distance from P to P'. 
We can nearly eliminate this latter element 
when P' is near P by taking the average ^^°' ^^ 

change of angle per unit of arc, kj>/PP\ This ratio we define 
as the average curvature : 

-i^ = average curvature for arc PP'. 

The limit approached by this average curvature is what we 
understand by the curvature at P ; it is denoted by k : 

(1) K = lim -^^ = actual curvature at P. 

p'=pppf 

Thus for a circle of radius a, 

PP^ = a<l>, -:^=-, lim-^=l=K, 

ppf a p'^pppf a 

and the average curvature does not change with P'. The 
curvature of a circle is the same at all points and is equal to 
the reciprocal of the radius. Thus our numerical definition of 
curvature, when applied to a circle, jibes well with what we 
should expect to find, for the larger the radius, the flatter the 
circle. Furthermore, the curvature of a straight line is 0. 
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To evaluate the limit (1) for any curve, y =/(«), we observe 
that, if we write 



then K = lim^=Z> 



A«^ Ad 



Jy 



where r denotes as usual the angle which the tangent of the 
curve makes with the axis of x. More precisely, it is the 
numerical value of Dj which we want, for k is an essentially 
positive quantity (or 0). Hence 

(2) ic=±— , or better: k= ^ 

as da 

From the foregoing definition we see that the curvature is 
the rate at which the tangent turns when a point describes the 

curve with unit velocity ; for then, — = — . 

ds dt 

To compute dr/ds we have 

(3) tanT = ^ or T=tan-i^ 

dx dx 

It will be convenient to introduce a shorter notation for derivsi 
tives and we shall adopt Lagrange's, which employs accents 

It follows, then, that 

^ dx dsfi ^ 



and d^s^da^ + dy^, d8=z ± ^/l+y'^dx. 

Setuming to (3) and differentiating we have : 

r = tan-V, dr = -^^-i?^^ 
dr _ ± 9" 



\ 
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w 



JC = 









The reciprocal of the curyatare is called the radivx ofcu/rva- 
ture and is usually denoted by p : * 






Analytically it would be simpler not to trouble about the sign 
and to define : 



K^ 









P = 



da;2 



i 



da? 



But this analytic simplification is gained only at the expense 
of geometry, for now k and p are properties no longer of the 
curve as such ; they bear both on the curve and on the choice 
of the coordinate axes. Thus if the sense of the axis of y is 
reversed, k and p change their signs ; but the curve is the same 
as before. We prefer, therefore, to retain the definitions of 
the text, which express the curvature and the radius of curva- 
ture as intrinsic properties of the curve. 

The radius of curvature of a circle is its radius. The curva- 
ture of a curve at a point of inflection is in general ; for 
y" ss at such a point if y" is continuous there. 

* The student can always recall which of these two ratios is the curva- 
ture, which the radius of cur7ature, by the check of dimensions. If we re- 
gard X and y each as of the first degree in length, then y' = dy/dx is of the 
O-th and y'' = dy'/dx of the — 1st degree. Hence the bracket is of the 0-th 
degree and | y" \ of the — 1st, and the ratio must therefore be written so 
as to yield p of the 1st, k of the — 1st degree in length. 
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EQcom,ple. To find the cnrvature of the parabola 

y* = 2mx. 

Here 2ydyzs2mdx, y'=s— ; 

y 

m* I y I"' m* (m* -I- tfly 



fl 4.!??lT (^' + y')' 



EXERCISES 

Find the curvature of each of the following curves. 

2 

1. yssflj*. Ans. jc = -• 

(1 + 4aj«)* 

2. y = oi^, at the origin. 

3. ^ = log esc X, Ans, k = sin ax 

4. The ellipse :?! + 5^=1. ^ns. k = ^^^^^ -• 

6. The hyperbola :- — ^ = 1. Ans. k = 

6. The equilateral hyperbola : ojy =— - 

J/ 



a^b* 



(6*aj2^aV)' 



^n.s. K = ^ 



7. Show that the radius of curvature of the curve y = x^ 
approaches as its limit when the point P approaches the 
cusp, (0, 0). 

8. Find the radius of curvature of the curve 

642^ = lOajS - 19aj* 4- llaj» 4- aj2 - 72a; 
at the origin. Ans, p = 126. 

9. Find the radius of curvature of the catenary 

at the vertex. Ans, p = a. 



y = |fe- + e 
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10. At what points of the curve yssic* is the curvature 
greatest ? 

11. Find the locus of the points in which the curvature of 
the curves of Fig. 62, p. 160, y = a", a; > 0, n > 0, is greatest. 

1 n 

. r n — 2 ~|8«-2 r n — 2 1211-2 

2. The Osculating Circle. At an arbitrary point P of a curve 
let the normal be drawn toward the concave side of the curve 
and let a distance be laid off on this normal equal to the radius 
of curvature, p. The point Q thus obtained is called the centre 
of curvature. The circle constructed with Q as centre and with 
radius p stands in an important relation to the curve. It is 
called the osculating circle and has the property that it repre- 
sents the curve more accurately near P than any other circle 
does. Consider the family of circles drawn tangent to the 
curve at P with their centres on the concave side. Those whose 
radii are very short are curved too sharply, — more sharply 
than the given curve. Now let the circles grow. If we pass 
to the other extreme of circles with very large radii, these will 
be too flat. Evidently, then, certain intermediate circles come 
nearer to the shape of the curve at P than these extreme ones 
do. It is not difficult to find a criterion by means of which 
one circle is characterized as better than all the others. Draw 
the tangent at P and drop a perpendicular from P' on it meet- 
ing it in M and cutting an arbitrary one of the circles in R. 
Then, as is shown by means of Taylor's Theorem 
with the Remainder, MP' will in general be an 
infinitesimal of the second order referred to the 
arc PP' as principal infinitesimal, and P'R will 
also be of the second order for a circle taken at 
random. We can, however, in general find one 
circle for which P'R will be an infinitesimal of 
the third order, and it turns out that this circle is precisely the 
osculating circle. 
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The osculatmg circle crosses the curve in general at the point 
of tangency ; but there may be certain exceptional points at 
which this is not the case. Near such a point P'B is an infini- 
tesimal of even higher order than the third ; in general, it is of 
the fourth. 

EXERCISE 

Construct carefully the parabola y = cc* for values of x : 
— f < 05 -^ f , taking 10 cm. as the unit. Draw the osculating 

circle at the point a? = ^, y = ^, and also at the vertex. Ink in 
the parabola in a fine black line, the first osculating circle in 
red, and the second in a different colored ink or in pencil. State 
accurately all that the figures appear to show. 

3. The Evolute. When a point P traces out a curve, the 
centre of curvature, Q, traces out a second curve. This latter 
curve — the locus of Q — is called the evoltUe of the given 
curve. We proceed to deduce its equation and to discuss its 
properties. 

The point Q can be found analytically by writing down the 
equation of the normal at F and determining the intersection 

of this line with a circle of radius p, 
having its centre at P. The equation of 
the normal is 

(6) X-aj + y'(^-y)=0, 

where (X, T) are the running coordinates, 
i.e. the coordinates of a variable point on 
the normal, and («, y) the coordinates of 
P, — the latter being held fast during the 
following investigation. The equation of the circle is 

(7) (X-ar)»+(r-y)* = p* = il±^*. 

if 

To find where (6) and (7) intersect, eliminate X : 




Fio. 80 
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Which sign must we take? Notice that when the curve is 
concave upward, as in the figure, T is greater than y, or 

r-y>0, and y' = 0>O. 
Hence in this case we must use the upper sign : 

(8) r-y=i±i^*. 

On the other hand, when the caxTe is concaTe downward, 

r-y<0 and y" = S<0, 

oar 

and again we have the upper sign. Hence (8) is always true 
and l4-i/'« 

y" 
From (6) and (8) we get : 

^^^ y'd+y") 

y" 

The Talnes of X and F thus found are the coordinates (asi, yi) 
of the point Q, and so we have : 

a 



(9) «! = « ^^^' y^ = y + -^- 

These formulas involve no radicals. 

Formulas (9) can also be obtained by triangulation and the 
use of the values deduced for sin t and cos t in Chap. V, § 9. 

If we eliminate x and y between the two equations (9) and 
the equation y =/(») of the given curve, we shall obtain the 
equation of the evolute in the form 

i^(«i,yi)=0. 

But it is not necessary to eliminate. We can plot as many 
points on the evolute as we like by substituting in (9) the 
values of x, y, y\ and y^^ corresponding to successive points on 
the given curve. 
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Example 1. To find the evolute of the parabola 
(10) f = 2mx. 

Here, ^^^^ 1 \ df^^ m^ + y'^ ^ ^ = _:^ 



dx y da^ y^ da?^ y» 

Hence ^^^. ^K + y^) /_!g^ ^ ^ m^ + y^ 

tit m 



yi = y4- 



m^ 



+ y^ l'^^_t_ 



t 



t 



m2' 



and it remains to eliminate x and y between these equations 
and (10). Eliminating x we have : 

ai = ^H -^-^ = m + -^ 

2m m 2m 



or 



2m 



(«i — m)=y2. 



From the second equation : 

— rn^yi = y*. 

To eliminate y between these last two equations, square each 

side of the last and cube each side of 
the preceding one. Thus we get ; 

Dropping the subscripts we have as the 
equation of the evolute of the parabola : 

8 




(11) 



2 



r = 



Fig. 81 



27m 



(a? — m)\ 



This is a so-called semi-cuhical paraboUu 



Example 2. To find the evolute of the ellipse, 
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We obtain without difficulty the equations : 

To eliminate a; and y between these equations and (12) requires 
a little ingenuity. From (12) we have 

62aj2 4- a2y2 = a262, a*y2 = a»6« (a^ - a^), 

Hence ^^^,^M«--a^a^ + ^^^^)^^,=^^. 
In a similar manner we get : 

We can solve these equations respectively for x^ and y^ and 
substitute the values thus ob- 
tained in (12) : 




Dropping the accents we have as 
the final equation of the evolute 
of the ellipse : 



(13) (aaj)« 4- (6y)* = (a« - 62)f . j^^ 32 



EXERCISES 

Find the equation of the evolute of each of the following 
curves. 

1. The hyperbola : ^_2! = i. 

a* 0^ 

Arts. (ax)i - {by)i = (a? + 6^)* 
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catenary 



4. ajt + y'saa*. 

6. a? = a(eostf + tf sinfl), 



2ajy = a2. 

-47W. (a? 4- y)i — (a? — y)' = 2a*. 
y = i(e' + e-'). 
Ans. Xi^x — \(e^* — e"^), yi = 2y ; 

« = log[|±Vfr^q:|Vf^. 

-4n«. (« + y)J + (uj — y)* =s 2a*. 

^ — -" V— " '^ ^ '' "*"''^' ^n«. aj2 ^ y2 -- (j2, 

y = a(8m — cos tf). 

6. a5 = aco8*^, y = a8m'ft -4na. (a5 4-y)'4-(aj — y)* = 2a*. 

4. Properties of the Evolnte. The property of the evolute to 
which the curve owes its name is the following. Suppose a 
material cylinder to be constructed on the concave side of the 
evolute and a string to be wound on the cylinder, Fig. 83. Let 
a pencil be fastened to the end of the string, the point being 
placed at a point Pq of the given curve and the string drawn 
taut and fastened at a point A of the evolute so that it cannot 
slip. If now the pencil is moved along the paper so that the 
string unwinds from the evolute or winds up, the pencil will 
describe the given curve. 

To prove this, let P be an arbitrary point of the given 

curve, Q the corresponding point of the 
evolute, and P' the position of the pencil 
when the string leaves the evolute at Q. 
We wish to prove that P' coincides with 
P. To do this it is sufficient to show 
(a) that QP is tangent to the evolute, so 
that P' lies on QP-, and (b) that QP' = 
QP^p. 

Writing equations (9) in the 




ad (a) 
form : 

yll 



^->*^f 
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and differentiating with respect to x, we have : * 

dx '^ y"* ^ y'« ' 

... ^ = -i = -i. 
'* dxi y' ^' 

dx 

and thus the slope of the evolute at Q is seen to be the nega- 
tive reciprocal of the slope of the given curve at P. Hence 
QP is tangent to the evolute, q. e. d. 

ad (&) If we denote by Si the length of the arc QoQ of the 
evolute, then QP' = «iH-f)o> ^^^ ^^ "msh to show that this 
quantity is equal to p : 

«i + f^ = /»• 

It is evidently sui&cient to show that 

dsi d£ 

dx dx 



Now cfoi« z=dxi^ + dy^j 

dx^ 



= ai« + y{» = y{»^l4-^)=y{\l + y"). 
And again : 

Hence ^^±^, 

dx dx 

and since we have taken Si so that it increases when p in- 
creases, the upper sign holds : 

dSi as dp, ^1 = p + C 

* The student may find it more convenient in working out these differ 
entiationfl to retain the form (0). Lagrange's form is more compaot. 
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At Qb? ^ = and p^ pa, hence O=^po+0y 

and 

P^h + pof q. e. cL 

We have shown incidentally that the normals to the given 
curve are tangent to the evolute. Thus it appears that the 
evolute is the envelope of the normals of the given curve. This 
property can be used as the definition of the evolute and its 
equation is then readily deduced by the method of envelopes ; 
cf. the chapter on Envelopes in the second volume. 

EXERCISES 

1. If the equation of the curve is given in polar oooidinates, 
r =/(tf), then (see Fig. 46) 

Ar = A^ + A0 

ajid hence ^=:# + ^. 

ds da da 

Kemembering that 

tani^ = r— = -, 
^ dr r'' 

where r' = dr/dO, obtain the f ormida. 



(14) p = ± 



\^dr^' 



i 



d&^ d0^ 



Find the radius of curvature of each of the following curves 
at any point. 

2. The spiral of Archimedes r = od. Ans. p =^^ — TJLh. 

3. The cardioid r = 2a (1 — cos ^). Ana. p = f Vorl 

4. The lemniscate r^ = a^ cos 2$. Ans. p = 

or 

6. The equilateral hyperbola r* cos 2$ssaK Ana. p = — 
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6. The equiangular spiral r =s a6^*. 

7. The trisectrix r = 2acos0 — ok 

Ans. ^^a(f-feosg)<, 
'^ 9 - 6 cos ^ 

8. If the equation of a curve be written in the form: 
ic =s 4>(^)y y = ^{^)i show that 

_dx(Py dy cPx 
d» dsl^ ds dt^ 
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THE CYCLOID 

1. The Equations of the Cycloid. The cycloid is the path 
traced out by a point in the rim of a wheel as it rolls, i.e. by a 
point in the circumference of a circle which rolls without slip- 
ping on a straight line, always remaining in the same plane. 
Let the given line be taken as the axis of x and let $ be the 
angle through which the circle has turned since the point P 
was last in contact with the line at 0. The coordinates of P, 




Fio. 84 

X = OM and y = MP, can be expressed as follows in terms of 
0. We notice that the arc NP of the circle and the segment 
ON of the line are of equal length, aO, since the circle rolls 
without slipping. Hence 

OM=ON-M]Sr=^ae'^asiD.e. 

Also, MP=:NS — Z5' = a - acos^; 

and so we have : 



(1) 



j ic = a(^ — sin^), 
\ y = a(l-cos^). 



as the equations of the cycloid. 

It is possible to eliminate $ between these equations and 
thus obtain a single equation between x and y. But the f unc- 
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tions thus introduced are less simple than those of equations 
(1) and it is more convenient to discuss the properties of the 
curve directly by means of these equations. 

EXERCISES 

1. Cut out a circular disc, 1 inch in diameter, from a piece 
of cardboard of medium thickness ; mark a point on the rim of 
the disc, and then, holding a straight-edge firmly on the paper, 
cause the disc to roll without slipping on the former. Mark 
on the paper a good number of the positions of the point, and 
then draw a clean, firm curve through them. Also draw the 
line of the straight-edge. 

From the cycloid thus constructed prepare a templet; cf. 
Analytic Geometry, p. 89, Ex. 2. 

2. The equations of the cycloid referred to parallel axes 
with the new origin at the vertex, i.e. the highest point, are : 

rox J aj = ad H-asind, 

I y = — a H- a cos d, 

the angle $ now being the angle through which the circle has 
turned since the point P was at the vertex. Obtain these 
equations geometrically, drawing first the requisite figure, 
and verify the result analytically by transforming the equa- 
tions (1) : 

a? = aj' -f ^a, y = 2/' + 2a, d = d' -f tt. 

3. Show that the equations of an inverted cycloid referred 
to the vertex as origin can be written in the form : 

fo\ f a? = ad -H a sin $, 

\y = a — acos$. 

Draw the figure and interpret $ geometrically. 

2. Properties of the Cycloid. The slope of the curve is 

dy __ a sin $d0 _ sing _ 2smi6cosi$ __ ^^^.in 
dx ade — acosOde 1— cosfl 2sin2|g *' 

or tanr =scotji-& 
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From this result we infer that the tangent at P is perpen* 
dicular to the chord PJV, Eig. 85. For the latter makes an 
angle of ^^ with the negative axis of x and hence its slope is 
— tan|^^, I.e. the negative reciprocal of the slope of the tan- 
gent. Thus we see that the normal at P goes through the 

lowest point of the generating circle 
and hence the tangent at P goes 
through the highest point. 

The equation of the tangent at 
the point (ajq, 3/0), = Bq, is 

and of the normal : 
(5) aJ-aJ6-Hcotido(y-yo)=0. 
Tlie Evoluie. We have seen that 




Fig. 85 



^=coti^. Hence H-^=cscUd 
dx da? 



d^ 



and 



(6) 



dh/_ dx_ —jcsc^^edO _^ 1 

da^ dx adO — acosOdO 4asin^|^^' 

i = — . ,, ^ =4a8m^g. 

It is now easy to construct the 
centre of curvature and thus find 
the evolute. We have merely to 
lay off on the normal PN a dis- 
tance PQ = 4 a sin ^ ^, i.e. double 
the distance PN. The locus of 

the point Q is thus seen to be an equal cycloid having its 
vertex at the origin 0. We leave the proof, which is simple, 
to the student, referring him to Fig. 85. 

The Arc. We have : 

d«2 = (iaj2 + dy2 = 0^2 [-(1 _ cos tf)2 + 8in2 ^] d^ =: 4 a2 8in2 ^fl cW«, 




Fig. 86 



THE CYCLOID 



273 



8 = 2a I Bm:^ede = 4:a i sin. ^ $ d(^e) = •- 4:a 003^6 + C. 

If we measure the are from the origin, 

= -4a + C, (7= 4a, 

(7) .-. « = 4a(l-cosJ^)=8asm'iJ^. 

The total length of one arch of the cycloid is, therefore, 8 a. 

Area of an Arch. This area was first determined experimen- 
tally by Galileo, who cut out an arch and weighed it. We can 
find the area under the curve by integration : 

A= j ydx= I [a — acos^][adtf — acos^cW] 



..'/(I- 



2 cos ^ + cos2 0) do 



= a[e - 2 sin^ + i(^ + sin^ cos^)]H- (7, 

= + e, 

(8) .-. ^ = a2(f^-2sind + isindcos^). 

The area of the complete arch is, therefore, 37ra*, or three 
times that of the generating circle. 

3. The Epicycloid and the 
Hypooycloid. When a circle 
rolls without slipping on a 
second circle that is fixed, 
always remaining in its 
plane and tangent to it ex- 
ternally, a point P in the 
circumference of the moving 
circle traces out an epicy- 
cloid. From Fig. 87 it is 
clear that 




Fig. 87 



= 0^-h KM=^{a + 6) cos d + ft sin fi^ - /'l - ^^1, 
y^KS-LS =(a + b) sind - 6cos fi^ -^|- ^"jl. 
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Furthermore^ the arc AN and the arc NP are equal ; so 
00 = &<^. Hence we have as the equations of the epicycloid : 



(9) 



a? =(a + 6) cos — 6 cos 5Lt2 $^ 



y = (a + 6) sin d - 6 sin 5L±^ ft 



If the variable circle rolls on the inside of the fixed circle, 
the path of the point P is a hypocydoid. Its equations are 
obtained in a similar manner and are : 



(10) 



a? s=s(a — 6) COS d + 6 cos 



a 



0, 



y=s(a — 6)sintf — frsin^^^ — 0. 



The following special cases are of interest. 

(1) If a = 2 &, the hypocydoid reduces to a segment of a 
straight line, namely, the diameter of the circle, y = 0. Thus 
a journal on the rim of a toothed wheel which meshes inter- 
nally with another wheel of twice the diameter describes a 
right line, so that circular motion is thereby converted into 
rectilinear motion. 

(2) When a = 46, the equations of the 
hypocydoid reduce to the following (cf. 
TMes, Formulas 580 and 685) : 

a; =s 3 5 cos + 6 cos S$ = a cos'fl, 
y = 3&sin0 — &sin30=3 asin'0. 

Hence a?' + y^ = a». 

Pig. 88 This is the equation of the four-cusped 

hypocydoid. 
The cycloids play an important part in Applied Mechanics, 
in the theory of the shape in which the teeth of gears should 
be cut. 

For a more extensive discussion of thCr subject of this chap- 
ter see Williamson, Differential Calculus, Chap. XIX, Roulettes. 
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EXERCISES 

1. Show by means of the equation of the normal of the 
cycloid, (5), that the normal goes through the lowest point of 
the generating circle. 

2. Obtain the equations of the path of the journal of the 
driver of a locomotive and plot the curve. 

8. Obtain the equations of the path of a point on the outer 
edge of the flange of a driver. 

4. Obtain the equations of the path of the pedal of a 
bicycle. 

5. Obtain the equation of the path of an arbitrary point in 
the wheels of a sidewheel steamboat. 

The curves of Exs. 2-5 are called trochoids. 

6. Find the velocity, v, of the point that generates a cycloid. 

Ana. V =s 2 ao) sin^^ =s 2 Fsin^ ^, where co is the 
angular velocity of the wheel and V the linear 
velocity of the hub. At the vertex v = 2 F, i.e. 
the velocity of the highest point of the wheel is 
twice that of the hub. 

7. Find the area included between an arch of the cycloid 
and its evolute. Ana. 4:ira^. 

8. Show that the length of the arc of an inverted cycloid 
(3), measured from the vertex is 

9 = 4a sin r. 

9. Obtain the equations of the evolute of the cycloid ana- 
lytically, by means of equations (9) in Chap. X. 

10. At what point is the trochoid 

x=^a$ — bsiii$, yssa — bcoB$, (b<a) 

steepest ? Ana. When cos =s - • 

a 

11. Find the area under one arch of the trochoid of ques- 
tion 10. Ans. 2 ira2 -u ^62. 
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12. The epicycloid f er which 6 = a is a cardioid : 

r = 2a(l — co8^)y 

the cusp being taken as the pole. Obtain this result from 
eqnations (9). 

13. Obtain the result in question 12 directly geometrically. 

14. Prove by elementary geometry that the hypocycloid for 
which & =s: ^a is a straight line. 

15. Show that the equation of the normal of the hypocycloid 
is: 

(sintfo + sin— -— ^o)(« — a!^)=(costfo — cos— -— tfo)(y — yo\ 

o 

16. Prove that the normal of the hypocycloid passes through 
the point of contact of the rolling circle. 

17. Work out questions 16 and 16 for the epicycloid. 

18. Show that the hypocycloid for which b = ^a and that 
for which 6 = | a are the same curve. 

19. Show that the length of the four-cusped hypocycloid is 
three times the diameter of the fixed circle. 

20. Find the area of the four-cusped hypocycloid. 

Ans. 5^\ 
8 

21. Find the area enclosed between one arch of an epicycloid 

and the fixed circle. Ana. —^ — • 

32 

22. Obtain the equations of the epitrochoid. 

23. Obtain the equations of the hypotrochoid. 

24. How many revolutions does the rolling circle make in 
hucing out a cardioid ? a four-cusped hypocycloid^ ? How 
many revolutions does the moon make in a lunar month ? 

25. How many cusps does an epicycloid have when a and 
b are commensurable: a/b=sp/q? What can you say about 
this curve when a and b are incommensurable ? 



CHAPTER XII 

DEFINITE INTEGRALS 

1. The Area under a Curve by the Earlier Mdihod. In Chap- 
ter IX we learned a method for computing the area A under a 
curve, y =/(«). We found that 

and hence -4 = / ydx + O, 



where we mean by the first term on the right a particular in- 
tegral which, once chosen, shall be retained throughout what 
follows. 

In order to determine the constant C of integration, we ob- 
served that, as X approaches a as its limit, A approaches 0, and 
hence G must have such a value as to satisfy the equation 

= r/2^(?aj1 +C, or G=^-[ Cydx] . 

Thus the variable area A has the value 

A= I ydx — I ydx 

To find the value of the area A we set out to compute, it re- 
mains merely to put x = h in. this formula : 

As a matter of notation the right-hand side of this equation 
is abbreviated as follows : 



Hence 

(1) ^"[/^"^""C' 
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We have said here nothing new. We have merely forma- 
lated the method set forth in the earlier chapter. Take the 
example of § 1 of that chapter. Here, ^ s a^, and we should 
take most naturally as the particular integral 



/ 



yd!r = | 



^ -[r]>H--[?]--i-i-^ 

The notation just explained applies to any function in the 
brackets, whether it is thought of as arising by integration or 
nok. Thus 

r2a;-h3l'^=13-7 = 6. 



An equivalent notation in common use is the following : 

"= 13 - 7 = 6. 



2aj + 3 
It applies to any function : 

Thus 2a— COS* =ir + l. 

10 

a 

EXERCISES 

1. Show that if, in the case of the area computed in the 
above example, the particular integral 

had been chosen, Formula (1) would have yielded the same re- 
sult. The same for the choice ^ ic* -|- 5. Generalize. 

Compute the value of each of the following expressions. 

2. sina; . Ana. 1. 8. 3 log a; . Ans. 3. 
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a* + 2«-8 



5. 



€"•008 a?— sin- 



Am. 6»-a» + 2(6-a) 
-4ns. — e"' — 2. 




X^ X\ d?| 



Fig. 89 



%. A Hew Expression for the Area under a Cnrye. Let 

be a continuous* function of Xy and let the area under the curve 
be divided into strips as indicated in Eig. 89. This is done 
by dividing the interval 
(a, V) of the axis of x : 

a< aJ<6, 

into n equal parts by the 
points a\) = a, x^y x%y»'*y 
**-!> ^n—^ and erecting 
ordinates at the points 
of division. Let each 
strip be replaced by a rectangle whose altitude is the left-hand 
ordinate of the strip. Then the sum of the areas of these rec- 
tangles will be approximately equal to the area A in question, 
and will approach A as its limit when n is allowed to increase 
without limit. 

* Throughout this chapter, whenever a f unctioii is required to be con- 
tinuoui^ it is understood that the further restriction is imposed that the 
function is monotonic (p. 207) throughout the entire interval, or else that 
its graph is made up of a finite number of pieces, each of which repre- 
sents a function which is monotonio or constant in the corresponding 
subinterval ; e,g. 

/(x)=x2 when 0^x<ll; f(x)=\ when l<aj^2. 

It is true that the definition of the definite integral, and the Funda- 
mental Theorem, hold for any continuous function. But a first course 
in the Calculus is not an appropriate place for discussing all the poai^ 
bilities presented by continuous functions in their entire generality. 
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Let us formulate this sum analytically. Denote by Aa? iOie 
length of the base of a rectangle : 

n 

Then the area of the first rectangle is 

/(a) Aa? or f{x^ Ac. 

The area of the second rectangle is/(a;i) Aa;, and so on. Hence 
the sum in question has the value 

(1) /(ai))Aa?+/(a?i)Aaj+ ... +/(aJ«-i)Aa?. 

We are now ready to allow n to increase without limit. Tiie 
limit approached by this sum is the area A under the curve : 

(2) A = lim [/(a\)) Aa? + f{x{) Aa? + • •• + f{x^i) Ar]. 

J|S30O 

This is the new expression for A which we set out to obtain. 

Remarks, Instead of taking the left-hand ordinate of tlie 
strip as the altitude of the rectangle, we might equally well 
take the right-hand ordinate. The area of the first rectangle 
would then be f{x^ Ar ; that of the second, f{x^ Ac, etc, ; and 
the sum in question would have the value 

(3) /(aJi) Aa: -f /(ajg) Aa? -h ... + /(a? J Aaj. 
The expression for the area A now assumes the form : * 

(4) A = lim [/(ai) Aa? + /(a^) Aa? + ... +/(««) Aa?]. 



We could go even further and take the sub-intervals (ajj, Xj^{) 
of unequal lengths, setting 

• The student may wonder why we do not approximate to -4 by trap- 
ezoids formed by drawing the chord for each strip, instead of using the 
flight of stairs, — the inscribed or the circumscribed rectangles. This is 
precisely what we shall do later (cf . § 22) when the most accurate numer- 
ical approximation conveniently attainable is our objective. Here, how- 
ever, it is the variable represented by the formula (1) or (3) or (6) in 
which we are interested, and whose limit we desire. The above geometria 
interpretation enables us to study that variable and its limit. 
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Moreover, we could take the ordinate corresponding to any 
point ai of the A^-th interval as the altitude of the A^-th rec- 
tangle. 
Then «* < ar^ < Xj^i , 

and the area of the A^-th rectangle is/(a;[) Ao^j^. 
Thus we have the sum 

(5) /(4) Aa^ +/(«!) Aoji + - +/(«Li) Aaj,.i. 

The limit of this sum when n increases indefinitely, the 
longest sub-interval approaching as its limit, is the area A: 

(6) A = lim [/(4) ^xo +f(x[) Axi + ... +/(ai-i) Aaj„_i]. 



Example. Let f(x) = sin x, 

2^ = sin aj, 
and let the interval ^, b) be the interval (0, v/2) : 

0<aj<1.57 
Let n = 10 ; then 

Aa? = ^:=l? = ^ = .167. 
n 10 

The sum (1) has the value : 

sinO°Aa?H-sin9''Aa?+ - + sinSl^'Aa?. 
Here 

sin 0^= .000 sin 45**= .707 

sin 9**= .166 sin 54°= .809 

sin 18°= .309 sin 63°= .891 

sm27°= .454 sin 72°= .951 

sin 36° = _^588 sin 81° = .988 

1.507 4.346 

and thus we obtain 

5.853 X .157 = .92. 

The sum (3) is seen to have the value 

6.853 X 1.57 = 1.08. 
The area A is found by integration to be ^ ss 1. 
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EXERCISES 

In eaish example the student should draw the graph acco^ 
rately to a scale of 10 cm. as the unit (ivsing tables of squares, 
square roots, and reciprocals), and put in the inscribed and the 
circumscribed rectangles. 

1. Compute approximately the area under the curve 

_ 1 

^ l + a?2 

for the interval < oj < 1, taking n = 10. 

A718, The sum (1) has the value 0.810 ; the sum (2), the value 
0.750. The value of A is found by integration to be 0.785. 

2. The same for 

1 

y = — ■ 
VI + a* 

Here, however, A cannot be found by integration, since the 
integral cannot be expressed in terms of the functions as yet 
at our command. 

3. The Fundamental Theorem of the Integral Calcnlus. We 

are now able to state the theorem on which the whole Integral 
Calculus rests. It consists essentially in the equality of the 
expression (2) for A found in § 2 and the expression (1) for A 
found in § 1 : 

(1) Im [f(xo) Aoj +/(«!) Aa? 4- - +/(aJ»-i) Aal = f //(a?) dac] 

It can be expressed in words as follows : 

Fundamental Theorem op the Integral Calculus. Let 
f(x) be a continuous function of x throughout the intervcd 
a<x<b. Divide this interval into n equal parts by the points 
Xq = a, 0/1, 0^, •••, x^_iy x^ = by andfoTTii the su7n : 

fixo) Aa? -hf(xi) Aa? + ... 4-/(a«-i) Aaj. 

Ifn now be aUowed to increase without limit, this sum wiU op* 
yroach a limit; and this limit can be found by integrating the 
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function f(x) and taking the integral between the limits x^a and 

JSxpressed as a formula, the theorem is as follows: 
lim j /(iBo) Aa? +f{xi) Ao? + - +/(«n-i) AojI = f jf{x)dx\ . 

Although the proof of the theorem was geometric, the final 
result, namely, equation (1), is purely analytic in its character. 
We may liken the process to that of building a masonry bridge. 
First a wooden arch is erected. On this are placed the blocka 
of granite, and when the structure is completed the wooden 
arch is removed. The bridge is the essential thing, the wood 
was incidental. And so here the geometrical pictures are but 
a means to the end, which is an analytical theorem, — the theo- 
rem on which the integral calculus rests. 

If the expression (4) of § 2 be used for A, the Theorem takes 
on the form : 

(2) Urn [/(oji) Aaj + f{x^ Aa? + - + /(«») Aal = \ jf(x) cte | . 
Fioally, if (6), § 2, be used, we have : 

(3) li^[f{ai)^Xo-^f{^^ 



="[/ f(^)^'\2; 



The forms (1) and (2) are the most important in the ele* 
mentary applications of the calculus. 

The Definite Integral The limit which stands on the left- 
hand side of equation (1) or (2) or (3) is defined as the definite 
integral of the function /(x), and is written : 

f(x)dx. 



S' 



284 CALCULUS 

In distmction from the definite integral, what we have 
hitherto called the integral of a function, namely, 



/ 



fix) dan, 



is Called the indefinite integral. Thus the definite integral is^ 
by defi/nitiony the limit of a sum : 

(4) lim /(aJo) Aa? + /(ah) Aa? + ... + /(a?„_i) Aa? = / f{x) dx ; 

a 

t.e. the right-hand side is merely a new notation for the left- 
hand side. The indefinite integral, on the other hand, is the 
inverse of a derivative; Chap. IX, § 2. That the definite 
integral is equal to the indefinite integral taken between the 
limits a; =s a aod x=h\ 

(5) Jf{x) dx = [fm dx]j 

a 

is precisely the content of the Fundamental Theorem. Equa- 
tion (5) is a theorem, — not a definition or notation. The defi- 
nition is contained in (4). 

The integral sign had its origin in the old-fashioned long s, 
the initial letter of summa, the integral being thus conceived 
as a definite integral, the limit of a sum. 

Notation for a Sum, A sum of terms, as ti© + **i + '•• + ««..i» 
is frequently written in the form : 

(6) §«*• 
Similarly, we write : 

^1 4- ^2 + ••• + t*ft = 2) w*. 

Thus the sums (1) and (3) of § 2 would be abbreviated as 



n-l 



1 w 

I/(aJ*)^aj, 2j/(.^fc)Aaj. 
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The Fnndameatal Theorem can now be stated in the form : 

(7) lim g /(^.) l^x = [//(^)<*^]^' 

EXERCISE 
Prove that, if c liea between a and b, 

Jf{x)dx=Jfix)dx+J/(x)dx. 

4. VolDiue of a, Solid of Revolntion. A.b a first application 
of definite integrals consider the problem of finding the volume 
of a solid of revolution bounded by two planes perpendicular 
to the axis of the solid. 

Let a plane curve, 
(1) s -«(«), 

rotate about the axis of x. It thus generates a surface of revo- 



lution. If, in particular, the curve is a straight line not cut- 
ting the axis, we get a cylinder, a cone, or a frustum of a cone. 
In the first case, the volume Is 
computed from the most ele- 
mentary considerations, and 
is found to be equal to the 
product of the base by the al- 
titude : 

V= irt^A. 

Fig. 91 With the aid of this result, 

we can solve the general prob- 
lem. Let the axis of the solid be divided into n equal parts by 
the points 3^ = a, x^, —,x,_i,x, = b, and let planes be passed 
through these points perpendicular to the axis, thus dividing 
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the solid into slabs. We can approximate to the volumes of 
these slabs by cylinders of revolution whose bases are the bases 
of the successive slabs. Thus the A;-th slab is replaced by a 
cylinder whose altitude is Aa; and the radius of whose base is 

Vk = <^(«*)- 
Its volume is w^Aa;, and the sum of the volumes of all such 
cylinders is 

iryjAa? + Try! Aa? + - + iryi_i^x. 

It is clear on visualizing the two solids, — the given solid 
and the one made up of the n cylinders, — that, as n is allowed 
to grow larger and larger without limit, this sum approaches 
the volume V of the solid in question as its limit : 

F= lim[wyjAaj -|- ir^Aa? -f - + TryJ^iAa?]. 

Now, the right-hand side of this equation is precisely of the 
form of the definite integral (4), § 3, where the function f{x) 
is chosen as iry^ : 

Hence 

(2) r^^trjy^dx. 

a 

The constant factor, tt, has been taken outside of the sign of 
integration, and this is legitimate, for the factor can be taken 
outside of the sum, and hence also outside of the limit of the 
sum. 

We have thus obtained a formulation of the jrolume F we set 
out to compute, as a definite integral. But a definite integral 
can be evaluated, by the Fundamental Theorem, by means of 
the indefinite integral taken between the proper limits. 

Eoxmvple 1. To find the volume of a cone of revolution. 

Here, the generating curve (1) is a straight line. Fig. 90, and 

its equation, if the axis of y is chosen in the simplest manne] 

possible, is 

y = Aaj, X = -, 
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where h is the altitude of the cone and r is the radius of the 
base. In this ease, <f>(x)ss Xa?. Hence, from (2), 

ft ft 



F=»ir f\*ci^dx = ir\^ iafdx. 



To compute the definite integral, find first the indefinite 
integral: 



/ 



3 



This must be taken between the limits and h : 



[/-E=[II=r 



Thus F= irX'^. 

o 

On replacing X by its value, r/h, we have the usual formula f oi 
the volume of a cone : 

(3) ^"i*^*- 

The student may ask why we did not add a constant in the 
formula for the indefinite integral : 



/ 



a?dx=^^ + 0. 



It would have been correct to do so, — but useless ; since the 
result would have been the same as before : 

Example 2. To find the volume of a sphere. Here, the 
equation of the circle, half of which can be taken as forming 
the curve (1), Fig. 90, is, for the simplest choice of the y-axis, 

aj» 4- 3^ = r*. 



Hence y a= ^(x) = Vr* — a?. 
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The volume of the sphere is thus seen to be : 

It would have been allowable to use the property of sym> 
metry and compute by integration only the volume F' of the 
hemisphere corresponding to positive values of x : 

F' = ^ r(r*-a?)daj===7rpa?-^T===|irr». 

Remark. It is important to observe that the r61e which 
geometry plays in this paragraph is quite different from that 
which it played in § 2. There we were proving the Funda- 
mental Theorem. That theorem is, however, essentially arith- 
metic in character, and it is as such — a theorem relating to 
nurribers — that it appears in the present application. In this 
paragraph we have studied a problem of Solid Geometry, and 
solved it by the aid of the Fundamental Theorem. Fig. 91 is 
much like Fig. 89, but its role is totally different ; its object is 
to enable us to visualize a space figure ; and its strips and rec- 
tangles are not the strips and rectangles of Fig. 89 ; they lead 
to slabs and flat cylinders. 

EXERCISES 

1. The semi-vertical angle of a cone is 45^, and the altitude 
is 10 inches. Find its volume by integration, using the method, 
but not the result, set forth above. Ans, 1047 c. in. 

2. A sphere 12 in. in diameter is cut by a plane which bisects 
a radius at right angles. Find the volume of the smaller seg- 
ment. Ans. 457r = 141.37 c. in. 

3. An ellipse whose axes are of lengths 8 in. and 16 in. re- 
spectively rotates about the longer axis. Show that the volume 
of the ellipsoid of revolution thus generated is 536 c. in. 
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4. Show that, if the ellipse of the preceding question rotates 
about the shorter axis, the volume will be twice as great. 

6. Find the volume of an ellipsoid of revolution. 

Ana. ^Trab^, 

6. Find the volume of a frustum of a cone, whose altitude is 
8 in. and the radii of whose bases are 12 in. and 16 in. 

Ana. 4959 c. in. 

7. Find the volume of a frustum of any cone. 

Ans. ^wh(f + rB + B^). 

8. A spindle is formed by the rotation of an arch of the 
<5^^v® y = sina? 

about its base. Find its volume. Ans. 4.935. 

9. Show that the volume of any segment of one base of a 
paraboloid of revolution is one-half that of the circumscribing 
cylinder. 

10. The four-cusped hypocycloid, 

»* 4- 2/* = a*, 

rotates about the axis of x. Find the volume of the solid. 

Ans, -^ira\ 

11. Find the volume of a segment of the solid of revolution 
whose surface is generated by the rotation of the catenary 

about the axis of a?, the origin lying in one of the bases. 

Ans. ^w(e^'-e-^ + 4:h). 

12. The hyperbola a^ — y^=^l rotates about the axis of x. 
Find the volume of the solid bounded by this surface and a 
cylinder of revolution which has the same axis, and whose ra' 
dius is 1. 

13. A cork-ball 4 in. in diameter, of specific gravity \, floats 
in water. How high is the center above the level of the sur- 
face of the water ? 

14. The same for a cork hemisphere of equal radius. 
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16. A bowl is bounded by the surfaces formed by the rotation 
of two parabolas about the axis of x. The equation of one of 
the parabolas is y^ = x. The other parabola cuts this one in 
the point (1, 1), and it cuts the axis of a; at a distance of one- 
tenth to the left of the origin. If the specific gravity of the 
material of which the bowl is made is 2 J, and if the unit of 
length is 10 cm., show that the bowl will weigh 392.7 grammes. 

16. A torus, or anchor ring, is the solid generated by a circle 
which rotates about an axis in its plane, not cutting it. Find 
its volume. Ana, 2ir^ab\ 

5. Area of a Surface of Revolution. The area of a surface 
of revolution can be computed by integration. Let the coor- 
dinates (Xy y) of any point on the generating curve, 

(1) y = <^(a:), 

be expressed as functions of the arc, b ; 
of. p. 136 : 

X = <>(«), y = *(«), a<8<l3. 

Let the curve be divided into n equal 
arcs by the points corresponding to 
Sq = a, 5i, $2y •••, 8^ = Py and let planes 
be passed through these points perpendicular to the axis of a?, 
thus dividing the surface into n round strips. Denote the 
area of the Zc-th strip by A/Sj. 

Our problem now is to approximate successfully to A^Sj^. 
This can be done as follows. Suppose the arc (s^, Sj^i)y whose 
length is A«, to be straightened, without changing its length, 
into a right line parallel to the axis of x and having one end at 
the point (a;^, y,). Let this line rotate about the axis of Xy 
thus generating a right circular cylinder of altitude A«. It is ob- 
vious * that the area of this cylinder, 2wyi^/^8y is less than A/S^^: 

2'nyt^s< A/S4. 

* i.e. it appeals to the intuition as true. Considered mathematically, 
this assumption (together with the corresponding one just below) is pre- 
cisely the geometric axiom on which the whole evaluation rests. 




Fia. 92 
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If, on the other hand, an extremity of the straightened-out 
arc be taken at the point (a^+i, y^b+i), the right circular cylinder 
now generated will have an area of 2'iry^i^8, which will ob- 
viously be greater than AS^ : 

Thus we see that AS^ is shut in between a minor approxima- 
tion and a major approximation : 

(2) 2wyj,A8 < AaSj < 27ry„^iA8. 

Write down this double inequality for the successive values 
of A: : A: = 0, 1, —, n — 1 : 

2'iryoA8 < A/So < 27ryiA«, 

(3) 2iryiA8 < ASi < 2iryiAs, 



2iry„_iA5 < A/S„_i < 2wy^A8. 



And now add up. The middle column gives precisely the sum 
of all the partial areas, or S ; i.e. the quantity we are trying to 
compute. 

The left-hand column has the sum 

(4) 2 Try Q As 4- 2 try I As + .•• + 2w2(„_iA5 ; 

and the right-hand column yields 

(5) 2TryiA8 + 2vy2A8 + ••• -f 27ry„A5. 

These two sums, (4) and (6), are variables depending on n, 
one of which is always less than the fixed quantity, S\ the 
other, always greater. Moreover, their difference, 

2iry^A8 — 2iryoA« = 2Tr{B — -4)A5, 

where A and B are the ordinates corresponding to the ex- 
tremities of the curve, approaches the limit as n increases 
indefinitely. Hence each of the variables must approach 8 as 
its limit, and we have, in particular, 

(6) S = lim[2iryoA« 4- 2iryiA8 -f — 4- 2iry„_iA«]. 
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The right-hand side of this equation is the definite integral. 

29r 



- I yds. 



For, on referring to (4), § 3, and observing that here 8 is the 
independent variable, we see that, if /(a?) be replaced by 

that formula becomes identical with (6) above. 

We have thus succeeded in formulating the area in question 
as a definite integral : 

(7) S = 2wfyds. 

a 

By the Fundamental Theorem, the latter can be evaluated by 
means of the corresponding indefinite integral, taken between 
proper limits.* 

Example, To find the area of a zone of a sphere. Here, the 
coordinates of a point (a?, y) of the generating circle can be ex- 
pressed conveniently in terms of the central angle : 

•^ ^ ^_ aj = rsintf, y = rcostf, « = rflj 

«/3 P^rO"; ct<s<l3. 

\ The indefinite integral has the value : 



a b 
Fig. 93 

and since a? = r sin tf, this can be written as rx. 



j yds= I (r cos O)rd0 = r* sin fl. 



* It has been tacitly assumed that y increases with x, according to the 
figure. If y decreased as x increases, the inequality signs in (2) would 
point the other way. The reasoning would, however, be altogether similar. 

If y is increasing in some parts of the interval and decreasing in others, 
the method can still be adapted without great difficulty ; but this case is 
treated more conveniently by the aid of DuhamePs Theorem, § 8. 
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Hence 



I ydx = ra? =rb — ra^rhy 



where ^ = 6 — a denotes the altitude of the zone. We thus ob- 
tain as the final result : 

(8) S = 2,rrh. 

From this formula we read off the striking theorem: The 
area of a zone of a given sphere depends only on the altitude of 
the zone, not on its location on the sphere. For example, if the 
earth be thought of as a sphere, the area of a zone 10 miles 
high will be the same, whether one base lies in the equator, or 
whether one base reduces to a point, — the north pole. 

The area of the total surface of a sphere is obtained by setting 
A = 2r: 

(9) S = 47rr2. 

Another Form for S, It is usually more convenient to take x 
as the independent variable, rather than s. Eemembering that 



d3=Vl + g^, 



dx" 

if s increases with a?, we should expect (7) to go over into 

b 



(10) 8=2^Jyyl. 



'+S<^. 



and this is in fact the case.^ For, the indefinite integral has 
the value 



fy^-fysf^^> 



* The truth of this statement may seem to the student self-evident, 
since all that is needed is to substitute for ds in (7) the above valuer But 
an integrand, like yds, is not a product ; the differential is merely a part 
of the notation of the integral, whether it be the indefinite or the definite 
integral. In the former case we gave a careful proof that the integrand 
can, nevertheless, be treated as if it were a product, i.e. that it obeys the 
laws of a product ; cf . Chap. IX, § 5. The corresponding proof in the 
latter case is the question here at issue. 
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and hence, when these functions are taken between correspond- 
ing limits, the resulting expressions must have the same value, 
or 

But this last expression is equal, by the Fundamental Theorem, 
to the definite integral (10). 

EXERCISES 

1. The altitude of a cone of revolution is 12 in., and the 
diameter of the base is 18 in. Find the lateral area by means 
of formula (7). Ans. lS5ir = 424.0. 

2. The same, using formula (10). 

3. Show that the lateral area of a cone of revolution is 
given by the formula * 

S = irrZ, 

where I denotes the slant height. 

4. Find the area of a segment of one base, of a p arabo- 
loid of revolution. Ans. fir(Vm(m + 2a5)' — m^). 

6. Find the area of an ellipsoid of revolution. 

Ana. 2irfb^'h^Bm'^e\ 

* There is little that is edifying in the elementary proof of Solid 
Geometry for the formula for the volume of a cone, based as it is on the 
evaluation of the volume of a pyramid, since this latter volume is obtained 
only as the result of a clumsy construction. On the other hand, the 
formulas for the lateral area of a cone or of a frustum can be obtained 
with the greatest ease and directness by inscribing regular pyramids or 
frusta of pyramids, and the student should not fail to visualize these 
figures. 

Similarly, the elementary deduction of formulas (8) and (9) is artificial. 
But when (9) has once been established, the elementary deduction of the 
volume of a sphere, considered as the limiting solid enclosed within the 
various tangent planes, is illuminating. 
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6. The altitude of a frustum of a cone of revolution is 12 
in., and the radii of its bases are 8 in. and 16 in. respectively. 
Find its lateral area. 

7. Show that the lateral area of a frustum of a cone of 
revolution is given by the formula : 

Proof, both by the Calculus and by Elementary Geometry. 

8. The curve 

«* + y' = a' 

rotates about the axis of x. Find the total area of the surface 
generated. Ans, ^ira\ 

9. The curve 

rotates about the prime vector, tf = 0. Moreover, shall lie 
between p and g, i.e. p '<0<_qy and p and q shall lie between 

and IT, inclusive. Show that the area of the surface generated 
is given by the formula 

(9) S=^2w jrBmeyjo^ + ^de. 

p 

10. Find the area of the surface generated by the rotation 
of the cardioid 

r = 2a(l — cos^) 
about its axis. Ans. ^-^va^ 

11. An arc of the equiangular spiral 



r = ae^^y 

corresponding to the range of values of $ from to w, rotates 

about the prime direction. Find the area of the surface 

generated. . 2 w vT-f A^l + e^^^)a^ 

1 + 4X2 

12. Compute the value of the answer in the preceding prob- 
lem when a = 1 and X = 1. 

13. Find the area of an anchor ring, or torus. 
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14. A spherical shell, one foot in diameter, is made of brass, 
the thickness of which is negligible, and it floats in water. 
The brass weighs half a pound per square foot. How deep is 
the lowest point of the shell below the surface of the water ? 
Take 1 cu. ft. of water as weighing 62 lbs, 

6. Centre of Gravity of n ParticleB. Suppose three particles 
are given, of masses mi, m2, and m^, and suppose they lie on a 
straight line. Their centre of gravity, O, can be found as fol- 
lows. Introduce a coordinate, a;, on the line, — i.e. think of the 



a;=o a:^ x^ | x, 



X 



FiQ. 94 



line as the axis of x, cf. Fig. 94, — and denote the coordinate 
of the centre of gravity, ©, by x. Then the moment of m^ 

about G will be * 

mi{x — Xi)f 

and the moment of m^ about G will be 

if we understand by moment merely the numerical value. But 

these two moments are of opposite senses, — one tending to 

produce rotation in one direction; the other, in the opposite 

direction. 

It is natural, then, to attach a sense to a moment. Thus if 

we agree that the first of the above moments be taken positive, 

the second will be defined as negative, and so must now be 

written 

m^(x — Xi). 

*The physical picture we are here assuming is that of a weightless 
rigid rod, to which the three masses are attached, and which is supported 
at its centre of gravity, G ; the force of gravity acting on the particles. 
If the rod is at rest, it will stay at rest. The turning effect of each par- 
ticle, the rod being assumed horizontal, is measured by the moment of tha 
particle about &, as above computed. 
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The advantage of this generalization of the idea of moment 
is that we can now write the moment of m2 as 

no matter whether, for the particular three masses, G happens 
to lie to the right or to the left of m2. 

The condition which determines G is that the sum of the 
numerical moments tending to produce rotation in the one di- 
rection is equal to the sum of the numerical moments tending 
to produce rotation in the opposite direction ; or, in terms of 
our new, algebraic moments, the condition is : the sum of the 
algebraic moments is zero. Hence 

mi(x — Xi) + m2(x — a^) 4- m^(x — x^) = 0. 

This equation determines fl5. Solving it, we have : 

- __ miXi 4- m2a?2 + wi3aga 
mi + mj + m3 

The foregoing reasoning is general, applying to the case of n 
particles on a right line. The result in the general case is : 

(1) - _ mifl?! -♦- m^ 4- •'• + m^gn - 

If the n particles are distributed in any manner in a plane, 
their coordinates being (xi, y^, (a^, y^, •••, (a?„, y„), and if the 
coordinates of G are denoted by (^, y), then x will still be given 
by (1). For, this coordinate would not be changed if, the 
plane being vertical, each particle were projected vertically on 
the axis of a;, assumed horizontal. Similarly, the ^-coordinate 
is given by the equation 

(2) y ^ ^1^1 + m2ya+ *" +m^, 

wti + WI2 4" ••• 4" rfi^ 

If the n particles are situated anywhere in space, their coor- 
dinates being («!, 2/1, 2i), •••, («„, !/„, 2„), then, besides (1) and 
(2), there will be a third equation in z : 

(3) z =s ^1^1 4- m^ 4- "* 4- m„z„ ^ 

mj 4" wia 4" ••• 4- wi^ 
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Example. A granite column 6 ft. high and 1^ ft. in diam- 
eter is capped by a ball of the same substance 2 ft. in diameter 
and stands on a cylindrical granite pedestal 9 in. high and 2 ft. 
in diameter. How high above the ground is the centre of 
gravity of the whole post ? Ans. 4.26 ft. 

7. Centre of Gravity of a Solid of Revolution. Consider a 
homogeneous solid of revolution. Its centre of gravity lies 
somewhere in the axis of figure, and can be found as follows. 
Divide the solid into n slabs as set forth in § 4. The centre of 
gravity of each of these slabs will also lie in its axis, some- 
where between the bases, and so, if we denote its coordinate 
by aji, we shall have 

(1) «A < a?i < «wi- 

Let the density of the solid be p. Then the mass of the k-th 
slab will be 

where AFj denotes the volume. Thus x is given by formula 

(1),§6: 

- ^ pAFo44-pAFiaj+ - 4-pAF,,ia;Li 

p AFo + p AFi 4- - + pAF„_i ' 
or 

(2) - ^ a^AFo + a?iAFi + -" + a?LiAF„i 

Here, Fis given by (2), § 4 : 



= IT I fdx, 



and i& known in the simplest and most important cases from 
the examples of that paragraph. 

We wish to compute the numerator of (2). This can be 
''one as follows. On multiplying (2) through by F, we have : 

(3) Vx = ajiAFo + ajj AFi + - + ajLi^K-i. 
Thus the numerator of (2), 

(4) a^jAFo + ajjAFi -f - + <-i AF^i, 
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has tLeJixedy but unknoum value, Vx, And now we aMow n to 
increase withxmt limit : 

(5) Vx = lim [a?J AFo + «I AFi + ••• + «U AF„.i] ; 



the reason being that we can compute the right-hand side of 
(5), as we proceed to show. 

Clearly, the volume AF^ lies between the volume of the in- 
scribed cylinder, 7ry|Aa;, and that of the circumscribed cylin- 
der, iryj+i Ax ; or 

iryi^x < AF» < wyI^.l Aa?. 

Combining this inequality with (1), we have : 

(6) ira?4yj Aa? < x^^Vj, < irtc^+i^^i Aos. 

Write out this relation for A; = 0, 1, —, n— 1 ; 

irt^Aa? < icjAFo < iraji^i Aa5, 

frp. irXjylAx < x[ AFi < Trx^yl^Xf 

Ta?„-.iyi-i Aa? < <-i AF„_i < Tray^jAa?. 

Now add up. The middle column is precisely the fixed num- 
ber (4) we are trying to compute. The left-hand column, 
which is less than (4) , is 

(8) ira^Aa? + Trajj^f Aa; + ... -f vx^-H/l-i^j 
and the right-hand column, which is greater than (4), is 

(9) TraJiyf Aa? -f irx^^x + ..• + vx^^x. 

The limit of (8) is the definite integral 4 

(10) lim[irx^^x 4- irtBi^f Aa? + — + ira?,_iyi_iAaj]= ^ i xt^dx. 



The limit of (9) is precisely the same definite integral. 
Hence the two variables, (8) and (9), approach the same limit, 
and the fixed number (4), or Vx, always lies between these 
variables. It follows, then, that the limit of each variable is 

VX,GX J 
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From this equation the value of x is found : 

(11) • «=^^-^ — 

In the foregoing proof we have assumed that y increases 
with Xy as shown in Fig. 91, and also that each a?jj. is positive. 
If y decreases as x increases, or if y sometimes increases and 
sometimes decreases ; and also if the interval (a, b) lies partly 
or wholly along the negative axis of a;, the result, namely, 
formula (11), is still true. The proof in this case will be 
given in § 9. 

Example. To find the centre of gravity of a hemisphere. 
Here we know Fto begin with; V^^ttt^* Moreover, as in 
that example, a^^ ^ 

r r 

Hence I xi^dx = / x(r^ "" ^)^^ = ^^ tt "~ "r = T' 
Substituting these values in (11) we find : 

EXERCISES 

Find the centre of gravity of each of the following solids. 

1. The segment of the ellipsoid of revolution generated by 
the ellipse 9^2 ^ ^4^2 ^ ^jq^ 

the base being the plane through the centre perpendicular to 
the axis. Ans, ^ = 3. 

2. The same for the corresponding segment of any ellipsoid 
of revolution. Ans, » = |a. 

3. A cone. Ans. The point of the axis which is three 

times as far from the vertex as it is from the base^ 

4. A segment of one base, of a paraboloid of revolution. 
6. The frustum of § 4, Ex. 6. 
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6. Any frustum of a cone. 

Ans, Distance from smaller base, ^ "*" ^ ^ » 

7. Any segment of one base, of a sphere. 

8. The solid corresponding to the curve 

t/=sina?, 0<aj<^. ^4na. « = - + i = 1.104. 

^ ' = =2 4 IT 

9. Show that the centre of gravity of a surface of revolu- 
tion bounded by two planes perpendicular to the axis is given 
by the formula 



2ir Cxyds 2^ I xyyjl-^^ 



dx 



x = 



S 



10. Prove that the centre of gravity of any zone of a sphere 
lies midway between the bases of the zone. 

11. Find the centre of gravity of the lateral surface of a 
cone of revolution. Ans. ^h. 

12. Find the centre of gravity of the lateral surface of a 
segment of a paraboloid. 

8. Diihamers Theorem. We come now to a theorem of 
fundamental importance in the application of the Calculus to 
physics and geometry.* 

* Both the theorem and the proof will appear to the student, on the 
first reading, as abstract ; they are. After a careful reading of the 
theorem, he should turn to the application given in § 9 and perceive how 
this theorem forms the bridge between the physics of the problem and 
the mathematical formulation. The situation is typical. Duhamers 
theorem is, in a great number of similar cases, the connecting link be- 
tween the physical law which underlies the solution of the problem in 
hand and the mathematical expression, the definite integral. 

The proof of the theorem is illumined by the r6sum^ at the end of this 
paragraph. 

It is important that the student take up DuhamePs Theorem afresh 
with each new application. He will then soon see that this theorem 14 
an indispensable tool for all problems of this class. 
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Duhamel's Theobbm. Let 

(A) «! + «2 + — + «» 

be a sum of positive infinitesimals whick approaches a limit when 
n becomes infinite; and let 

be a second sum stu^ that fi^ differs from a^ by an infinitesimal 
of higher order : 

where cj is infinitesimalj i.e. lim c^ = 0, k varying in any manner 

whatever as n increases. Then the sum (B) approaches a limits 
and these two limits are equal : 

lim[/8i 4- iSj + — + Pn]= lini[ai + Oj + — + aj. 

MaOO MOBOO 

In accordance with the hypotheses of the theorem we have : 

A = a* + €*«». 

On writing out this equation for the successive values of 
ky namely, A;= 1, 2, •••, n, and adding these n equations to- 
gether, we obtain the equation : 

A + i82+ — +Pn = <h + (h+ — +«• 
4- citt, + cjcfj + ••• +c.a^, 

and we wish to show that the last line approaches when 
n = QO . Let tf be numerically the largest of the c^'s. Then 






- vai < ciOi < r/aiy 



Hence 

-(ai + «2H 1- a«)i7 ^ «i«i H 1" «»«» <(«! + «« + ••• +^n)v 

But 17 approaches when n becomes infinite, and ai + ^2 + ••• 
+ a. remains finite. Hence the middle term of the double 
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inequality lies between two variables, each of which is ap- 
proaching as its limit. This term must, therefore, also 
approach as its limit, q. e. d. 

R4sufn4. The point of Duhamel's Theorem can be stated as 
follows. We meet in practice a sum of infinitesimals, 

whose limit we wish to compute^ Its terms suggest the terms 
of a second sum, 

whose limit is a definite integral, the general term being 
of the form 

a* =/(«*) ^«- 

And now we can show, in these cases, that a^ and p^ differ 
from each other only by a small percentage of either y and this 
percentage furthermore, even when taJcen for the moat unfavor- 
able pair, approaches when n becomes infinite. 

Under these conditions the two sums (A) and (B), although 
in general never equal to each other for a single value of n, 
nevertheless both approach the same limit, and thus the limit 
of (B) is given as a definite integral. 

The underlying thought of DuhamePs Theorem is well 
brought out by an illustration which Professor Birkhoff uses 
in presenting this subject. " Suppose," he says, " that I am 
trying to determine the cost of certain construction, and suppose 
that I can estimate the individual items, — the cement, the 
lumber, the paint, the hardware, etc., — each with an error of 
not more than ten per cent of the number I set down. Then 
the error in the total estimate will not exceed ten per cent ot 
that estimate. Thus, if the true cost of the cement, — the 
cost which I ultimately pay, — is /3i dollars, and if the 
estimated cost which I set down is ai dollars, I am sure that 

A = «! + ^lOi, 

where ci lies between + .10 and — .10: 

- .10 < ci < + .10. 
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Similaxly, for the cost P2 of the lumber. If I set it down as 
02 dollars, then I am sure that 

ft = «2 •+• €2a2> — '10 < €2 ^ .10. 

And so on. Finally, the true cost, ft + ft 4- ••• + /8„, of 
the whole construction will differ from the estimated cost, 

€!«! + €202 + - + €„«„, 

and this latter sum lies, as shown in the foregoing proof, be- 
tween H- 10 per cent and -- 10 per cent of the estimated 
cost, «! + Oj H- ••• + «„." 

EXERCISES 

1. Prove DuhamePs Theorem when the a's and the /9's are 
all negative, the other hypotheses remaining as before. 

2. Prove the theorem when the a's and /3's are allowed to 
be positive or negative, but the sum 

I«l|-h|«2|+ - +|«n| 

remains finite. 

Suggestion. The sum ciai-f €202+ ••• +€„a„ does not ex- 
ceed numerically the sum | ciWi | + | £202 1 H- ••• -f- 1 «„«, 



9. Application. In § 7 we established the result embodied 
in formula (11) for the case that y increases as x increases, x 
being positive. If, however, y decreases as x increases, the re- 
lation for AFfc will read 

I T2/tiAa? < AF* < -B^jAaj, 

!%♦! 0-) renaaining as before. Thus (6) be- 
i comes, when x is positive, 

^k ^**i It may also happen that y increases 

Fig. 95 with x in some parts of the interval, 

and decreases as x increases in others ; 
and all of this may even happen in a subinterval. Moreover, 
y may be constant in certain parts of the interval (a, 6). Let 
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yit denote the smallest value which y attains in the k-th in- 
terval, and yll, the largest. Then 

and the double inequality becomes 

(i) irXj^yl^Ax < a?iAFt < iric^iyi'^Aa?. 

On writing out the scheme of relations corresponding to (7), 
§ 7, and adding, we find that the fixed number (4), § 7, 
which we wish to compute, lies between the two variables 

(ii) TraJoyi^Aaj + TTiCiyl^Aic + ... + 7raj„«i2/iLiAaj 

and 

(iii) ^rOJiyo *Aaj + 7ra:2yi'^AiB -f •.• + vx^yHIiAx. 

Neither of these variables is precisely of the form of the 

variable in a definite integral, but each suggests the definite 

integral 

h 

(iv) lim[7riBb2/jAa? + vXiyl^x + ••• + iraj^.i^iAa;] = v I xy^dx. 

n=oo J 

a 

That this definite integral is in fact the value of (4), § 7, 
can be shown by Duhamel's Theorem. Let 

a* = -n^tyfAaj, Pt, = a?iAF^ 

Then (i) becomes 

irXj^y'k^ £^x <Pk< frX^^riVk^ ^^' 
On dividing this relation through by a^^, we find: 

yl a* ^k yl 

When n becomes infinite, A: varying in any manner whatever, 
each extreme of this double inequality approaches 1 as its 
limit. Hence the middle term, PJa^^ must also approach 1, 
and the conditions of Duhamel's Theorem are fulfilled. It 
follows, then, that the two limits. 
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lim[i8i + ft + •.. + iS^i]- Vx 



and 

lim[ao +«!+•••+ «,-!]= IT / Qcy^dx 

are equal, and formula (11) of § 7 is established. 

Remarks, 1. If the interval (a, b) lies partly or wholly 
along the negative axis of Xy we can make a change of coordi- 
nates: 

ic' = a? + 0, 

taking the new origin so far to the left that the interval will 
now lie along the positive axis. For the new coordinates, 
the above analysis holds, and hence 



x'^ 



' I x'yh 



Now, IT / x*y^da/ = ir I (x+ G)y^dx = ir j xy^dx +C7r I y^dx. 
The value of the last term is CVy and hence 



J 



IT I xy^dx 



On the other hand, x^ = x-j'C. 

h 

Hence x= * , q. e.d. 

The difficulty could also have been met by observing that, 
if y^ be suitably chosen between yl^ and yl!y ^V^ can always be 
written in the form 
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On multiplying (1), § 7, through by this value of AFj we 

From this point on the proof proceeds as before, the form 
of DuhamePs Theorem being that of Ex. 2, § 8. 

2. We have tacitly assumed that the bounding curve, 
y = 4>{x), does not meet the axis of x ; for if it did, y^ would 
not always be different from 0. 

Suppose this curve meets the axis in one or both of its end- 
points. We can then consider a slightly smaller solid, corre- 
sponding to a subinterval (a', 6') of the interval (a, b): 

—iTcP % — rr a^<x<Vy a<a'<V<b. 

For this solid, the above proof is valid, and we have : 



x'^ 



r / xy^dx 



Now let a' appoach a, and V approach b. Then «' ap- 
proaches «, and the right-hand side approaches the right-hand 
side of (11), § 7. 

Such supplementary considerations in the application of 
DuhamePs Theorem as those of the foregoing remarks occur 
frequently in practice. They are of the nature of a detail, 
and since they can always be dealt with in the manner set 
forth above, we shall not call explicit attention to them again. 

10. Centre of Gravity of Plane Areas. Consider a plane 
sheet of metal, of any shape, the thickness of which is very 
slight compared with its maximum diameter, like a large sheet 
of tin, or a piece of gold foil. We are thus led to form the 
concept of a material surface, i.e, of matter (mass) spread out 
in two dimensions. We idealize here just as in geometry, when 
we form the conception of a point or a line. Actual distribu- 
tions of matter can, however, as in the cases above cited, come 
near enough to the ideal cases so that the study of the latter 
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is sufficient in practice for the treatment of the former. A 
material surface such as has just been defined is often called a 
lamina. 

A material surface is said to be of uniform density if the 
mass, My of any portion of it is always proportional to the area, 

^•°' M=pA, 

where p is the same for all choices of A (but is different for 
different laminas). The factor p is called the density. 

If, however, this is not the case, the density at an arbitrary 
point, P, is defined as follows. Enclose P in an arbitrary 
region of area A, and denote the mass of this piece by M, Then 
bhe limit approached by M/A as the boundary of the region 
shrinks down toward P is called the density, p, at P: 

lim -7 =* P- 
A 

It is imderstood that even the most remote point of the bound- 
ary of the little piece approaches P as its limit. 

If we consider an arbitrary region of the lamina, whose are& 

is A and mass M. then 

M= pA, 

where p denotes the average density. Let p' and p" be re- 
spectively the least and the greatest values of p in the region. 

Then* '^-^ n 

P <P<P 

The lower signs hold only in case p is constant throughout the 
region. In this case, p', p", and p are all equal to p.f 

* Tlie truth of this relation is made plausible by the physical meaning 
of the density. It is possible to prove the relation mathematically. We 
assume that p is a continuous function unless the contrary is stated. 

t It is clear how these definitions can be extended to three-dimensionaj 
bodies. All that is needed is merely to replace the word area by volume. 
Thus a three-dimensional body is of constant density^ p, if M = pV, no 
matter what piece be chosen. If, however, this is not the case, the den- 
sity at a point, P, is defined as 

hm-- = p. 
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We shall be concerned for the present only with plane areas 
of constant density. Let such an area be bounded as in Fig. 89, 
§ 2, and let it be divided as there into strips. If the area of 
the k'th. strip is A^^, its mass will be m^^ = p^A^, where p 
denotes the density. Let the coordinates of the centre of 
gravity of this strip be (a?i, y[). Then 

(1) Xi^<x[< x^i. 

The aj-coordinate of the centre of gravity, (?, of the whole 
area, namely, x, is given by formula (1), § 6 : 

- __ pAA4 4- p/^Aix'i + '.. 4- p^A^_ixl,i 
p/iAQ + pXAi-^ ••• -f-pAJ„_i 
or: 

(2) a = 4AA 4- ajA^i -f — -f a;LiA^,i ^ 

■^ 
For the area. A, we have : 

u4= I ydx, 

a 

and A is known, in the most interesting and important cases, 
from the earlier exercises. 

We wish to compute the numerator of (2) : 

(3) xlAAo + icjA^i -f- ... + <_iA^„_i. 

The solution is similar to that in the case of a solid of revolu- 
tion. 

Let yi and yi' be respectively the least and the greatest 
ordinates in the A^th strip ; cf . Fig. 95. Then 

(4) y;Aaj<AA<2/i'Aa?. 
From (1) and (4) it follows that 

(5) x^yl^x < 4^A < ^b^-iVk^^' 

where V is the Yolmne of an infinitesimal piece enclosing P. For an ar- 
bitrary region of the distribution, whose volume is V and majse if, we 
have : M = pF, where p' < p<p"* 



310 CALCULUS 

On writing out this relation for the successive values of Je : 
k^Oyly "'y H-l, 301(1 addiug, it appears that (3) is greater than 

(6) xoyl^^ + x^[^x + ... -f a;„_i2/LiAaj, 

out less than 

//) xij/'o' ^x + x^'i /ix -^ ... [-x^H^iAx, 

Each of these sums suggests the definite integral 

6 

(8) lim [Xf^o/ix -\- Xij/i/ix -| h aJ„-iy„_i Aaj] = / ajycte. 

a 

That this is, in fact, the value of (3) can be shown by Du- 
hamePs Theorem, on setting 

«* = a?iby*Ax, Pi, = xiAAt^ 

Relation (5) then becomes : 

x^'i^/ix <p^< a?^i3/;' Ao?. 

Dividing through by a^, we have : 

Vh »k ^k Vk 
Hence we infer that 

lim ^ = 1, 

and all the conditions of DuhamePs Theorem are fulfilled. It 
follows, then, that (3) and (8) have the same value, and con- 
sequently (2) can be written in the form : 

I xydx 

(9) * = '-^— • 

Example. To find the centre of gravity of a semi-circle. It 
is obvious that the centre of gravity lies in the axis of sym- 
metry, and so all that is needed is to determine its distance, a, 
from the centre, 0. 
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Now, the abscissa of (7 is evidently the same as that of the 
centre of gravity, Gi, of the upper quadrant, and this is given 
by (9), where 

l?he integral has the value 



/ 



ajVr* — x*dx 



3 



o"3" 



Hence 



iB = |^ = .426r. 




Fio. 96 



EXERCISES 

Find the centre of gravity of each of the following areas. 

1. A semi-ellipse, bounded by the minor axis. Ans. x^a^— 

2. A parabolic segment of one base. Ans. x^^h. 

3. The area bounded by an arc of a hyperbola and a latus 
rectum. 

4. The same for an ellipse. 

5. A right triangle. Ans. The intersection of the medians. 

6. The area bounded by the lines a; = a and xssb, and the 
curves 

where /(«) < <^(a?), a <x<b. 

Ans. xss^ 






where y' =/(a5), y" = <^(a5), and A denotes the area of the 
lamina. The student should draw a suitable ^gure and give 
all the details of the proof of this formula. 

7. Any triangle. Ans. The intersection of the mediaua 
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8, Define carefully the concept of a material curve, or wire 
whose cross-section is a point. When is such a wire said to 
be of uniform density ? 

Define the density in the general case. 

9. Show that the mass of a material curve is 



=/^^^=/^\'^^' 



where p denotes the density, assumed continuous. 

10. The density of a straight line is proportional to the dis- 
tance from one end : p = cx. Find its mass. Ans. Jf = ^cZ*. 

11. The same, if the density is proportional to the square of 
the distance from one end. 

12. Show that the abscissa of the centre of gravity of a 
material curve is given by the formula : 



/ 



pxds 



x=± 



M ' 

where Jf denotes the mass of the curve. 

13. Under what restrictions can the equation of the last 
question be replaced by the formula 







\l+^dx 
da? 



M 

Find the centre of gravity of each of the following material 
curves. 

14. A straight wire whose density is proportional to the 
distance from one end. Ans, ^ = |Z. 

16. The same, if the density is proportional to the square 
of the distance. Ans, x => \l, 

16. A uniform semi-circular wire. Ans, x = — = .637r. 
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17. Grive a qtialitative explanation to show why x is less 
than ^r in the case of the semi-circular lamina, but greater 
than ^r in the case of the semi-circular wire. 

18. The density of a sphere 12 inches in diameter is propor- 
tional to the distance from the centre, and is equal to 8 at the 
/iurface. Find its mass. 

19. The same for a sphere of radius R, if the density at the 
surface is c. 

20. Find the centre of gravity of a hemisphere cut from the 
sphere of Ex. 19. 

21. The density of a rectangular lamina, 8 by 12 inches, 
is proportional to the distance from one of the short sides, 
and is equal to 16 at any point on the other short side. Find 
the mass of the lamina. 

22. The density of an isosceles triangle is proportional to 
the square of the distance from the base, and is equal to c at 
the vertex. Find the mass of the triangle. 

23. Find the centre of gravity of the rectangle of Question 21. 

24. The same for the triangle of Question 22. 

25. A uniform wire in the shape of a cardioid. 

26. The arc of the equiangular spiral r = e^,0 <0 < tt. 

11. Fluid Pressure. Let us consider the problem of finding 
the pressure of a liquid on a vertical wall. Let the surface 
be bounded as indicated in the figure and let it be divided into 
n strips by ordinates that are equally spaced. Denote the 
pressure on the A;-th strip by AP^. Then we can approximate 
to AP^ as follows. Consider the rectangle cut out of this strip 
by a parallel to the axis of x through the point (xj^ y,). The 
pressure on this rectangle is less than that on the given strip ; 
but we do not yet know how great it is. Still, if we turn the 
rectangle through 90° about its upper side, the ordinate y^, we 
shall obviously have decreased the pressure further. Now the 
pressure on the rectangle in this new position is readily com- 
puted. It is precisely the weight of a column of the liquid 



314 CALCULUS 

standing on this rectangle as base. The volume of snch a 
column is (aj^ + c)y^^j and if we denote by w the weight of a 

, cubic unit of the liquid, then the weight 
amfoM^uqmd q£ ^^ (jolumn in question is 

This is less than AP^^. 

In like manner we can find a major 
approximation by considering the rec- 
tangle that circumscribes the given strip 
and whose altitude is y^^^^ and then 
%^ ^ammrr/uu^a^///a^ turning it over on its lower base. The 

pressure on it in its new position is 

and this is larger than AP^. We thus 
obtain the double inequality: 

(1) w{x^ + c)yjfcAa? < AP;^ < w(aj^i -|- c)y^^tix. 

If we write out the relations (1) for fc = 0, 1, •••, n— 1 : 

w{x^ + c)yQAx < APq < w{xi + c)yiAaj, 

w(«i + c)yiAx < APi <w(x2 + c)y2^Xy 




t«(««-i + c)y,_iAa? < AP„_i <w(x^ + c) w^Aaj, 

and add them together, we see that the middle column, namely, 
the pressure P which we seek to determine, lies between 

(2) w{xo + c)yoAx + w(xi -f c)yiAaj -f- — + w;(»„-i + c)y,_i Aa 
and 

(3) w{xi + c)yiAaj + w(Xi + c)y2^x + ... 4- w(x^ -f c)y, Aa?. 

Finally, allow n to become infinite. The limit of each of the 
variables (2) and (3) is the definite integral 

to j (x + c)ydx. 
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But tlie pressiire P always lies between these yariableSy and 
hence it must coincide with their common limit. Thus we see 
that 

(4) Pssw j (x-{'C)ydx. 

We have deduced our result under the assumption that the 
ordinates of the bounding curve never decrease as x increases. 
The formula is true, however, even if this condition is not 
fulfilled, as we shall show in § 12. 

Example 1. To find the pressure on the end of a tank that 
is full of water. 

Here it is convenient to take the axis of j^ in the surface of 
the liquid, so that o » 0. The equation of the boimding curve is 

and thus 



P—w I xBdx = wB^ 



-"/' 



wA^B 




Now the area of the rectangle is AB^ so that, 

if we write the result in the form *"^ 

P=W'AB'^y 

it appears that the total pressure is the same as what it would 
be if the rectangle were turned through 90° about a horizontal 
line through its centre of gravity and lying in its surface,, 
and thus supported a column of liquid of height ^A. 

EXERCISES 

Find the pressure on each of the following vertical surfaces. 
Take the weight of a cubic foot of water as 62^^ lbs. 

1. A right triangle with one vertex in the surface, the ver- 
tical leg being 18 ft., and the honzontal one, 8 ft., long. 

Ans, Nearly 27 tona 
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2. The same triangle, if the 8 ft. side lies in the surface. 

Ans. Only half as great 

3. A vertical masonry dam in the form of a trapezoid is 
200 ft. long at the surface of the water, 150 ft. long at the 
bottom, and is 60 ft. high. What pressure must it withstand ? 

Ans, 9337 J tons. 

4. A water main 6 ft in diameter is half full of water- 
Find the pressure on the gate that closes the main. 

Ans. - 1120 lb. 

5. The same problem, if the main is just full, but the water 
does not stand above the level of the top. Ans. 5280 lb. 

6. A cross-section of u trough is a parabola with vertex 
downward, the latus rectum lying in the surface and being 4 
ft. long, rind the pressure on the end of the trough when it 
is full of water. Ans 66f lb. 

7. One end of an unfinished water main 4 ft. in diameter is 
closed by a temporary bulkhead and the water is let in from 
the reservoir. Find the pressure on the bulkhead if its centre 
is 40 ft below the surface of the water in the reservoir. 

An^. 5'7r = 15.76 tons. 

12. Gontinnation.. In the foregoing paragraph we have 

y assumed that when x increases, y 

^ never decreases. If, however, this 

is not the case, the proof of formula 



Vk (4) as given in that paragraph 



«w 



* ^^,,^jyl!. .^ breaks down. 

, __ Y I^®** Vk 3^d Vk denote respectively 

^^^-- ^ the least and the greatest ordinate 

in the ifc-th strip. Then the reason- 
* * ing of § 11 shows that 

(1) w{xt, + c)y^k^x < AP^ < w(Xk^i + c)2/i'Aa;. 

Each of the extremes in this double inequality suggests the 
infinitesimal wixj.-^- &)yj,dkX^ together with the corresponding 
sum 
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(2) w{xq + c)yoAaj -f m;(«i + c)2^iAaj + - + «^(»n-i + <^)yn-i^y 
whose limit is the definite integral 

(3) lim[w(xQ -^ c)yo^x -^ w(xi -{- c)yiAx -^ ••• 

H- t^(a;„_i + c)y^_iAx] = w I (x-\- c)ydx. 

a 

On the other hand the pressure which we desire to compute is 

(4) P = APo + APi + ... 4- AP„_i 

= lim [APo + APi + - + AP„_i]. 



nssQO 



That the limits (3) and (4) have the same value is shown by 
DuhamePs Theorem, if we set 

«* = ^ («* + c)y* Aa?, p^ = APj,, 

and then divide (1) through by a,, : 

«?fa + c)y;Aa? ^ AP^ ^ ^(?(a;^^.l + c)y['Ax 

w{Xi, + c)y^Ax Uj, w{Xj, + c)y^Ax ' 
or 

(5) 2i<^<5fe±i+i.2i. 

The extremes of this double inequality both approach 1 as 
their limit. Hence 

lim ^ = 1, 

and all the conditions of DuhamePs Theorem are satisfied. It 
follows, then, that for any continuous bounding curve whatso- 
ever, formula (4) of § 11 holds : 

5 



P=w / (a? + c)ydx. 



EXERCISES 

1. Show that, if the upward sense along the vertical be 
taken as the positive sense of the axis of Xy c still denoting the 
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distance of the origin below the surface, the formula for the 

pressure is : 

h 

P=zw j (c — x)ydXf a<x<^b. 

a 

2. Work Ex. 6 of § 11, using the result of the last exercise 

3. Show that the pressure on the vertical area considered in 
§ 11 is unchanged if the area be rotated about a horizontal line 
in its surface, which passes through its centre of gravity. 

Suggestion. Take the axis of ^ in the surface of the liquid 
and use formula (4) of § 11 : 







xydx. 



Substitute for the integral its value as given by formula (9) of 
§ 10 and interpret the result. 

4. Prove the theorem of the preceding question for any ver- 
tical plane area. 

5. If the surface against which the fluid presses be thought 
of as rigid, at what height should a horizontal brace be applied, 
in order that there may be no tendency of the surface to rotate 
in either direction about the brace ? \ 

w I (x -\- c)xydx 



Arts. ~x =s 



P 

6. If the surface has a vertical axis of symmetry, it would 
be sufficient to support that point of this axis whose height is 
given by S. This point is known as the centre of fluid pressure. 
How should you define the centre of fluid pressure when there 
is no such axis of symmetry ? 

7. Show that the centre of fluid pressure of the rectangle of 
§ 11, Example, is two-thirds of the way down the rectangle. 

8. Eind the centre of fluid pressure for the surface of Ex. 3, 
?11. 

9. The same for Ex. 1, § 11. 
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13. Volumes. In § 4 the volume of a solid of reyolution was 
computed as a definite integral. It is possible to apply the 
method to other volumes (in fact, to any volume). 

Example. A woodcutter starts to fell a tree 4 ft. in diameter 
and cuts half way through. One face of the cut is horizontal, 
and the other face is in- .q 

clined to the horizontal at 
an angle of 45°. How 
much of the wood is lost 
in chips? 

Since the solid whose 
volume we wish to com- 
pute is symmetric, we may 
confine ourselves to the 
portion OABO. Divide 
the edge OA into n equal 
parts and pass planes 
through these points of 
division perpendicular to 
OA. The solid is thus di- 
vided into slabs that are 

nearly prisms ; only the face QRR'^ is not a plane. Let us 
meet this difficulty by constructing a right prism on PQR as 
base and with PP* as altitude. Then its volume will be a little 
greater than that of the actual slab. The solid formed by the 
n prisms thus constructed differs in volume but slightly from 
the actual solid, and its volume is seen to approach the volume 
of the actual solid as its limit when n increases without limit. 

We will next formulate analytically the volume of the 
prisms. The base PQR is a 45° right triangle. Let OP = x^^ 
and PQ = y^. Then, by the Pythagorean Theorem, 

a^ + 3^ = 4. 
Hence the volume of this prism is 




Fig. 100 
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and the volume of the solid we wish to compute is the limit of 
the sum of all such volumes, or 

lim l^yl^x -h yi^x -^ ... + iyl.iAx]. 

Ass 00 

But this limit is precisely the definite integral 

Hm[(2 - ^4) Ao? + (2 - ^a^ Aoj + ... + (2 - ia4_i) Ax] 

= r(2-iaj2)da?. 



/< 



The value of the latter is found by taking the indefinite ixt 
tegral, /» 

between the limits and 2 : 

2a;-|aj5 ^ = 2|. 

The total volume is twice this amount, or 5^ cu. ft.* 

* We have based the solution directly on inspection of the figure, and 
for this reason it is of the utmost importance that the student should 
visualize the figure clearly. He should make an accurate model, either 
out of cardboard or by sawing one frdm a wooden cylinder, and draw 
the lines PB, P*B', etc. on it with a ruler. He should also reproduce 
Fig. 100 on paper, both free-hand and with the ruler, drawing first the 
lines OB, BC, OC, and OA, The angle which OA makes with OB may 
be chosen arbitrarily within reasonable limits. The line AQB is an arc 
of an ellipse, whose tangent at J. is parallel to OB and whose tangent 
at B is parallel to OA, These tangents should first be drawn ; they can 
later be erased. The ellipse can then be drawn in free-hand with 
reasonable accuracy. Next draw PQ parallel to OB, and through P 
and Q draw lines parallel respectively to OC and BC. Thus B is de- 
termined. Similarly for B', The curve CBB^A can now be drawn in 
with reasonable accuracy. 

A soft pencil well sharpened should be used, so that the curved lines 
may be easily corrected. It is well to ink in the final figure, and clean it 
up with art gum. The ultimate result should be a clean piece of mechan- 
ical drawing. The student should, however, also be able to make a free- 
hand drawing with sufficient accuracy to serve satisfactorily the mathe- 
matical purposes of the problem. No technical knowledge of Descriptive 
Greometry on the part of the student is assumed. 
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EXERCISES" 

1. Work the same problem, alicing by planes perpendicnlat 
to OB. 

2. Show that the volume of / S,^^ 

a pyramid is one-third the / \. 

product of the base by the al- / -^^i^ 

titude. A^5 :^^^^^^^^\ 

Suggestion. Begin with the r^^" ' ^^_^^ 

ease of a triangular pyramid, / ,y^\...--^^ 

three of whose faces are mu- J^ 

tually perpendicular to each Pio- 101 

other. 

3. A conoid ia a wedge-shaped solid whose lateral surface is 
generated by a straight line which moves so as always to keep 

parallel to a fixed plane and to 
pass through a haied circle and a 
fixed straight line ; both the line 
and the plane of the circle being 
perpendicular to the fixed plane. 
Find the volume of the solid.** 
Ans. \tra^'h. 
4. A banister cap is bounded 
by two equal cylinders of revolu- 
tion whose axes intersect at right 
angles in the plane of the base of 
^o- '^'s the cap. Find the volume of the 

cap, Ann. \<ff. 

6. A Rugby foot-ball which has not as yet been inflated is 
16 in. long, and the seams form two equal ellipses whose planes 
are at right angles to each other and whose minor axes are each 
8 in. long. Find the volume of the ball, assuming that the 



* Draw an accurate figure to repreaeitt ea^h solid and the ^th slice. 
Use eymmetry so far as possible. 

** The Btudeuli should draw a working diagram representing one-fourth 
fA the actual solid. This can be done in each of six ways. 
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leather is so stiff that every cross-section formed by a plane 
perpendicular to the common major axes of the ellipses is a 
square. Ana. 341^ cu. in. 

6. A solid is generated by a variable hexagon which moves 
so that its plane is always perpendicular to a given diameter 
of a fixed circle, the centre of the hexagon lying in this diam- 
eter, and its size varying so that two of its vertices always lie 
on the circle. Find the volume of the solid. Atis, 2 V3a'. 

7. Show that the volume of an ellipsoid whose semi-axes 
are of lengths a, 6, c is ^wabc. 

8. Prove CavalierPs Theorem : If two solids are such that, 
when cut by a properly chosen system of parallel planes, the 
area of the cross-section of one of the solids by an arbitrary 
one of the planes is the same as that of the other solid by the 
same plane, then their volumes are equal. 

9. A glover's needle has, as its cross-section by a plane per- 
pendicular to the axis, an equilateral triangle. Each edge of 
the needle is a parabola, which meets the axis of the needle in 
the point of the latter at an angle whose tangent is 0.2 ; more- 
over, the axis of the parabola is at right angles to the axis of 
the needle, and the distance of the vertex of the parabola from 
the axis of the needle is 0.015 cm. Find the volume of the 
needle cut off by a plane perpendicular to its axis and distant 
2 cm. from its point. 

10. A wireless tower is 60 ft. high, and any horizontal cross- 
section is a square. The vertices of such squares lie in four 
equal parabolas, whose planes pass through the axis of the 
tower, and each of the parabolas has its vertex in the upper 
base of the tower and its axis horizontal. The diagonals of the 
upper and lower bases of the tower are respectively 2 ft. and 
12 ft. Find the volume of the tower. 

11. A square hole 6 in. on an edge is cut through a mast 
15 in. in diameter, the axis of the hole and the axis of the mast 
intersecting at right angles. Find the volume of the chips 
removed. 
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12. Work the Example of the text, slicing by horizontal 
planes. 

13. A horn is generated by a variable circle, whose plane, 
always passing through a fixed straight line, rotates about this 
line. The point of the circle nearest the line describes a quad- 
rant of a fixed circle, whose plane is perpendicular to the line 
and whose centre lies on the line. The radius of the variable 
circle is proportional to the angle which its plane makes Vith 
the fixed plane through the line and one end of the quadrant. 
Find the volume of the horn. 

Ans. ■5(*;rir262(4a + 36), where a denotes the radius of 
the quadrant and h the radius of the base of the horn. 

Abeas of Surfaces 

Compute the area of the surface of each of the following 
solids. 

14. The solid of the Example worked in the text. 

15. The solid of Ex. 6. 16. Of Ex. 4. 17. Of Ex. 6. 

14. Moment of Inertia. By the moment of inertia of a sys- 
tem of particles about a straight line in space, called the axis, 
is meant the quantity 

wiirj + mjri + ... -j- mji, 

where m,. denotes the mass of the A;-th particle, and r^, its 
perpendicular distance from the axis. 

Smch a sum is commonly represented, as explained in § 3, by 
the notation 

^mt,7i, or ^m^ri, 

if it is clear through what values A; is to run. Thus we have, 
as the definition of the moment of inertia, /, of n particles, 

n 
(1) -^= S "^'^ "^ ^^^ "^ ^^^ ■*■ '" "^ ^»^' 



Contimious Distributions. If a body consists of a continuous 
distribution of matter, like a solid bar or a circular lamina, its 
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moment of inertia is given by a definition analogous to the 
above for a system of particles and can be computed by the 
Calculus. The development of these ideas is the object of the 
present paragraph. 

Physical Meaning. The physical meaning of the moment of 
inertia of a rigid body is the measure of the resistance which 
the body opposes, through its inertia, to being rotated with 
a gi^n constant angular acceleration about the axis ; i.e. if 
a given body can be rotated with a fixed angular acceleration 
about an axis by forces having a constant moment, Q, about 
that axis, a body of double the moment of inertia would re- 
quire, for the same angular acceleration, forces having a 
moment 2Q about the axis ; a body of one-third the moment 
of inertia, forces having a moment of -J^Q ; etc. 

An important formula of physics is the following. By a com- 
pound pendulum is meant any rigid body so moimted that it can 
turn freely about a horizontal axis ; and the body is thought of 
as executing small oscillations about the axis under the force of 
gravity. Let T denote the period of the oscillations. Then 



(2) r = 2.^ 



Mgh' 

where I denotes the moment of inertia about the axis ; A, the 
distance of the centre of gravity from the axis ; My the mass ; 
and g, the acceleration of gravity. 

The moment of inertia of plane areas has important appli- 
cations in the theory of the bending of beams and girders under 
a load.* 

Two Properties Common to all Moments of Inertia, From 
the definition embodied in formula (1) follow at once two 
properties of the moment of inertia of n particles about a 
given axis. 

* The name ** moment of inertia^* is here misleading, since the con- 
ception neither of inertia nor of mass enters. It is merely the integral 
appearing in the definition of the moment of inertia, which presents it- 
^If in the problem of bending, and the dimension is [i*], not [^fi*]. 
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First Property, If a system be considered as made up 
of partial systems, the moment of inertia of the whole system 
is equal to the sum of the moments of inertia of the separate 
parts. 

Sbcond Property. If some of the particles be removed to 
a greater distance from the axis, but none brought nearer to 
it, the moment of inertia is thereby increased. 

These properties are fundamental in extending the concep- 
tion of the moment of inertia to continuous distributions of 
matter. 

Circular Wire. Consider a circular wire of constant or 
variable density. Let the axis pass through the centre of the 
circle perpendicular to its plane. Here, all points of the mass, 
My in question are at the same distance, r, from the axis, and 
lience it is natural to define the moment of inertia as 

(3) I^Mr". 

Circular Disc. Consider next a uniform circular disc of 
radius a. Let us find its moment of inertia about its centre.* 
Divide the disc into rings by drawing concentric circles of 
radii rj, r2, •-, r^i, where r^+i — r^^ = Ar = a/n^ and moreover 
To = 0, r^ = a. 

The moment of inertia of the whole disc is equal to the sum 
of the moments of inertia of these rings (First Property). 
Now the moment of inertia of the A;-th ring, A/j^, is greater 
than what it would be if the mass of this ring, AJbTj^, were 
concentrated along its inner boundary, thus forming a circular 
wire of radius r* and mass Ai>f^ (Second Property). Since 
the moment of inertia of this circular wire is, as we have just 
seen, rj AJtfj^, we have 

rl^M^K AT, 

* lu the case of a plane area, or any distribution of matter In a plane, 
it is customary to speak of its moment of inertia about a point, 0, of the 
plane, meaning thereby its moment of inertia about an axis through 
perpendicular to the plane. 



326 CALCULUS 

Similarly, AJ^ is less than what the moment of inertia 
would be if the mass, Ailf^, were spread out along the outer 
boundary of the ring. Here, the radius of the circular wire is 
r^iy and so AI^< rinAif^, 

We are thus led to the double inequality 

(4) r|Ai»f,<AJ,<r|^iA3f, 

Moreover, ^M^ = pAA/,, where ^Aj^ denotes the area of the 
k-th. ring. Since 

and r^i — r^ = Ar, it follows that 

A^4 = 7r(rjt^i + r4)Ar. 
Hence A-^;^ satisfies the relation : 

(5) 2 Trr^Ar < A^;^ < 2 irTj^i Ar. 
From (4) and (5) we infer : 

(6) 27r/3riAr < AJ^ < 27r/3rJ^iAr. 

On writing out the double inequality (6) for A; = 0, 1, 2, ••., 
n — 1 and adding the n relations together, the middle column 
yields precisely /, — the number we are trying to find. The 
left-hand column is the sum 

27rp[rjAr + rf Ar + ••• + ri_iAr], 

and the right-hand column the sum 

27r/3[rfAr -frfAr + ••• -f-»^Ar]. 

The limit of each of these sums is one and the same definite 
integral, and hence 

J=2td / i*dr. 



=2^p r 



On evaluating this integral we find : * 

* In the statement of the problem we have just solved there Is a cer- 
tain amount of laxness of conception ; for hitherto we have insisted on 
the view that it is a question of a new d^nition each time that we ex- 
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(7) J=!^. 

The mass of the disc ia M= irpa*. Hence 

(8) 1=^. 

Bddius of GfyrcUion. If the moment of inertia of a body be 
written in the form : 

k is called the radius of gyraiion. The radius of gyration is 
defined, then, as -\/I/M, It may be interpreted as follows: 
if all the mass were spread out uniformly along a circular wire 
of radius Tc, the axis passing through the centre of the ring at 
right angles to its plane, the moment of inertia would still be 
the same : /= Mk^ The radius of gyration of the above cir- 
cular plate is a/V2. 

EXERCISES 

Determine the moment of inertia of each of the following 
bodies. 

1. A ring bounded by two concentric circles of radii a and 
h, about its centre. 

Apply the method^ but not the result, of the example worked 
in the text. Ana. -J- J!f (a* -f &*)• 

2. A uniform rod, of length Z, about one end. Ans, \MV^. 

3. A uniform rod, l=s2a, about its mid-point. Ana, ^Ma^, 

tend the notion of the moment of inertia to a new kind of distribution. 
Yet here we have proposed the problem of Jindingy i.e. computing^ a 
moment of inertia not as yet defined. The answer is that we may adopt 
an alternative view, considering the moment of inertia of a body as a 
physical constant, having the two properties above mentioned, and then 
proceed to compute it by comparing it with other distributions for which 
the moment of inertia is already defined. The first conception is simpler 
from the standpoint of postulates and axioms ; the second brings the 
moment of inertia into more obvious relation to its physical meaning. 
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4. A rectangle, of sides 2 a and 25, about a line throngh 

the centre and parallel to the sides whose length is 2 a. 

Ans. iMb^. 
6. An isosceles triangle about the base. 

Ans. ^Mh^y where h denotes the altitude. 

6. An isosceles triangle about the median through the 
vertex. Ans. iMa\ where a is half the base. 

7. A scalene triangle about a median. 

Ans. ^Mh^, where h is the distance of either vertex 
from the median. 

8. A circular disc about a diameter. Ans. \Ma?. 

9 A semi-circular disc about its bounding diameter. 

Ans. \Ma^. 

10. An ellipse about an axis. 

Ans. \Mh\ where h denotes the length of the other axis. 

11. The segment of a parabola cut off by the latus rectum, 
about this line. 

12. The same for a hyperbola. 

13. A uniform circular wire about a diameter. Ans. ^Ma^. 
Find the radius of gyration in each of the following cases. 

14. A circular disc whose density is proportional to the 
distance from the centre, about the centre. Ans. k = aVf • 

15. A straight wire whose density is proportional to the 
distance from one end, about that end. 

15. Continuation. Cylindrical Surface. Consider any dis- 
tribution of matter spread out over the surface of a cylinder 
of revolution. The density of the distribution may be variable, 
and its shape irregular. It may consist in part of material 
points and curves. Since each point of the distribution is, 
however, at one and the same distance, r, from the axis, its 
moment of inertia about the axis of the cylinder shall be de- 
fined to be j_ j^^ 

Sphere. The moment of inertia of a homogeneous sphere 
about a diameter can be found in either of two ways. It is 
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possible to divide the diameter into n equal parts, pass planes 
through the points of division perpendicular to the diameter, 
and then approximate, by means of formula (8), § 14, to the 
moment of inertia of each slab. 

Another way is to divide the sphere up into shells by means 
of a series of cylinders having the diameter of the sphere as 
their common axis.* Let their radii be ^i, ^2> •••> ^^-iJ l^t 
ro = and r» = a, and let (cf . Eig, 103) 

»•*+! - ^* = ^r. 

Denote the moment of inertia of the portion of the sphere 
included in the k-th shell by A/^ ; the corresponding mass by 
AiW^. Then A/^ is obviously less than what the moment of 
inertia of this h-th mass would be if it were concentrated on 
the outer surface of the shell, thus forming a surface distri- 

bution: AJ,<ri^,AJIf,. 

Similarly, A J^ is greater than the moment of inertia of the 
same mass when spread, out on the inner surface of the shell. 
Hence we have the double inequality 

(1) ri^M,</iI,<rU,AM,. 

Let p denote the density of 
the sphere, and AF^ the vol- 
ume of the ifc-th shell. Then 

A3f, = pAF,. 

It is readily seen that 

(2) 2,rr, . 2y;^iAr 

<AF,<2,rr,^i.22^4Ar, 
where 

(3) rj + yi = a2. 
From (1) and (2) it follows that 

(4) 4t'jrpriyM^r < AJ* < ^wpri+iy^^r. 




Fig. 103 



* The analytic details are simpler if the first method is used ; but the 
second method is highly instructiye. 
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From this point on, the procedure is standard. We leave the 
details to the student. The result is : 

a 

The indefinite integral is given by Formula 147 of Peirce's 
Tables : 



j 



Hence the definite integral has the value -^a^, and 

Since M= f vpa', the result can be written in the form : 
(5) ^=-5"' 

EXERCISES 

Find the moment of inertia in each of the following cases. 

1. A cone of revolution about its axis. Use the method 
whereby the problem of the sphere was solved in the text. 

Ans. -^MrK 

2. A sphere about a diameter. Use the first method which 
was outlined in the text. 

3. The same for a cone. 

4. A cylinder about its axis. Ans, \Ma?. 

5. A spherical surface about a diameter. Ans, \MaK 

6. A conical surface about its axis. 

7. The same when the density of the surface is propor- 
tional to the distance from the vertex. 

8. A homogeneous shell bounded by two concentric spheres 
of radii a and &. 

9. A homogeneous torus, or anchor ring, about its axis. 
10. The same for the surface of a torus. 
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16. A General Theorem. When the moment of inertia of a 
body about an axis is once known, its moment of inertia about 
any parallel axis can be found without performing a new inte- 
gration. The theorem is as follows. 

Theorem. If the moment of inertia of a body of mass M 
about an arbitrary aads be denoted by /q, that about a parallel 
axis through the centre of gravity by I, then 

(1) /o = ^+-afA^ 

where h denotes the distance between the axes. 

We will prove the theorem first for a system of particles. 
Assume a set of Cartesian coordinates (a, y, «), the axis of z 
being taken as the first axis of the theorem, and then take a 
second set of Cartesian coordinates {x\ y\ z') parallel to the 
first, the origin being at the centre of gravity. Then we have : * 

I=^mr'^ = ^m{x'^-{-y'^. 
Furthermore, 

» = a' + a, y = y' -hy, z = z* + z, 

where (x, y, z) is the centre of gravity referred to the (as, y, z) 
axes. Hence 

5Jm(ic2-|-y2) = 

^m{x'^ H- y 2) _|_2ir2j ma?' + 2y^my' -f- M(;x^ -|- y^). 
Now V mx^ = 0, V mi/' = 0. 

For, recall formula (1) in § 6. Applying that formula to the 
present system of particles, referred to the {x\ y\ 2')-axes, we 
see that the abscissa of the centre of gravity, x'y is : 

aj' = =1 

M 

* The notation '%mr^ is an abbreviation for '%mtti\. Similarly In the 
' -ter sums. 



332 



CALCULUS 



But the centre of gravity is at the new origin of coordinates, 
and so x^ = 0, hence V imn^ = 0. Similarly, V tmf = 0. 

It remains only to interpret the terms that are left, and thus 
the theorem is proven for a system of particles. 

If we have a body consisting of a continuous distribution of 
matter, we divide it up into small pieces, concentrate the mass 
of each piece at its centre of gravity, form the above sums, 

and take their limits. We shall have as before V inx^ =« 0, 
V my' = 0, and hence 

lim^) w («2 + y2) = lim]^ m{x'^ -^ y^ ^) + Mh\ . 

or Iq — I-^-Mh^^ ^ q. 6. d. 

The complete details of this last step belong properly in the 
chapters on double and triple integrals. 



EXERCISES 

Determme the following moments of inertia. 

1. A circular disc about a point in its circumference. 

Ans, ^Ma\ 

2. A uniform rod, of length 2 a, about a point in its perpen* 
dicular bisector. Ans. M{\a^ + hP), 

3. A rectangle, of sides 2 a and 25, about its centre of 
gravity. Ans. \M{a^-{'lP), 

4. The following figures 
about the axis through the 
centre of gravity parallel 
to the lines of the page : r^ ' 1 1 — ' ' — 1 1 — ' 




Fig. 104 



17. Kinetic Energy of Botation. When a point, P, describes 

a circle, the length of its path, s, is connected with the central 

angle, 0, by the relation 

5 = rd. 




Fig. 105 
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The corresponding relation between its velocity, v, in its 
path and its angular yelocity, ta, is found by differentiation : 

ds dO 

— = r — , or V =: ra>. 

dt dt 

If a system of particles, m^ thj, •••, m^, 
rigidly connected, is rotating about a fixed 
axis, each particle describes a circle about 
that axis, and their angular velocities will all 
have one and the same value, o). For, consider two of the par- 
ticles, as mi and m^. The two planes through the axis and 
these particles always make the same angle with each other. 
Hence the rate at which one of the planes revolves is the same 
as that at which the other revolves. 

The kinetic energy, E, of the system will be : 

n 

^^2 22 2* 

Since v^ = r^o), where r^ denotes the distance of the A:-th particle 
from the axis, it follows that 



n n 



This last sum is precisely the moment of inertia, /, of the 
system about the axis, and hence we have the result : 

a) E = ^70,2. 

Since the moment of inertia of a continuous distribution of 
matter can be expressed as the limit of the moment of inertia 
of a sum of particles, it follows in the same way that the kinetic 
energy of any rigid body which is rotating about a fixed axis is 
given by the formula (1). 

Example. To find the kinetic energy of a compound pendu- 
lum consisting of a uniform rod, of length I and mass Jfj 
mounted so that it can oscillate about one end* 

Here, /= Jf Z2/3, § 14, Ex. 3. Hence 

E = ^Jf/W. 
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The examples of §§ 14-16 afford numerous illustrations of 
the theorem of this paragraph. 

18. The Attraction of Gravitation. Sir Isaac Kewton dis- 
covered the law of universal gravitation. This law asserts 
that any two particles of matter in the universe attract each 
other with a force proportional to their masses and inversely 
proportional to the square of the distance between them : 



where ^ is a physical constant.* 

By means of the Calculus we can compute the force with 
which bodies consisting of a continuous distribution of matter 

5 attract one another. Let us 



^ ~. ■ 1^^ I I I I I 1 1 determine the force which a 

* « ^^ uniform rod of mass M ex- 

FiG. 106 

erts on a particle of mass m 
situated in its own line. Divide the rod up into n equal parts 
and denote the attraction of the ^-th segment by A-^^, The 
mass of this segment is p Ao?, where p denotes the density of the 
rod. Now if this whole mass pAa? were concentrated at the 
nearer end, its attraction would be greater than A^^ ; and simi- 
larly, if it were concentrated at the further end, its attraction 
would be less. Hence 

(2) ^??^<AA<^??^. 

Write out the double inequality (2) for A: = 0, 1, •••, n— 1 
and add the n relations thus resulting. The middle sum, 
SA-^^ = -4, is the attraction we wish to compute, and it is 
seen to lie between two variables, each of which has for its 
limit the definite integral 



/ 



j^ ntpdx 



052 



* Called the gravitationdl constarU. Its value is 

6.5 X 10-8 cm» sec-» gr-h 
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Henee » 

a 

The result may be written in the form 

ab ' 

and thus it appears that the rod attracts with the same force 
as a particle of like mass situated, not at the centre of gravity 
of the rod, but at a distance from m equal to the geometric 
mean of the distances a and h of the ends of the rod. 

Secondly, suppose the particle were situated in a perpen- 
dicular bisector of the rod. Divide the rod as before and 
consider the attraction of the A:-th segment. We must now, 
however, resolve this force into two components, one perpen- 
dicular, the other parallel to the rod. The latter compo« 
nents annul each other for reasons of symmetry, and it is 
only the sum of the former that we need consider further. 
We may confine ourselves, moreover, to half the rod and 
multiply the final result by 2. Let half the rod be divided 
as shown in the figure, and let the component of the attrac- 
tion due to the fc-th piece be denoted by AJP'^. Then 

iT^^os <^^, < Ai^, < ^^ cos <^„ 

and hence we infer by the usual method of 
reasoning that 



r 

F^Kmp I 



cos <h dx y ■**♦! 
r — • . ,^ ^*'^M 



Here r^^h^-^oi^y cqs<j>= -' , ^k * 

and so we have, for the total attraction, 

dx 



A = 2F=:2Kmph 






+ a?2)i 



Fio. 107 
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From Peirce's Tables^ Formula 138, 

dx X 



s 



and consequently 



^^2.gmp^ 



a; 



VA2 + a;2 



_ 2Kmpa __ ^ _ mJtf 



EXERCISES 

Compute the following attractions. 

1. A rod whose density varies as the distance from one of 
its ends, on a particle in its own line. 

{b-^ayl ^a b J 

2. A semi^sircular wire, on a particle at its centre. 

2KmM 



Ans. 



ira^ 



3. The same wire, on a particle in the circumference situated 
symmetrically as regards the wire, and not on the wire. 

Am. El^log^^. 

4. A circular disc, on a particle in the perpendicular to the 
disc at its centre. . 2EmM r^ h 1 

5. A rod AB, on a particle situated at in a perpendicular 
OB at one end. 

Ans. A force of ^^^^ sm iAOB, making an 

angle of ^-4 0-B with OB. 

6. A rectangle, on a particle in a parallel to two of the sides 
through the centre. 

7. A homogeneous hemispherical shell on a particle at the 
centre. 

For further simple problems in attraction cf. Peirce, New- 
tonian Potential Function. 
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19. Extenaion of the Definition of a Definite Integral In lay- 
ing down the definition of the definite integral as the limit 
of the sum (1) or (3) or (5) in § 2, we assumed that a is less 
than b: a < 6. The definition can, however, be extended, 
without modification in its form, to the case that b is less than 
a. We now have the interval b ^ a? < a, and we divide it as 
before by the points a^ = a, aji, aj2, ••• , a?^ = 6 into n subintervals. 

Let 5_a 

Aa? = , or Aaj;^ =: x,^^i — Xj,, 

n 

Then Aa?, or Axj^, will be negative; its numerical value will 
still be the length of the subinterval in question. We will 
assume, to begin with, that/(a;) is positive. Each of the sums 
(1), (3), and (6) of § 2 will . now approach — ^ as its limit. 
We define the definite integral as the limit of any one of these 
sums, and thus & 

I f(x) dx=: — A. 

a 

On the other hand, by § 3, 

a 

A==ff{x)dx, 

the present a and b being respectively the b and a of that 
paragraph. Hence we see that 

h a 

(1) ff(x) dx =: - Cfix) dX. 

This relation is obviously also true when a is less than 6. 
Finally, if 6 is very near to a, the integral is numerically 
very small, and we see that 



lim I f(x)dx=sO. 



It is, therefore, natural to lay down the definition : 

f(x)dx = 0. 



S' 
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Let /(a;) be continuotLS in the interval €t<x<Pj and let 
a, by and c be any three points of this interval. Then it is 
readily shown that 

I e b 

(2) J'fix)dx=ff{x)dx+ff{x)dx, 



or 
(3) 



ft • a 

ffip)dx-^ jf(x)dx-^ //(aj)da? = 0. 
• » « 



If /(a?) is negative, we shall understand by A the negative of 
the area bounded by the curve, the axis of x, and the two ex- 
treme ordinates. ltf{x) changes sign, we shall mean by A the 
algebraic sum of the areas which lie above the axis of Xy taken 
positively, and the areas which lie below that axis, taken nega- 
tively. The definite integral is defined as before, as the limit 
approached by the sum (1), (3), or (6) of § 2, or the correspond- 
ing sum formed for the case of this paragraph. The relations 
(1), (2), and (3) of this paragraph continue to hold. Moreover, 
the Fundamental Theorem of the Integral Calculus, § 3, con- 
tinues to hold for the extended definition. 

Example. Consider the integral : / sin xdx. Geometrically, 

it represents the algebraic sum of two arches of the sine curve, 
one taken as positive, the other as negative. Its value is there- 
fore 0. 
Now, evaluate by means of the indefinite integral : 



u-^ 



sin xdx \ == — cos X 



2ir 

= 0, 





and the residts agree. 



20. Work Bone by a Varia,ble Foree. If a force, F\ constant 
in magnitude and always acting along a fixed line AB in the 
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same sense, be applied to a particle,* and if the particle be dis- 
placed along the line in the direction of the force, the work 
done by the force on the particle is defined in elementary phys- 
ics as W=FL F. 

~1 P"""^ 2""" 

where I denotes the distance through 

which the particle has been displaced. 

Suppose, however, that the force is variable, but varying con- 
tinuously and always acting along the same fixed line. How 
shall the work now be defined ? 

Let a coordinate be assumed on the line; i,e, think of the 
line as the axis of x. Let the particle be displaced from 
A:x = a to B\x=sb, and let a < 6. Let jP, to begin with, al- 
ways act in the direction of the positive sense along the axis. 
-Tlien „ ^, , 

where f{x) denotes a positive continuous function of x. 

Divide the interval (a, b) up into n equal parts by the points 
a?i, X2, ••• , «„_!, and let Xq = a, x^= b. Then, if 

«*+i - a* = Aa; = (6 - a)/n, 

the work, ATT^, done by the force in displacing the particle 
through the A;-th interval ought, in order to correspond to the 
general physical conception of work, to lie between the quan- 

*'*'^^ FlAx and Fl'^x, 

where Fl and FH denote respectively the smallest and the 
iargest values of /(a?) in this interval.** We have, then: 

(1) jPjJ Aaj < ATF^ < i^^J' Aa;. 

* Or, more generally, to one and the same point P of a rigid or de- 
f ormable material body. 

** This statement is pure physics. It is the physical axiom on which 
the generalization of the definition of work is based. More precisely, it is 
one of two physical axioms, the other being that the total work, W, for 
the complete interval is the sum of the partial works, ATF*, for the sub- 
intervals- 
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On writing oat the double inequality (1) for A; = 0, 1, •-, 
n— 1 and adding the n relations thus resulting together, we 
find that Tr= SATF^ lies between the two sums 

(2) F'o^x 4- Fi^x 4- — + Fi,i^ 

(3) Fi;^x + F['Ax+ ... +FU^i^. 
Each of these sums suggests the sum 

(4) /(a\,)Aaj-|-/(a?i)Aaj+ ... +f(x^{)/^, 
whose limit is the definite integral, 

(5) lim [/(xo) Ax + f{x^) Aa? + . • • +f{x^x) Aa?] = Cf{x) dx. 

a 

That TT is in fact equal to this integral : 

(6) W^Jf(x)dx, 

follows from DuhamePs Theorem if we set 

«,=/(«,) Ax, /8, = ATn. 

For then rrr ,> ,> 

= lim[/3o + /3i4- - 4-/3^i], 
and on dividing (1) through by a^, we have 

Hence 

lim^=l, 

and all the conditions of the theorem are satisfied. 

If the force F acts in the direction opposite to that in which 
the point of application is moved, we extend the definition and 
say that negative work is done. For the case that F is con- 
stant, the work is now defined as follows ; 

(7) W=^F{b-a). 
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Here, Pis to be taken as a negative number equal numerically 
to the intensity of the force. 

Thus (7) is seen to hold in whichever direction the force 
acts, provided that a<h. Will (7) still hold if 6<a? It 
will. There are in all four possible cases .- 

In cases (t) and (it) the force overcomes resistance, and posi- 
tive work is done. In cases (m*) and (iv) the force is over- 
come, and negative work is done. Hence (7) holds in all cases. 
It is now easy to see how the definition of work should be 
laid down when F varies in any continuous manner. The 
considerations are precisely similar to those which led to 
equation (6), and that same equation is the final result in this, 
the most general, case : 



W=Jf{x) 



dx. 



Example. To find the work done in stretching a wire. 
Let the natural (or unstretched) length of the wire be Z, the 
stretched length, V, Then the tension, T, is given by Hookers 

Law: 

Z'— / 

where X is independent of I and Z', and is known as Young's 
Modvlus. 

Let the wire, in its natural state, lie along the line OA, and 
let it, when stretched, lie along OB, OP being an arbitrary 
intermediate position. Let x be measured from A, and let 
a? = ^ at -B. Then _ 

X '^- r n > J. ■ 



T = X- A P B 

^ Fia. 109 



and 



^=/^T*'=f/"^-f- 
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EXERCISES 

1. Assuming the sun to attract with a force inversely pro- 
portional to the square of the distance from its centre to the 
particle, find the work done by the sun on a meteor when the 
latter moves along a straight line passing through the centre 
of the sun, from an initial distance i^ to a final distance r. 

2. A uniform rod attracts a particle in its own line. Find 
the work done when the particle moves along a segment of 
the line, which has no point in common with the rod. 

3. The corresponding exercise for the rod of Ex. 1, § 18. 

4. A hole is bored through the centre of the earth. It can 
be shown that the force of attraction at any point of the hole 
is proportional to the distance from the centre. A stone 
weighing 1 lb. is dropped into the hole. Find the work done 
when it reaches the centre. 

21. Mean Values. Let the function y =^f{x) be continuous 
in the interval a<,x<h. Divide the interval into n equal 
parts by the points aj© = a, aji, ajg, ••• , «„ = 6 and let y^ =:f(xj^. 
The average, or meariy of the n values yo, yi, •••, y^i is 

n 

Let n increase without limit. Then B^ approaches a limit, 
By which can be found as follows. Let Aa? = (6 — a)/n and 
write B^ in the form : 

^ _ yoAa?4-.ViAa;+ -" 4-yn-i^a^ , 

b — a 

Then 

lim[2foAa; + 2/iAaj+ ... +y^_iAx] 

limB^=:^^ ; 

•« * b — a 

The value of the numerator is the definite integral of the 
function y. Hence X 

I mdx 

ri) B=*^ 

b — a 
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This limit, By is called the mean value of the function f(x) 
for the interval (a, b). It obviously lies between the largest 
and the smallest values of the function. Since f{x) is con 
tinuous, there will be at least one value X of a; in the interval 
(a, 6), for which f(x) is equal to B : 

Equation (1) can now be written in the form 

(2) fAx)dx = (b- o)/(X), a<X<b. 

a 

This equation is known as the Law of the Mean for inte- 
grals. Geometrically, equation (2) says that the area under 
the curve is equal to the area of a rectangle having the same 
base and a suitably chosen altitude in- 
termediate between the largest and the 
smallest ordinate in the interval. 

Equation (2) can also be written in 
the form 

(3) lf(x)dx=hf{a + eh), 0<^<1. 



B 








a X 
Fig. 110 



Here, /i = 6 — a and ^ is a suitably chosen number intermedi- 
ate between and 1. 

Remark. It should be observed that the average value of 
the ordinates of a curve in general changes when a new inde- 
pendent variable is introduced. Thus for the quadrant of a 

the mean value, when x is taken as the independent variable, is 

But if the angle at the centre is taken as the independent 
variable, the coordinates of a point on the circle being ez* 
pressed in the form : 

osssasin^, ^ = acos0. 
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v 



EXERCISES 

1. Find the mean value of the positive ordinates of the 
parabola ^^ = 2 ma; between the vertex and the latos rectum^ 
when X is taken as the independent variable. Ans. ^m^ 

2. The same, when y is taken as the independent variable. 

Ans. \m» 

3. Show that the average of the n -|- 1 ordinates yo> yi> ••• > 2^» 
approaches the same limit, B, when n becomes infinite, as was ob- 
tained by considering only the first n y's, namely, yo^yw'y Vn-x* 

22. Nomerical Computation. Simpson's Bnle. If we wish 
actually to compute the area under a curve numerically, we 
can make an obvious improvement on the method of inscribed 

rectangles by using trape- 
zoids, as shown in Fig. 11 1. 
We begin as before by di- 
viding the interval (a, h) 
into n equal parts, and we 
denote the length of each 
part by h. The area of the 
A>-th trapezoid is 




Fig. Ill 



and hence the approximation thus obtained is 

^1 = [l(yo + y») 4- {Vi + 3^2 4- — + y-i)] A. 

It is obviously the arithmetic mean of the sum of the areas of 
the inscribed, and that of the circumscribed, rectangles. 

This formula is known as the Trapezoidal Rule. If the curve 
is concave downward, as in Fig. Ill, Ai is too small. 

Again, if we take n as an even integer and draw tangents skt 
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the points (o^, yi), (a?,, ya),-- {x^i y^i), we get some trapezoids, 
as shown in the figure, the area of any one being 2y^h, where 
k is odd. Hence 



At = 2h[yi + y, 4- — + y^i"] 
is an approximation which is too large, and itj^i ^ $fi^ 

Ai<A<A2. 



i 



If the cnrve is concave upward, the inequalities Fia. 112 
must be reversed. 

Finally, a still closer approximation may be obtained by 

using arcs of parabolas instead of straight lines. If we make 

the parabola 

y = a + 6(ic — ajjk) -I- c(a5 — Xj^^ 

go through three successive points, (a?*_i, y*-i), (a*, y^), 
(Xt^i, Pj^i), it will follow the arc of the curve more closely in 
between than the broken lines or the tangents of the preceding 
approximation do."* Now the area under the parabolic arc is 

I [p,-{- b(x — Xj,) + c(x — a*)^]daj = 



ax 



+ 6(2.^^ + c^=l^"*"* = 2aA + 2#?, 



-j-» 



2 ■ 3 

and it remains to determine a and c from the above conditions : 

« = «*, y* = cf; 

x = x^-{-hy y^i ss a -{■ bh -{■ ch^ ; 

x^x^ — h, y^i z=a — bh + ch\ 

Hence a = y*, 2 c^2 — ^/j^.! — 2^^ -f y^^i. 

* The statement is based on the assumption that the curve is smooth, 
and not crinkly. More precisely, if the function /(z) and its derivatiyes 
of the first four orders are continuous, and if the fourth derivative is 
numerically '^M throughout the interval, the error will not exceed 

(6~a)8Jf 
46n4 

Proof by means of Taylor's Theorem with the Bemainder. Chapter 
XIV, § 22. 
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Thus the area under the parabolic arc is seen to have the 

Adding these areas for A; = 1, 3, ••• n— 1, we get a new ap 
proximation : 

^8 = i^[yo+yn+2(y2+y4-f — yn-2) + 4(^1 + ^8 + — +y»-i)J. 

This formula is known as Simpson's Bule. 
If we set u = yo + y«, 

i' = yi + y8 + — H-^n-i, ^ = 2^2 + ^4 + ... +y^t, 

we have : Ai^s ^h(u + 2v -^ 2w), A%== 2hVy 

^, = |A(tt + 4v + 2M;). 

It turns out that A^ = \Ai + \Aj^' 

% 
Example,* Consider / — > and let n = 10. Then A =s .1 and 



/?• 



u = 1.6, V = 3.459 639 4, to = 2.728 174 6. 
Hence A^ = .693 771, ^2 = .691 908, A^ = .693 150. 
The value of the integral is (Tables^ p. 109) : 

log 2 = .693 147. 

Thus Ai differs from the true value by less than 7 parts in 
about 7000, or one tenth of one per cent. -^2 differs by about 
12 parts in 7000 ; while -^g is in error by less than 3 parts in 
600,000, or 1 part in 200,000. 



EXERCISES 
1 

1. Compute 1 6'(2a;, taking n = 10, and compare the result 



/ 



with that obtained by integration. Note the tables on pp. 
120, 121 of the Tables. 

* These figures are taken from Gibson's Elementary Treatise on tht 
CalculiLS, p. 331, to which the student is referred for further examples. 
A more extended treatment of the subject of this paragraph will be found 
in Goursat-Hedrick. Mathematical Analysis, vol. 1, § 100. 
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2. Compute ' 



/ 



Vl + a* 

3. Obtain an approximate formula for the volume of a cask 
whose bung diameter is a, head diameter b, and length I. 

Atis. ^7rZ[8a2 + 4a6 + 362]. 

4. Solve the preceding problem, using an ellipse as the gen- 
erating curve. Arts. -^vl[2a^ -f ft*]. 

6. If, in questions 3 and 4, a is only slightly greater than 6, 
tihe formula may be replaced by the simpler one : 

iraZ(a4-26) 
12 



CHAPTER XIII 

MECHANICS 

1. The Laws of Motion. The discoyery of the Calcalus 
opened the way to a clear insight into the rudimentary prin- 
ciples of physics, regarded as a quantitative science. In theory 
the simplest and, for the further deyelopments, the most im- 
portant branch of physics is Mechanics,* the laws of which 
find their expression and the appreciation of their meaning in 
the concepts and the methods of the Calculus. 

Sir Isaac Newton (1642-1727), who with Leibniz founded 
the Calculus, formulated three laws governing the motion of a 
body. They are as follows : 

FiBST Law. A body at rest remains at rest and a body in 
motion moves in a straight line with unchanging velocity, unless 
some external force acts on it. 

Second Law. The rate of change of th^ momentum of a 
body is proportional to the resultant external force that a^ts on 
the body. 

Third Law. Action and reaction are equal and opposite. 

By a body is here meant any rigid material distribution 
which is moving without rotation, as, for example, a freight car 
moving along a straight track, if the rotary motion of the 
wheels be neglected. It is often convenient to think of the 
mass as concentrated in a single point ; i.e. to think of the 
body as replaced by a material particle, on which the same 
forces act. Moreover, as regards force, the conception is no 
more abstract than that of a push or a pull. 

* It is customary in physics to take geometry for granted, as if it were 
a branch of mathematics. But in substance geometry is the noblest 
branch of physics. 

348 
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The meaning of the Pirst and the Third Law is obvious. In 

the Second Law the momentum of the body is to be understood 

as the product of its mass by its velocity, mv. And since, in 

the vast majority of cases which we meet in practice, the mass 

is constant, we have 

» d(mv) dv 

dt dt 

Kow the rate at which the velocity changes, dv/dt, is what we 
commonly call acceleration, — we will denote it by a ; — and 
hence the Second Law may be expressed as follows : 

The mass timss the acceleration is proportional to the force : 

(1) ma QC f or ma = \f. 

The factor A. is a physical constant. Its value depends on 
the units used. If these are the English units : foot, pound 
(mass), second, and pound (force), A has the value 32. Hence 
equation (1) becomes : 

(2) ma = 32/. 

__ /1 9 til) iJ^ s 

Furthermore, since t; = — , we have -- = -—-. Thus 

' dt' dt dt^ 

(3) «=f|- 
Equation (2) now takes on the form : 

(4) mf = 32/. 

In applying the Second Law we are to regard a force which 
tends to increase s as positive, one that tends to decrease s as 
negative. 

If forces oblique to the line of motion act on the body, each 
one must be broken up into a component along the line of 
motion and one perpendicular to this line. The latter compo- 
nent has no influence on the motion ; the former component 
tends to produce motion. The force / of Newton's Second 
Law is obtained, when several forces act simultaneously, as 
the algebraic sum of all forces and components of forces along 
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the line of motion, taken positive when they tend to increase 
«, negative in the other case. We repeat that the body is 
thought of as moving without rotation and may, therefore, be 
conceived as a particle. 

Finally, we will deduce a new expression for the accelera- 
tion* Starting with the obviously true equation 

dv^dvds 
dt dsdt 

we replace ds/dt by its value, v. Hence 

(5) a = i7 — • 

d8 

The student should have dearly in mind these three forms 
for a: 

/a\ dv d^s ^dv 

^ ^ " dt'^ dt^" ds 

Which one it is best to employ in a given case will become 
clear from the later examples. 

Example 1. A freight train weighing 200 tons is drawn by 
a locomotive that exerts a draw-bar pull of 9 tons. 6 tons of 
this force are expended in overcoming frictional resistances. 
How much speed will the train have acquired at the end of a 
minute, if it starts from rest? 

. -, - Here we have 

» V -^ m = 200 X 2000 = 400,000 lbs., 

*FiQ. 113 /= 9 X 2000 - 5 X 2000 = 8000 lbs.* 

and hence equation (2) becomes 

400,000 — = 32 X 8000, 
dt 

dv 16 
or — = — • 

dt 25 

* The student must distinguish carefully between the two meanings of 
the word pound, namely (a) a mass, and (6) o, force; — two totally differ- 
ent physical objects. Thus a pound of lead is a certain quantity of matter. 
If it is hung up by a string, the tension in the string is a pound of force- 
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Integrating with respect to t, we find : 

Since v = when t = 0, we must have C7 = 0, and hence 

At the end of a minute, t = 60, and so 

V = ^ X 60 = 38.4 ft. per sec. 

To reduce feet per second to miles per hour it is convenient 
to notice that 30 miles an hour is equivalent to 44 ft. a second, 
as the student can readily verify ; or roughly, 2 miles an hour 
corresponds to 3 ft. a second. Hence the speed in the present 
case is about two-thirds of 38.4, or 26 miles an hour. 

Example 2. A stone is sent gliding over the ice with an 
initial velocity of 30 ft. a sec. If the coeflB.cient of friction 
between the stone and the ice is ^, how far will the stone go ? 

Here, the only force that we take account of is the retarding 
force of friction, and this amounts to ^ m 

one-tenth of a pound of force for every 




pound of mass there is in the stone. 

Hence, if there are m pounds of mass 

in the stone the force will be ^m lbs.,* and since 4t tends to 

decrease 5, it is to be taken as negative : 



ma^ 



='^(-S) 



« = -¥• 

Now what we want is a relation between v and s, for the 
question is : How far (s = ?), when the stone stops (v = 0) ? So 
we use the value (5) of a and thus obtain the equation : 

^dv^_16 
ds 5' 

or vdv = — ^ds. 

♦ The student should notice that m is neither a mass nor a force, but a 
number, like all the other letters of Algebra, the Calculus, and Physics, 
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Hence t^-^g + C. 

2 5 

To determine C we have the data that, when « = 0, « ^ 30; 

hence, since in particular the equation must hold for these 

values, 302 ^ ^ ^ .^^ 

' ^=0-|-(7, C7=450, 

and v2 = 900 — Jy^a. 

When the stone stops, v = 0, and we have 

= 900 - ^5, « = 141 ft. 

EXERCISES* 

1. If the train of Example 1 was moving at the rate of 4 m. 
an hour when we began to take notice, how fast would it be 
moving half a minute later ? Give a complete solution, begin- 
ning with drawing the figure. 

Ans. About 24 m. an h. ; precisely, 24^ m. an h. 

2. A small boy sees a slide on the ice ahead, and runs for it 
He reaches it with a speed of 8 miles an hour and slides 15 
feet. How rough are his shoes, i.e. what is the coefficient of 
friction between his shoes and the ice ? Ans. fi = .15. 

3. Show that, if the coefficient of friction between a sprin- 
ter's shoes and the track is ^, his best possible record in a 
hundred-yard dash cannot be less than 15 seconds. 

4. An electric car weighing 12 tons gets up a speed of 15 
miles an hour in 10 seconds. Find the average force that acts 
on it, I.e. the constant force which would produce the same 
velocity in the same time. 

* It is important that the student should work these exercises by the 
method set forth in the text, beginning each time by drawing a figure and 
marking (i) the force, by means of a directed right line, or vector, drawn 
preferably in red ink ; and (it) the coordinate used, as s or as, etc. He 
should not try to adapt such formulas of elementary physics as 

to present purposes. For, the object of these simple exercises is to pre- 
pare the way for applications in which the force is not constant, and here 
the formulas just cited do not hold. 
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5. In the preceding problem, assume that the given speed is 
acquired after running 200 feet. Eind the time required and 
tlie average force. 

6. A train weighing 500 tons and running at the rate of 30 
miles an hour is brought to rest by the brakes after running 
600 feet. While it is being stopped it passes over a bridge. 
!Find the force with which the bridge pulls on its anchorage. 

Ans. 25.2 tons. 

7. An electric car is starting on an icy track. The wheels 
skid and it takes the car 15 seconds to get up a speed of two 
miles an hour. Compute the coefl&cient of friction between the 
wheels and the track. 

2. Absolute Units of Foroe. The units in terms of which we 
measure mass, space, time, and force are arbitrary. If we 
change one of them we thereby change the value of \ in New- 
ton's Second Law, (1). Consequently, by changing the unit of 
force properly, the units of mass, space, and time being held 
fast, we can make A = 1. Hence the 

Definition. The absolute unit of force is that unit which 
makes X = 1 in Newton's Second Law of Motion, (1) : * 

(7) ma^f. 

* We have already met a precisely similar question twice in the Cal- 
culus. In differentiating the f miction sin x we obtain the formula 

D^pSinx = cosx 

only when we measure angles in radians. Otherwise the formula reads 

Djf sin X = X cos x. 

In particular, if the unit is a degree, X = ir /180. We may, therefore, de- 
fine a radian as follows : The absolute unit of angle (the radian) is that 
unit which makes X = 1 in the above equation. 
Again, in differentiating the logarithm, we found 

2),logaX=(logae)-. 

X 

This multiplier reduces to unity when we take a = e. Hence the defini- 
tion : The absolute (natural) base of logarithms is that base which makes 
the multiplier logaC in the above equation equal to unity. 
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In order to determine experimentally the absolute unit of 
force, we may allow a body to fall freely and observe how far 
it goes in a known time. Let the number g be the number of 
absolute units of force with which gravity attracts the imit of 
mass. Then the force, measured in absolute units, with which 
gravity attracts a body of m units of mass will be rrvg, Newton's 
Second Law (7) gives for this case : 



m— - = 
dt 


= mgy hence 


dv 
dt 


9> 


V: 


= 5r«+(7, 


(7=0; 






v = ^' = gt 
dt ^ 


} 




5 = 


'- W + A', 


K^O, 





and we have the law for freely falling bodies deduced directly 
from Newton's Second Law of Motion, the hypothesis being 
merely that the force of gravity is constant. Substituting in 
the last equation the observed values s == S, t = T, we get : 

If we use English units for mass, space, and time, g has, to 
two significant figures, the value 32, i.e. the absolute unit of 
force in this system., & poundal, is equal nearly to half an ounce. 
If we use c.g.s. units, g ranges from 978 to 983 at different 
parts of the earth, and has in Cambridge the value 980. The 
absolute unit of force in this system is called the dyne. 

Since g is equal to the acceleration with which a body falls 
freely under the attraction of gravity, g is called the accelera- 
tion of gravity. But this is not our definiton of gr ; it is a 
theorem about g that follows from Newton's Second Law of 
Motion. 

The student can now readily prove the following theorem, 
which is often taken as the definition of the absolute unit of 
force in elementary physics j The absolute unit of force is that 
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force which, acting on the unit of mass for the unit of time, 
generates the unit of velocity.* 

Incidentally we have obtained two of the equations for a 
freely falling body : 

The third is found by setting a = vdv/ds and integrating : 

dv 
"d; = ^' 

v^ = 2gs. 

Example. A body is projected down an inclined plane 
with an initial velocity of Vq feet per second. Determine the 
motion completely. 

The forces which act are : the component of gravity, mg sin y 

* Newton's Second Law can be written in the form : 

4=«, or ^a=f, 
W g g 

where IT denotes the weight of the body, i.e. the force with which gravity 
attracts it ; this force being measured in pounds or grammes or dynes or 
any other unit. This form of the Law has the advantage that it holds 
alike for gravitational and for absolute units of force, provided merely 
that / and W are both measured in terms of one and the same unit of 
force ; and hence, in particular, the introduction of the absolute unit of 
force is rendered unnecessary. Moreover, this form is considered by 
some to be fool-proof with reference to the question of "when to put in 
and when to leave out g.^^ It has the disadvantage of eliminating the 
conception of mass from mechanics. The f imdamental units of physics 
are length, time, and mass ; and it replaces them by length, time, and 
force. Thus the student fails to secure the training which will enable him 
to understand the standard treatises in physics and the classical treat- 
ment of mechanics by the masters of the science. He furthermore misses 
an opportunity to learn to dominate his units in physics, without which 
power he cannot hope to apply the results of physics contained in the 
literature of that science to the practical problems of engineering and 
the arts. 
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absolute units, down the plane, and the force of fricti(m, 
IjlR ss fitng cos y up the plane. Hence 

ma = mg sin y — fimg cos y 



or 



dv 

~ = gr sin y — /x^ cos y. 



Integrating this equation, we get 

v = gf(siny — fi coay)t + C, 
Vo=z -f C, 




(A) V = ^ = 5^(8111 y - ft cos y)^ + tv 



Fio. 115 



A second integration gives 

(B) 8 = ^gf (siny — fx cos y)t^ + Voi, 

the constant of integration here being 0. 

To find V in terms of s we may eliminate t between (A) and 
(B). Or we can begin by using formula (5) for the acceleration : 

dv / ' X 

'y--=gr(smy — /xcosy), 

OS 
^V2=s^(siny — fiC0Sy)5 + Ky 

i^ = 2g (sin y — /x cos y) » + vj. 



EXERCISES 

1. If, in the example discussed in the text, the body is pro* 
jected up the plane, find how far it will go up. 

2. Determine the time it takes the body in Question 1 to 
reach the highest point. 

3 Obtain the usual formulas for the motion of a body pro- 
jected vertically ; 

v2 = 2^« + vj or = — 2gf« + t;J; 

v = gt-{-VQ or = — grf-fvo; 

8 = Jgrf2 -f Vq^ or =s — fo^ + v4o 
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4. On the surface of the moon a pound weighs only one-sixth 
as much as on the surface of the earth* If a mouse can jump 
up 1 foot on the surface of the earth, how high could it jump 
on the surface of the moon ? Compare the time it is in the air 
in the two cases, if the moon had an atmosphere. 

6. A block of iron weighing 100 pounds rests on a smooth 
table. A cord, attached to the iron, runs over a smooth pulley 
at the edge of the table and carries a weight of 15 pounds, 
which hangs vertically. The system is released with the iron 
10 feet from the pulley. How long will it be before the iron 
reaches the pulley, and how fast will it be moving ? 

Ana. 2.19 sec. ; 9.1 ft. a sec. 

6. Solve the same problem on the assumption that the table 
is rough, /x = ^, and that the pulley exerts a constant retard- 
ing force of 4 ounces. 

7. Regarding the big locomotive exhibited at the World's 
Pair in 1905 by the Baltimore and Ohio Railroad the Scientific 
American said ; " Previous to sending the engine to St. Louis, 
the engine was tested at Schenectady, where she took a 63-car 
train weighing 3,160 tons up a one-per-cent. grade." 

Find how long it would take the engine to develop a speed 
of 15 m. per h. in the same train on the level, starting from 
rest, the draw-bar pull being assumed to be the same as on the 
grade. 

8. If Sir Isaac Newton registered 170 pounds on a spring 
balance in an elevator at rest, and if, when the elevator was 
moving, he weighed only 169 pounds, what inference would he 
draw about the motion of the elevator ? 

9. What does a man whose weight is 180 pounds weigh in 
an elevator that is descending with an acceleration of 2 feet 
per second per second ? 

3. Elastic Strings. When an elastic string is stretched by a 
moderate amount, the tension, T, in the string is proportional 
to the stretching, i.e, to the difference, s, between the stretched 
and the unstretched length of the string : 
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(1) Toes, or r=A», 

where A; is a physical constant, whose value depends both on 
the particular string and on the units employed. 

Suppose, for example, that a string is stretched 6 in. by a 
force of 12 lbs. ; to determine k. If we measure the force in 
gravitational units, i.e. pounds, then 

T==12 when 8 — \. 

Hence, substituting these values in equation (1), we have : 

12 = A; J, or A: = 24, 

(2) r=245. 

If we had chosen to measure the force in absolute units, i.e. 
poundals, then, since it takes (nearly) 32 of these units to make 
a pound, the given force of 12 pounds would be expressed as 
(nearly) 12 x 32, or precisely 12gr, poundals. Hence^ substitut- 
ing the present value of the force in (1), which, to avoid con- 
fusion, we will now write in the form : 

r' = A;'«, 

we have : 12g = k^\ or W = 24^, 

(3) T = 24^5. 

When the string is stretched 1 in., s = ^, and the tensioD 
as given by (2) is T = 2, i.e. two pounds. Formula (3), on the 
other hand, gives 2gr, or 64 (nearly) as the value of the tension, 
expressed in terms of poundals, and this is right ; for it takes 
64 half-ounces to make 2 pounds, and so we should have 

* It is easy to check an answer in any numerical case. The student 
has only to ask himself the question : " Have I expressed my force in 
pounds, or have I expressed it in terms of half-ounces?^^ Just as five 
dollars is expressed by the number 5 when we use the dollar as the unit, 
but by the number 500 when we use the cent, so, generally, the amaller 
the unit, the larger the number which expresses a given quantity. 
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The law of strings stated above is familiar to the stadent in 
the form of Hookers Law : 

Z'— Z 

V 

where I is the natural, or unstretehed, length of the string, and 
I'y the stretched length ; the coefficient E being Young's Mod- 
ulus. For a given string, E/l = A; is constant, and Z' — Z = « is 
variable. 

EXERCISES 

1. An elastic string is stretched 2 in. by a force of 3 lbs. 
Pind the tension (a) in pounds ; (b) in poundals, when it is 
stretched 5 ft Ana, (a) !r=18«; (b) T = IS gs. 

2. When the string of Question 1 is stretched 4 in., what is 
the tension (a) in terms of gravitational units ; (6) in terms of 
absolute units ? Ans, (a) 6 pounds ; (b) 192 poundals. 

3. An elastic string is stretched 1 cm. by a force of 100 grs. 
Find the tension (a) in grs. ; (6) in dynes, when it is stretched 
s cm. Ans. (a) 100« ; (6) 98,0005. 

4. One end of an elastic string 3 ft. long is fastened to a 
peg at A, and a 2-pound weight is attached to the other end. 
The weight is gradually lowered till it is just supported by 
the string, and it is found that the length of the string has 
thus been doubled. Find the tension in the string when it is 
stretched s ft. Ans. ^s lbs. ; ^a poundals. 

4. A Problem of Motion. One end of the string considered 
in the text of § 3 is fastened to a peg at a point O of a smooth 
horizontal table ; a weight of 3 lbs. is attached to the other end 
of the string and released from rest on the table with the 
string stretched one foot. How fast will the weight be mov- 
ing when the string becomes slack ? 

The weight evidently describes a straight line from the 
starting point. A, toward the peg O, and we wish to know its 
velocity when it has reached a point B, one foot from A. 
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The solution is based on Newton's Second Law of Motion 
It is convenient here to take as the coordinate, not the dis- 
tance AP that the particle has travelled at any instant, but 
its distance 8 from B, The force which acts is the tension of 
the string ; measured in absolute units it is 24 ^9. Since it tends 

to decrease s, it is negative. 

;;; tr^ — ;; — i Hence Newton's Law becomes; 

B » P A 

Fig. 116 /?2o 

(1) 3^ = -24as. 

To integrate this equation, replace --- by its value v—-: 

dt^ ds 

(2) v^ 8^8. 

Hence vdv = — Sgads, 

I vdv = — 8^ I sdSf 

(3) t = -ig^ + a 

To determine C, observe that initially, i,e. when the par- 
ticle was released at -4, v = and « = 1. Hence 

0=-4^4-C7, = 4^, 

and (3) becomes 
(4) v2^8^(l-«2). 

We have now determined the velocity of the particle at an 
arbitrary point of its path, and thus are in a position to find 
its velocity at the one point specified in the question proposed, 
namely, at B. Here, « = 0, and 

v2|..o = 8^ = 8 X 32, v\^ = 16 (ft. per sec.) 

EXERCISES* 

1. The weight in the problem just discussed is projected 
from B along the table in the direction of OB produced with a 

• In the following exercises and examples, it will be convenient to take 
the value of (7 as exactly 32 when English units are used. 
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velocity of 8 ft. per sec. Find how far it will go before it be- 
gins to return. 

Ans. Newton's equation is the same as before, and 
the integral, (3), is the same ; but initially « =s 
and v=sS. Hence C7 =3 32, and the answer is 6 
inches. 

2. If, in the example worked in the text, the table is rough 
and the coefficient of friction, /x, has the value ^, how fast will 
the body be moving when it reaches B ? 

Ans. Newton's equation now becomes : 

3^* 249s + i.3gr, 

and the answer is : 4 Vl5 = 15.49 ft. per sec. 

3. Solve the problem of Question 1, for a rough table, /x = ^. 

Ans. The required distance is the positive root of 
the equation 16«2 + « — 4 =a 0, or « = .4698 ft., — 
about 5f in. 

4. Find where the weight in Question 2 will come to rest 
if the string, after becoming slack, does not get in the way. 

5. The 2 lb. weight of Question 4, § 3, is released from rest 
at a point B directly under the peg A and at a distance of 3 ft. 
from A ; the string thus being taut, but not stretched. Find 
how far it will fall before it begins to rise. Ans. 6 ft. 

6. If, in the last question, the weight is dropped from the 
peg at Ay find how far it descends before it begins to rise. 

Ans. To a distance of 6 + 3 V3 = 11.196 ft. below A. 

7. If the weight in the last two questions is carried to a 
point 7 ft. below A and released, show that it will rise to a dis- 
tance of 5 ft. below A before beginning to fall. 

8. If, in the last question, the weight is released from a 
point 10 ft. below A, show that it will rise to a height of 1 ft. 
and 10 in. below A. 

9. The string of the example studied in the text of § 3 is 
placed on a smooth inclined plane making an angle of 30^ with 
the horizon, and one end is made fast to a peg at ^ in the 
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plane. If a weight of 1^ lbs. be attached to the other end oi 
the string and released from rest at A, find how far down the 
plane it will slide. Assume the nnstretched length of tlie 
string to be 4 ft. 

10. The same question if the plane is rough, /li = ^ V3. 

11. A cylindrical spar buoy (specific gravity \) is anchored 
so that it is just submerged at high water. If the cable should 
break at high tide, show that the spar would jump entirely out 
of the water. 

Assume that the buoyancy of the water is always just equal 
to the weight of water displaced. 

12. A particle of mass 2 lbs. lies on a rough horizontal table, 
and is fastened to a post by an elastic band whose unstretched 
length is 10 inches. The coefficient of friction is ^, and the 
band is doubled in length by hanging it vertically with the 
weight at its lower end. If the particle be drawn out to a dis- 
tance of 15 inches from the post and then projected directly 
away from the post with an initial velocity of 5 ft. a sec, find 
where it will stop for good. 

5. Continuation ; the Time. The time required by the body 
whose motion was studied in § 4 to reach the point B can be 
found as follows. From equation (4) we have : 

(5) >u = ^ = ± V8^ Vn^2. 

dt 

Since 8 decreases as t increases, ds/dt is negative, and the lower 
sign holds. Replacing VSgr by its value, 16, we see that 



ds 



a 



(6) -= - 16vT^=l 

^ ^ dt 

This differential equation is readily solved by separating the 
variables^ Le, by transforming the equation so that only the 
variable s occurs on one side of the new equation, and only t 
on the other ; thus 

(7) I6dt = - — ^g 
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Hence 16e = - f /^ = - sin-^g -4- C. 



ds 



If we measure the time from the instant when the body was 
released at A^ then i = and 8 = 1 are the initial values which 
determine C: 



0=-sin-U + (7, (7 = 5. 

Thus 16«=^-sin-i«. 

The right-hand side of this equation has the value cos"i«, 
'cf . p. 212, (8), Hence we have, as the final result,* 

(8) 16^ = cos"^«, or s = cosl6^. 

This equation gives the time it takes the body to reach an 
arbitrary point of its path. In particular, the time from A to 
J5 is found by putting s = : 

(9) 16« = cos-iO = ^, « = 7^ = .09818 sec. 
^ ^ 2' 32 

EXERCISES 

1. Show that if the body, in the case just discussed, had 
been released from rest at any other distance from the peg, 
the string being stretched, the time to the point at which the 
string becomes slack would have been the same. 

2. Show that, in any of these cases, it takes the body twice 
as long to cover the first half of its total path as it does to 
cover the remainder. 

* In evaluating the above integral we might equally well have used the 
formula 



f — -— =-cos-^8+ CK 



We should then have had : 

16< = cos-i«- O. 

Substituting the initial values £ = 0, 3 = 1 in this equation, we find : 

O = cos-il— C, or C'=0, 

9Uid the final result is the same as before. 
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Find the time required to cover the entire |>ath in the case 
of the following exercises at the close of § 4. 

3. Exercise 1. Am. ^ = .09818. 

32. 

4. Exercise 5. 

Ana. « = JA r ^ ; total time, TrV^=.9618 sec. 

6. Exercise 6. Ans. t=\-\Z-h^ior-^—\=? 

^91^ V3j 

6. Exercise 7. Ans, .9618 sec. 

7. Exercise 9. 8. Exercise 10. 9. Exercise 8. 

6. Simple Harmonio Hotion. The simplest and most im- 
portant case of oscillatory motion which occurs in nature is 
that known as Simple Haiinonic Motion. It is illustrated with 
the least amount of technical detail by the following example, 
or by the first Exercise below. 

Example, A hole is bored through the centre of the earth, a 
stone is inserted, the air is exhausted, and the stone is released 
from rest at the surface of the earth. To determine the 
motion. 

The earth is here considered as a homogeneous sphere, at rest 
in space. Its attraction, F, on the stone diminishes as the 
stone nears the centre, and it can be shown to be proportional, 
at any point of the hole, to the distance of the stone from the 
centre: p^^^ ^^ ^^j^ 

To determine the constant k, observe 
that, at the surface, r = R (the radius of 
the earth), and, if we measure ^ in ab- 
solute units, F=mgy where m denotes 
the mass of the stone. Hence 

mgssJcE, or k=s^^ 
and F=t!^r. 
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As the oooidinate of the stone we will take its distance, r, 
from the centre of the earth. Then Kewton's Second Law 
gives us : 

For, when r is positive, the force tends to decrease r, and so is 
negative. When r is negative, the force tends to increase r al< 
gebraically, and so is positive. Hence (1) is right in all cases. 
In order to integrate equation (1), which can be written in 
the form 

(2) — = -^r, 

we employ the device of multiplying through by 2dr/cU : 

dt dt^'^ R dt' 

d fdr^ 
The left-hand side thus becomes —[*—)• Hence each side can 

dt\dtj 
be integrated with respect to ^ : * 

J dt\dtj EJdt' 

(^y^^^frdr^^l.r^-^a 
\dtj EJ E 

«Th]S method can be applied to any differential equation of the fonn 



or 



S=^^^>- 



Multiply through by 2 dy/dz : 



2|g=2/('')|- 



The left-hand side thus becomes — [ ^ ) • Hence 

dx\dxj 

Integrating, we have 
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To determine C, observe that initially, i.e, when. the stone 
was at ^, r a= ^ and the velocity, dr/dt, =s 0. Henoe 

= -^^ + (7, or C^=»^- 

Thus finally : 

At the centre of the earth, r =s 0, and (dr/dUy = gR. If we 
take the radius of the earth as 4000 miles, then 22s=4000 x 5280, 
g = 32 f and the velocity is about 26,000 ft. a sec, or approxi- 
mately 5 miles a second. 

The stone keeps on with diminishing speed and comes to 
rest for an instant when r = — U, i.e. it just reaches the other 
side of the earth, and then falls back. Thus it oscillates 
throughout the whole length of the hole, reaching the surface 
at the end of each excursion, and continuing this motion for- 
ever. The result is not unreasonable, for there is no damping 
of any sort, — no friction or air resistance. 

The Time. To find the time we proceed as in §6. From 
equation (3) it follows that 

Hence, separating the variables, we have : 

dr 



dt 



^9 VW^^ ^9 J 



g -s/B^-T^ ^gj ^l^^i^ 



or e = \/^cos-»- + 0. 

^ g R 

Initially, ^ = and r^ R\ thus (7 = 0, and 

(4) f=-J^cos-"^^, or r = 5cos(« 

The time from ^ to is found by putting r = : 

TT IR 




find) = 2^/—' 
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On computing the value of this expression it is seen to be 21 
min. and 16 sec. The time from -4 to jB is twice the abova 
Hence the time of a complete excursion, from AtoB and back 
to ^ is 




g 

This time is known as the period of the oscillation.* 

The General Case. Simple Harmonic Motion is always dom- 
inated by the differential equation 

iA) S = -"^'»' 

where the coordinate x characterizes the displacement from the 
position of no force. This equation can be integrated as in the 
special case above, and it is found that 

(^> (fj= "'(*'--*)' 

where h denotes the value of x which corresponds to the ex- 
treme displacement. The velocity when a? = is numerically 
nhy and thus is proportional both to n and to h. A second in- 
tegration gives 
(G) x=shco&nt, 

provided the time is measured from an instant when x^h. 
The period, T, is inversely proportional to n : 

(2>) T=^, 

n 

and the amplitude is 2^ Thus the period is independent of 
the amplitude. 

EXERCISES 

1, Two strings like the one described in the text of § 3 are 
fastened, one end of each, to two pegs, A and Bf on a smooth 
horizontal table, the distance AB being double the length of 

* In the first equation (4) the principal value of the anti-cosine holds 
during the first passage of the stone from A ix> B. The second equation 
(4) holds without restriction. 
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either string, and the other end of each string is made fast to 
a 3 lb. weight, which is placed at 0, the mid-point of .AB 
Thus each string is taut, but not stretched. The weight being 
moved to a point C between and A and then released from 
rest, show that it oscillates with simple harmonic motion. 
Find the velocity with which it passes and the period of the 
oscillation. It is assumed that the string which is slack in no 
wise interferes with or influences the motion. 

Arts. The differential equation which dominates the motion 

cPx 
is — — = — 256 X, where x denotes the displacement of the 3 lb. 

weight ; hence the motion is simple harmonic motion. The re- 
quired velocity is numerically 16 fe, where h denotes the maxi- 
mum displacement. The period is 27r/16 = .3927 sec. 

2. Work the same problem for two strings like the one of 
question 4, § 3, and a 2 lb. weight. 

3. Show that the motion of example 7, § 4, is simple har- 
monic motion, and find the period. 

4. If a straight hole were bored through the earth from 
Boston to London, a smooth tube containing a letter inserted, 
the air exhausted from the tube, and the letter released at 
Boston, how long would it take the letter to reach London ? 

6. If in the problem of Question 9, § 4, the weight were re- 
leased with the string taut, but not stretched, and directed 
straight down the plane, show that the weight would execute 
simple harmonic motion. Determine the amplitude and the 
period. 

6. Work the problem of the text for the moon ; cf. the 
data in § 7. 

7. A steel wire of one square millimeter cross-section is 
hung up in Bunker Hill Monument, and a weight of 25 kilo- 
grammes is fastened to its lower end and carefully brought to 
rest. The weight is then given a slight vertical displacement 
Determine the period of the oscillation. 
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Given that the force required to double the length of the 
wire is 21,000 kilogrammes, and that the length of the wire is 
210 feet. Ana, A little over half a second. 

8. A number of iron weights are attached to one end of a 
long round wooden spar, so that, when left to itself, the spar 
floats vertically in water. A ten-kilogramme weight having be- 
come accidentally detached, the spar is seen to oscillate with 
a period of 4 seconds. The radius of the spar is 10 centi- 
metres. Find the sum of the weights of the spar and attached 
iron. Through what distance does the spar oscillate ? 

Ans, (a) About 125 kilogrammes ; (6) 0.64 metre. 

7. Motion under the Attraction of Oravitation. Problem. To 
find the velocity which a stone acquires in falling to the 
earth from interstellar space. 

Assume the earth to be at rest and consider only the force 
which the earth exerts. Let the stone be released from rest at 
A, and let r be its distance from the centre of the earth at 
any subsequent instant. Then the force, F, acting ^ 

on it is, by the law of gravitation, Chapter XII, 
§ 18, inversely proportional to r : 



Since F = mg when r=R, the radius of the earth, 

Newton's Second Law of Motion here takes on 
the form : 

m — = ^ — • 



p 



dt^ 




Hence 
(1) 
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dt^ r2 



To integrate this equation, we employ the method of § 6 
and multiply by 2dr/dt : 
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2drdPr_ 2gR^ dr ^^ d /drV^ 2gR^ dr 
dtdt^ r^ dt' dt\dtj r^ dt' 

Integrating with respect to ^ we get : 



%^-2gB^ f^^^^S^ + a 
dP .1 'T r 



J ^ 

Initially dr/cU = and r = Z ; hence 

Since dr/dt is numerically equal to the velocity, the velocity 
V at the surface of the earth is given by the equation : 



T. = 2,iJ»(i-f). 



If I is very great, the last term in the parenthesis is small, and 
so, no matter how great I is, V can never quite equal ■\/2gR. 
Here gf = 32, JB = 4000 x 5280, and hence the velocity in ques- 
tion is about 36,000 feet, or 7 miles, a second. 

This solution neglects the retarding effect of the atmosphere ; 
but as the atmosphere is very rare at a height of 50 miles from 
the earth's surface, the result is reliable down to a point com- 
paratively near the earth. 

In order to find the time it would take the stone to fall, 
write (2) in the form 

'" — r 



i-^^v^ 



Hmoe at--^ "" 



SM -y/ir — r^ 



oRu •\/It — 



VZr — r* 
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Turning to Peirce's Tdbles, No. 169, we find 

J v^r~72 2 J -y/ir - 



r8 



= — -y/lr — r2 + r sin 



?.:_-! 2r-J 



/ 



Thus 



t = 



8^ 



Z .„_i2r-Z 



V^r — ^ — ^ sin" 



+ir. 



Initially ( a: and r = 2 : 

8^ 

Finally, then, 



0=^^0-:^^l+.K 



22 



« = 



8J2 



^^^^^+l[i-«^-'^])' 



For purposes of computation, a better form of this equation 
is the following : 



(3) 



« = 



85 



N?-(0'-l--(^i-) 



EXERCISES* 

1. If the earth had no atmosphere, with what velocity would 
a stone have to be projected from the earth's surface, in order 
not to come back ? 

« In working these exercises, the following data may be used : 
Radius of the moon, ^ that of the earth. 
Mass of moon, ^ that of earth. 
Mean distance of moon from earth, 237,000 miles. 
Acceleration of gravity on the surface of the moon, \ that on the sur- 
face of the earth. 

Diameter of sun, 860,000 miles. 

Mass of sun, 333,000 that of the earth. 

Mean distance of earth from sun, 93,000,000 miles. 

Acceleration of gravity on the surface of the sun, 006 ft. per sec. per 
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2. If the moon were stopped in its course, how long would 
it take it to fall to the earth ? Eegard the earth as stationary 

Ans. 4 days, 18 hrs., 10 niiii« 

3. Solve the preceding problem accurately, assuming that 
the earth and the moon are released from rest in interstellar 
space at their present mean distance apart. Their common 
centre of gravity will then remain stationary, 

4. The same problem for the earth and the sun. 

5. If the earth and the moon were held at rest at their 
present mean distance apart, with what velocity would a pro- 
jectile have to be shot from the surface of the moon, in order 
to reach the earth ? 

6. If the earth and the moon were held at rest at their 
present mean distance apart, and a stone were placed between 
them at the point of no force and then slightly displaced 
toward the earth, with what velocity would it reach the 
earth? 

7. If a hole were bored through the centre of the moon, as- 
sumed spherical, homogeneous, and at rest in interstellar space, 
and a stone dropped in, how long would it take the stone to 
reach the other side ? 

8. Show that if two spheres, each one foot in diameter and 
of density equal to the earth's mean density (specific gravity, 
5.6) were placed with their surfaces ^ of an inch apart and 
were acted on by no other forces than their mutual attractions, 
they would come together in about five minutes and a half. 
Given that the spheres attract as if all their mass were con- 
centrated at their centres. 

8. Constrained Motion. If a particle is constrained to de- 
scribe a given path, as in the case, for example, of a simple 
pendulum, then the form which Newton's Second Law of 
Motion assumes is that the product of the mass by the accelera- 
tion along the path is equal to the component, along the path, 
of the resultant of all the forces that act. 
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Consider the simple pendulum. Here 

m — - = — mg sin 6, 
and since a = W, 

This differential equation is characteristic for 
Simple Pendulum Motion, We can obtain a first 
integral by the method of § 6 : 




dJb^ 



2^^ = -^sintf^, 
dt dJb^ I dt 

= -^ rsintfdtf = ^costf + G, 
0==^cosa+(7, 

V 



where a is the initial angle ; hence 

(2) ^ = ?2(costf-cosa). 

^ ^ dt^ I ^ ' 

The velocity in the path at the lowest point is I times the 
angular velocity for tf = 0, or V2^Z(1 — cos a), and is the same 
that would have been acquired if the bob had fallen freelj' 
under the force of gravity through the same difference in leveS. 

If we attempt to obtain the time by integrating equation (2), 
we are led to the equation : 

dB 



=C/: 



"^qJ Vcos — cos a 

This integral cannot be expressed in terms of the functions at 
present at our disposal. It is an Elliptic Integral. When tf, 
however, is small, sin & differs from by only a small per- 
centage of either quantity. Chap. V, § 3, and hence we may 
expect to obtain a good approximation to the actual motion if 
we replace sin tf in (1) by B : 

(3) ^ = ^U 
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This latter equation is of the type of the differential equation 
of Simple Harmonic Motion, § 6, (A), n* having here the value 
gjl. Hence, when a simple pendulum swings through a small 
amplitude, its motion is approximately harmonic and its period 
is approximately 

!r=27r\f. 

The Tautochrone, A question that interested the mathema- 
ticians of the eighteenth century was this: In what curve 
should a pendulum swing in order that the period of oscilla- 
tion may be absolutely independent of the amplitude? It 
turns out that the cycloid has this property. For, the differ- 
ential equation of motion is 

cPs 
m — = — ma SUIT, 

where s is measured from the 

lowest point, and since, from Ex. 8, 

p. 275, 

5 = 4a sin t. 




Fig. 120 



we have 



cPg__ g_ 



dt^ 



4a 



8, 



This is the differential equation of Simple Harmonic Motion, 
§ 6, (A), and hence the period of the oscillation, 

r=2^\li^=4^J^, 
^ g ^g 

is independent of the amplitude. 

A cycloidal pendulum may be constructed by causing the 
cord of the pendulum to wind on the evolute of the path. The 
resistances due to the stiffness of the cord as it winds up and 
unwinds would thus be slight ; but in time they would become 
appreciable. 

Smooth Bead on an Arbitrary Wire, Suppose a bead slides 
on a smooth wire of any shape whatever. We proceed to 
show that its velocity at any point will be the same as what 
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the bead would have acquired in falling freely under the force 
of gravity the same difference in level. 

Special cases of this theorem have already presented them- 
selves in the inclined plane and the simple pendulum. We 
shall restrict ourselves to plane curves, but the proof can be 
extended without difficulty to twisted curves. 

Newton's Second Law of Motion gives 



o 



Hence 



(Ps dx 

dt^ ^ ^ ds 

2^^ = 2(7^^ = 2(7^. 
dt dt^ ^dsdt ^dt 



Integrating this equation with respect to t, 

we find: 

ds2 



iXc4fo> 




dt^ 



= 2gx + C. 
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If we suppose the bead to start from rest at Ay then 

= 2gra;o+<7, 



m 



= ^^ = 2^(0,-0^). 



But the velocity that a body falling freely a distance of a? — a\, 
attains is expressed by precisely the same formula, and thus 
the theorem is established. 

In the more general case that the bead passes th^ point A 
with a velocity v^ we have : 

Thus it ib seen that the velocity at P is the same that the bead 
would have acquired at the second level if it had been projected 
vertically from the first with velocity % 

The theorem also asserts that the sum of the kinetic and 
potential energies of the bead is constant, or that the change 
in kinetic energy is equal to the work done on the bead ; cf . § 9. 
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If the bead starts from rest at A^ it will 

continue to slide till it reaches the end of 

the wire or comes to a point A' at the same 

level as A. In the latter case it will in 

Fio. 122 general just rise to the point A' and then 

retrace its path back to Al. But if the tangent to the curve 

at A' is horizontal, the bead may approach ^' as a limiting 

position without ever reaching it. 

EXERCISES 

1. A bead slides on a smooth vertical circle. It is projected 
from the lowest point with a velocity equal to that which it 
would acquire in falling from rest from the highest point. 
Show that it will approach the highest point as a limit which 
it will never reach. 

2. From the general theorem (51) deduce the first integral 
(2) of the differential equation (1). 

9. Kinetic Energy and Work. Let a particle, of mass m, 
describe a rectilinear path under the action of a force, F, directed 
along the path and varying continuously. Let x be the coor- 
dinate of the particle, and let F be positive when it tends to 
increase x ; negative, in the other case. Then jp* is a continuous 
function of x : F=f(x). Newton's Second Law becomes : 

^:^=-^(^)- O A P F B 

x=a X x-b 

Multiplying through by dx/dt, t iq. 123 

we have : 



dxd^x ^/ ^dx 

m =/(») — , or 

dt dp -^^ ^ dt' 



dt[_2 dt^j'^^ ^ dt' 



If we integrate each side of this last equation between the 
limits t = ^0 (when x = a) and i = ii (when a; = 6) we have : 
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This last integral represents precisely the work, TT, done on 
the particle by the force Fy Chap. XII, § 20. On the other 
band, the indefinite integral 

dt\_2 d^\ 2 dt^ 2 ' 

where v denotes the velocity of m. When this integral is taken 
between the limits tz=to{x = a) and t = ti{x = 6), we have : 

mvl mvp 
2 2 ' 

Hence ^^^^^l^w, 

or the change in the kinetic energy of the partide m is equal to the 
work done by the force F which acts on it. 

EXERCISES 

By means of the theorem just established, obtain a first in- 
tegral of the differential equation arising from Newton's Second 
Law of Motion in each of the following cases : 

1. The problem worked in the text of § 4, 

2. Exercise 1, § 4. 3. Exercise 2, § 4. 4. Exercise 4, § 4. 
5. The problem worked in the text of § 7. 

10. Motion in a Eesisting Medinm. When a body moves 
through the air or through the water, these media oppose re- 
sistance, the magnitude of which depends on the velocity, but 
does not follow any simple mathematical law. For low veloci- 
ties up to 5 or 10 miles per hour, the resistance E can be 
expressed approximately by the formula : 

(1) E = av, 

where a is a constant depending both on the medium and on 
the size and shape of the body, but not on its mass. For 
higher velocities up to the velocity of sound (1082 ft. a sec.) 
the formula 

(2) . i2 = cv2 
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gires a sufficient approximation for many of the cases that 
arise in practice. We shall speak of other formulas in the 
next paragraph. 

Problem 1. A man is rowing in still water at the rate of 
3 miles an. hour, when he ships his oars. Determine the sub- 
sequent motion of the boat. 

Here Newton's Second Law gives us : 

(3) m| av. 

Hence <» = _!»*!, 

a V 

(4) *=?!<•' 

where Vq is the initial velocity, nearly 4^ ft. a sea 
To solve (4) for v, observe that 

^^log% or e« = l!.^ 
m V V 

Hence 

(5) v = Vo^ "*• 

It might appear from (5) that the boat would never come to 
rest, but would move more and more slowly, since 

mt 

lim e~ '" = 0. 

• =00 

We warn the student, however, against such a conclusion. 
For the approximation we are using, B = av, holds only for a 
limited time, and even for that time is at best an approximation. 
It will probably not be many minutes before the boat is drift- 
ing sidewise, and the value of a for this aspect of the boat 
would be quite different, — if indeed the approximation B^av 
could be used at all. 
To determine the distance travelled, we have from (3) : 

dv 

ds 
and consequently : 



I 
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(6) «=Vo — ~«. 

m 

Hence, eren if the above law of resistance held np to the limit, 
the boat would not travel an infinite distance, but would ap- 
proach a point distant 

a 

feet from the starting point, the distance traversed thus being 
proportional to the initial momentum. 
Finally, to get a relation between 8 and f, integrate (5) : 

da -J 

(7) , = ^0(1 - e-S). 

a 

From this result is also evident that the boat will never cover 
a distance of S ft. while the above approximation lasts. 

EXERCISE 
If the man and the boat together weigh 300 lbs. and if a steady 
force of 3 lbs. is just sufficient to maintain a speed of 3 miles 
an hour in still water, show that when the boat has gone 20 ft., 
the speed has fallen off by a little less than a mile an hour. 

Problem 2. A drop of rain falls from a cloud with an initial 
velocity of Vq ft. a sec. Determine the motion. 

We assume that the drop is already of its final size, — not 
gathering further moisture as it proceeds, — and take as the 
law of resistance : 

The forces which act are (i) the force of gravity, mg, down- 
ward, and (ii) the resistance of the air, crl^, upward. As the 
coordinate of the particle we will take the distance AP, Fig. 124, 
which it has fallen. Then, Newton's Second Law becomes : 

m-— :=mg — cv^. 
at 
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4. Hence v^ = !2£zi£^, 

ds m 



8 



P 



■. __ mvdv 



0= — ^log(mgr — (wj) + G, 



— ± — and thus finally 

Fio. 124 \P) ^ oZ ^^^ i" 

Solving for v we have 

(9) ^,^mg_ 7yiy-C(^ ^-^^ 

c c 

When 8 increases indefinitely, the last term approaches as 
its limit, and hence the velocity v can never exceed (or quite 
equal) v = -Vrng/c ft. a sec. This is known as the limiting 
velocity. It is independent of the height and also of the 
initial velocity, and is practically attained by the rain as it 
falls, for a rain drop is not moving sensibly faster when it 
reaches the ground than it was at the top of a high building. 

EXERCISES 

1. Work Problem 2, taking as the coordinate of the rain 
drop its height above the ground. 

2. Find the time in terms of the velocity and the velocity 
in terms of the time in Problem 2. 

3. Show that, if a charge of shot be fired vertically upward, 
it will return with a velocity about 3^ times that of rain drops 
of the same size; and that if it be fired directly downward 
from a balloon two miles high, the velocity will not be appre- 
ciably greater. 



I 
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4. Determine the height to which the shot will rise in Ex. d, 
and show that the time to the highest point is 

« = J^tan-ift,oJ^\ 

where Vq is the initial velocity. 

11. Graph of the Eesistance. The resistance which the at- 
mosphere or water opposes to a body of a given size and shape 
can in many cases be determined experimentally with a reason- 
able degree of precision and thus the graph of the resistance : 

can be plotted. The mathematical problem then presents itself 
of representing the curve with sufficient accuracy by means of 
a simple function of v. In the problem of vertical motion in 
the atmosphere, Problem 2, § 10, 

m— = m9f±/(v), 




Vi V 

Via. 125 



y-v 



according as the body is going up or coming 
down, s being measured positively down- 
ward. Now if we approximate to f{v) by means of a quad- 
ratic polynomial or a fractional linear function, 

a + bv^ cv^ or ^^^^, 

we can integrate the resulting equation readily. And it is 
obvious that we can so approximate, — at least, for a restricted' 
range of values for v. 

Another case of interest is that in which the resistance of 
the medium is the only force that acts, as in Problem 1 : 

dv >./ V 

A convenient approximation for the purposes of integration is 

f(v) = ai^. 

Here a and b are merely arbitrary constants, enabling us to 
impose two arbitraiy conditions on the curve, — for example, 
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to make it go through two given points, — and are to be deter- 
mined so as to yield a good approximation to the physical law. 
Sometimes the simple values b = l, 2, d can be used with 
advantage. But we must not confuse these approximate for- 
mulas with similarly appearing formulas that represent exact 
physical laws. Thus, in geometry, the areas of similar surfaces 
and the volumes of similar solids are proportional to the squares 
or cubes of corresponding linear dimensions. This law ex- 
presses a fact that holds to the finest degree of accuracy of 
which physical measurements have shown themselves to be 
capable and with no restriction whatever on the size of the 
bodies. But the law B = av^ or B = cv^ ceases to hold, t\e, 
to interpret nature within the limits of precision of physical 
measurements, when v transcends certain restricted limits, and 
the student must be careful to bear this fact in mind. 

EXERCISES 

Work out the relations between v and a, and those between 
V and ty if the only force acting is the resistance of the medium, 
which is represented by the formula : 

1. B = a + bv + c^. 2. jR = ?^±^. 3. -B = at;*. 

r + Sv 

4. Show that it would be feasible mathematically to use the 
formulas of Questions 1 and 2 in the case of the falling rain 
drop. 

5. A train weighing 300 tons, inclusive of the locomotive, 
can just be kept in motion on a level track by a force of 3 
pounds to the ton. The locomotive is able to maintain a speed 
of 60 miles an hour, the horse power developed being reckoned 
as 1300. Assuming that the frictional resistances are the 
same at high speeds as at low ones and that the resistance of 
the air is proportional to the square of the velocity, find by 
how much the speed of the train will have dropped off in 
running half a mile if the steam is cut off with the train at 
full speed. 
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6. A man and a parachute weigh 150 pounds. How large 
mnst the parachute be that the man may trust himself to it at 
any height, if 25 ft. a sec. is a safe velocity with which to reach 
the ground? Given that the resistance of the air is as the 
square of the velocity and is equal to 2 pounds per square 
foot of opposing surface for a velocity of 80 ft. a sec. 

Ans, About 12 ft. in diameter. 

7. A toboggan slide of constant slope is a quarter of a mile 
long and has a fall of 200 ft. Assuming that the coefficient 
of friction is y^, that the resistance of the air is proportional 
to the square of the velocity and is equal to 2 pounds per 
square foot of opposing surface for a velocity of 30 ft. a ssc, 
and that a loaded toboggan weighs 800 pounds and presents a 
surface of 8 sq. ft. to the resistance of the air ; find the velocity 
acqidred during the descent and the time required to reach the 
bottom. 

Find the limit of velocity that could be acquired by a tobog- 
gan under the given conditions if the hill were of infinite length. 
Ans. (a) 68 ft. a sec. ; (ft) 30 sees. ; (c) 74 ft. a sec. 

8. The ropes of an elevator break and the elevator falls 
without obstruction till it enters an air chamber at the bottom 
of the shaft. The elevator weighs 2 tons and it falls from a 
height of 50 ft. The cross-section of the well is 6 x 6 ft. and 
its depth is 12 ft. If no air escaped from the well, how far 
would the elevator sink in ? What would be the maximum 
weight of a man of 170 pounds ? Given that the pressure and 
the volume of air when compressed without gain or loss of 
heat follow the law : 

pi^ = const., 

and that the atmospheric pressure is 14 pounds to the square 
inch. 

12. Hotion of a Projectile. Problem. To find the path of a 
projectile acted on only by the force of gravity. 

The degree of accuracy of the approximation to the true 
motion obtained in the following solution depends on the 
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projectile and on the velocity with which it moves. For a 
cannon ball it is crude, though suggestive, whereas for the 
16 lb. shot used in putting the shot it is decidedly good. 

Hitherto we have known the path of the body ; here we do 
not. We may state Newton's Second Law of Motion for a 
plane path as follows:* 

6^x 



(1) 






where X, Y are the components of the resultant force along 
the axes, measured in absolute units. 
Li the present case X = 0, F=s — trvgy and we have 

d2aj 




(2) 



m 






d«2 



= 0, 



m— ^ = — 



mg. 



Fig. 126 



If we suppose the body projected 
from O with velocity Vq at an angle a 
with the horizontal, the integration of these equations gives ; 

dx 



dt 



= (7=s VqCOSIX, 



dt 



Vq sin oe — gt, 
Eliminating t we get : 



(3) 



y = g?tan« — . / 

2v5Cos*« 



x^VQtQOsa'j 



y =s votsiaa — ^gfi* 



•2 



The curve has a maximum at the point A : (a^, y^)^ 



__ vj sin a cos a 
9 






^9 



* The form of Newton^s Second Law that covers all cases, both in the 
plane and in space, be the motion constrained or free, is that the product 
of the mass by the vector acceleration is equal to the vector force. 
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Transforming to a set of parallel axes through A, we have : 

x = x* + xi, y-y' + Vu 

(4) V = • 

^ ^ ^ 2vJco82a 

This curve is a parabola with its vertex at A. The height 
of its directrix above A is vices'^ a/2 g, and hence the height 
above O of the directrix of the parabola represented by (3) is 

^ sin^ a . v^ cos^ « _ '^ 
2g ^ 2g ^ 2g 

The result is independent of the angle of elevation a, and so 
it appears that all the parabolas traced out by projectiles 
leaving with the same velocity have their directrices at the 
same level, the distance of this level above O being the height' 
to which the projectile would rise if shot perpendicularly up- 
ward. 

EXERCISES 

1. Show that the range on the horizontal is 

22 = !^ sin 2a, 
9 

and that the maximum range R is attained when a = 45^ : 

9 

The height of the directrix above O is half this latter range. 

2. A projectile is launched with a velocity of Vq it* ^ sec. 
and is to hit a mark at the same level and within range. Show 
that there are two possible angles of elevation and that one is 
as much greater than 45° as the other is less. 

3. Find the range on a plane inclined at an angle fs to the 
horizon and show that the maximum range is 

ij^=?i I 

" ^ 1 + sin/S 
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4. A small boy can throw a stone 100 ft. on the level. He 
is on top of a house 40 ft. high. Show that he can throw the 
stone 134 ft. from the house. Neglect the height of his hand 
above the levels in question. 

5. The best collegiate record for putting the shot was, at 
one time, 46 ft., and the amateur and world's record was 49 ft. 
6 in. 

If a man puts the shot 46 ft. and the shot leaves his hand at 
a height of 6 ft. 3 in. above the ground, find the velocity with 
which he launches it, assuming that the angle of elevation a 
is the most advantageous one. Ana. Vq = 36.87. 

' 6. How much better record can the man of the preceding 
question make than a shorter man of equal strength and skill, 
the shot leaving the latter's hand at a height of 5 ft. 3 in. ? 

7. Show that it is possible to hit a mark J5 : (ir^, y^), provided 



"9 

8. A revolver can give a bullet a muzzle velocity of 200 ft. 
a sec. Is it possible to hit the vane on a church spire a quarter 
of a mile away, the height of the spire being 100 ft. ? 



CHAPTER XIV 

INFIIHTE SERIES 

1. The Geometric Series. We have met in Algebra the 
Geometric Progression: 

a -{- ar -\- ar^ -\- •••, 

the sum of the first n terms of which is given by the formula: 

a — ar* 

«» = -^i 

1 — r 

Suppose, for example, that a = 1, r = ^. Then 

«i = 1 =1 

etc. 
If we plot on a line the points which represent «i, »2> ^> •••! ^^ 

— 4-f+l 



zf 
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observe that each new point lies half way between its pred- 
ecessor and the poiat 2. Hence it appears that, when n 
grows larger and larger without limit, s^ approaches 2 as 
its limit. 

Whenever r is numerically less than 1, r* will approach as 
its limit when n = oo, and we shall have : 

lim s« = 



«H00 
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We have here an example of an infinite series, whose valae 
is a/(l — r): 

(1) --^—=a + ar + ar^-^''', kl<l, 
1 — r 

and we turn now to the general definition of such series. 

2. Definition of an Infinite Series. Let t^o, t^, t^, ••• be any 

set of values, positive or negative at pleasure. Form the sum : 

(2) «n = ^o-hWi+ • • • +U^l' 

When n increases without limit, s^ may approach a limit, U: 

lim 8^=U. 



'n 

n=ao 



In this case the expression 

(3) Uq + Ui-{'U2+ '-, 

called an infinite series (or more briefly, a series), is said to 
converge and to have the valiie U: 

U= «o + ^i + ^ + •••• 

If, on the other hand, s^ approaches no limit, the series (3) 
is said to diverge. For example, 

1 + 2+3 + ..., 
1-1 + 1-1+-, 

are illustrations of divergent series. No number is assigned 
as a value to a divergent series, and such series cannot be 
used in practice.* 

In the early days of the Calculus people spoke of an infinite 
series as the "sum of an infinite number of terms," or of the 
value C7' of a convergent series as "the sum of all its terms.'* 
But such words have no meaning. We cannot add up an in* 
finite series, and we do not pretend to do so. We can consider 

• There are certain classes of divergent series which form an ezceptioii 
to this general statement. Their importance is incomparably less than 
that of the convergent series here discussed, and their treatment does not 
belong to the elements of the CalculuA. 
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the variable 8^ with respect to the question of whether it ap- 
proaches a limit. Thus the repeating decimal 

0.333... 

is to be thought of, not as a sum, but as an ea^ession, to which 
we attach the value 

limf^+-i-4._? +-^V 

The value of the parenthesis is, by § 1, 

1-^ 3 3 10*' 

and hence the above limit has the "value |. This number, |, is 
assigned by definition to the repeating decimal in question as 
its valine. 

Whenever the series (3) converges, its value can be written 
in the form 

where r„, called the remainder, is a variable which approaches 
as its limit when n becomes infinite. The value of r„ for 
any n is the error committed by breaking off the series with 
its first n terms. 

A notation commonly employed for an infinite series, re- 
gardless of whether it converges or diverges, is 

Vm^ or, more explicitly : S^n- 

n=0 

Thus the infinite geometric series (1) would be written : 



00 

ar^. 



3. Tests for Convergence. Consider the infinite series 
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where n ! means the product of the first n integers, 1-2-3 ••• n^ 
and is read factorial n. Let * 

5^ = 14-— H ^ h ••• H ^ • 

" ^1.2^1.2.3^ ^1.2.3...n' 

and form the corresponding sum from the geometric series, 
8 =l+l4.JL4. ... J 1 — = 2 — — <2. 

n—\ factor* 

The first two terms are alike in both series ; but from the third 
term on, those of the first series are less than the corresponding 
ones in the second. Hence 

«»'^^»<2, . and so «n<2, 

no matter how large n be taken. We see, then, that 8^ is a 
variable which always increases as n increases, but which never 
attains so large a value as 2. To make the situation still 
more striking, plot the successive values of 8^ as points on a 
line: 

Si s: 1, ^2 =3: 1.5, 83 = 1.667, 

84 = 1.708, 55 = 1.717, «e = 1-718, 8^ = 1.718. 

Thus we see that, when n increases by 1, the point represent- 
ing 8^ always moves to the right, but never advances so far to 
the right as the point 2. Hence 8^ approaches a limit, which is 
not greater than 2, and the series is convergent. To judge from 
the computed values of «„, the value of the limit to four signifi- 
cant figures is 1.718, — a fact that will be established later. 

The reasoning by which we have inferred the existence of a 
limit in the above example is of prime importance in the theory 
of infinite series as well as in other branches of analysis. We 
will formulate it as follows : 

* It is convenient to think of the n^th term of this series as t^n = 1/nI. 
Thus the first term will be Ui, not tio, and the series reads 

wi + 1*2 -h wj + ••.. 

An infinite series may begin with a term of any index, as 

U8+U9 + W10+ — . 
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Fundamental Principle. If s^ is a variable which aitoays 
increases (or remains unchanged) when n increases r 

b\it which never exceeds some definite fixed number ^ A : 

(ii) «n < A 

no matter what value n has, then s^ approaches a limits U: 

lim s^ = U. 



flsOO 



ITie limit U is not greater than A: U<A» 



8\ $• 8% I 

-4^ 1 ri ll 
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EXERCISE 



State the principle for a variable which is always decreasing, 
but which remains greater than a certain fixed quantity, and 
draw the corresponding diagram. 

By means of the foregoing principle we can state a simple 
test for the convergence of an infinite series of positive terms. 

Direct Comparison Test for Convergence. Let 

"be a series of positive terms which is to be tested for convergence. 
If a second series of positive terms already known to be convergent : 

do -{- cti •{■ (h + •••> 

can be found whose terms are greater than or at Tuost eqvxd to the 
corresponding terms of the series to be tested: 

then the first series converges and its value does not exceed the 
value of the test-series. 
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For let »« = Wo 4- Wi 4- ••• + w^i, 

^• = 00 + 01+ ••• +0>n^U 
lim S^ = A. 

n=oo 

Then since S^<A and s„ < /S., 

it follows that 5„ < A. 

Hence s^ approaches a limit U<A, q. e. d 

It is frequently convenient in studying the convergence of a 
series to discard a few terms at the beginning and to consider 
iiie new series thus arising. That the convergence of the latter 
series is necessary and sufficient for the convergence of the 
former is evident, since 

Here m is a fixed number, and so u is constant. Hence 8^ will 
converge toward a limit if s^^ does, and conversely. 
Thus the series 

is seen to converge ; for the series obtained by dropping its 
first term has just been shown to converge. Its value, as will 
be shown later, is the exponential base, 

6 = 2.71828 .... 

EXERCISES 

Prove the following series to be convergent. 

^- -^^22^38^4*^ 2!^4l^6!^ ' 

3. 1-4-14- — + .... 4. — + — 4- — 4- .... 

5. r-T 4- r-r + 5-7 '+- • • •. Suggestion. Write s^ in the form 

1 '2 2 • o o* 4 
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•-(i-i)+(i-i)+-+a-»-i3)-'-dT 

®- ^ + ^p + |;+ •••' -P>2-* »• aJ + f + f+-, 0<aj<l. 
10. r + r* + r» + r*«+ •••, 0<r<l. 

4. Divergent Series. If a series is to converge, then evi- 
dently its terms must approach as their limit. For other- 
wise the points 8^ could not cluster about a single point as 
their limit. Hence we get the following exceedingly simple 
test for divergence. It holds for series whose terms are 
positive and negative at pleasure. 

If the terms of a series do not approach as their limits the 
series diverges. 

This condition, however, is only sufficient, not necessary, as 
the following example shows : 

If we strike in anywhere in this series and add as many more 
terms as the number that have preceded : 

_2_+^_+... +_JL_, 

n+ln + 2 n-\-'n/ 

we get a sum >^. For, each term just written down is 
^ 1/2 w, and there are n of them. If, then, we can get a sum 
greater than \ out of the series as often as we like, we can get 
a sum that exceeds a billion, or any other number you choose 
to name, by adding a sufficient number of terms together. 
Hence the series diverges in spite of the fact that its terms are 
growing smaller and smaller and approaching as their limit 
This series is known as the harmonic series. 

* It can be shown that this series converges whenp > 1. 
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A farther test for diyergenoe corresponding to the test of 
§ 3 for oonvergenoe is as follows : 

Direct Gompabison Test fob Diyebgbngb. Let 

be a series of positive terms which is to he tested for divergence. 
If a second series of positive terms already knoum to he divergent : 

Oo + fli + «»4- •••, 
can he found whose terms are less than or at most equal to the 
corresponding terms of the series to he tested: 

then that series diverges. 

The proof is similar to that of the test of § 3 for conver- 
gence and is left to the student as an zeroise. 

EXERCISES 

Prove the following series to be divergent. 

5. l + i-h — 4- — + •••, i)<l, 6. — + — + — 4-*»». 

^ ^2p^3p 4P ' r^^* «• 1.6^2.6^3.6^ 

5. The Test-Ratio Test. The most useful test for the con- 
vergence or divergence of the series we meet most commonly 
in practice is the following, which holds regardless of whether 
the terms are positive or negative. It makes use of the ratio 
of the general term to its predecessor, u^i/u^y — the test^atioy 
as we shall call it. 

The Test-Ratio Test. Let 

Wo-hwi + tt2+ ••• 

he an infinite series and let the limit approa^ched hy Us test-nxtio 

be denoted hy t : ., 

Iim5^ = l. 
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Then if 1 1 1 < 1, the series converges; 

I ^ I > 1, " " diverges; 

I < I =3 1, tJie test faUs. 

We shall prove the theorem in this paragraph, so far as it 
relates to convergence, only for the case that the terms are all 
positive. Then t>0 and | ^ | = ^ 

Suppose, then, that < i < 1. Let y be chosen between t 
and 1: ^<y<l. Since the variable u^i/u^ approaches t as 
its limit, the points representing this variable cluster about 
the point t and hence ultimately, — i.e. from a definite value 
of n on : n > m, — lie to the left of the point y : 



w, 



^s±i < y, n>m. 



^n 



t y 

H — I h 



1 

Fia. 129 



Now give to n successively the values m, m+1, etc. 

n = m-Hl, ^ < y, u^< u^+^y < u^y^ ; 



Hence we see that the terms of the given series, from the 
term u^ on, do not exceed the terms of the convergent geo- 
metric series ., i „, j •, ^ i 

and therefore the given series converges. * 

*The student should notice that it is not enough, in order to insure 
(k)nvergence, that the test-ratio remain less than unity when n ^ m. 
Thus for the harmonic series i4»+i/i4» = n/{n -\- 1) < 1 for all values of n, 
and yet the series diverges ; but here the limit of the test-ratio is not les^ 
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Secondly let | < | > 1, the terms now being either positive or 
negative. Then, from a definite value of n on, 

bf»±3J>l or l«^i|>|«.|, n^m, 

i,e, all later terms are numerically greater than the positive 
constant | w„ | , and so they do not approach as their limit. 
Hence the series diverges. 

Lastly, if I ^ I = 1, we can draw no inference about the con- 
vergence of the series, for both convergent and divergent series 
may have the limit of their test-ratio equal to unity. Thus 
for the harmonic series, known to be divergent : 

H^ = -??- = -^, lim?^=l5 

U^ W + 1 ^ , 1 n^ U^ 

n 
while for the convergent series of § 3, Ex. 6 : 

?^ = /^-2-Y, and lim!*^ = L 

K V^ + V •=« y^n 

Example 1. Test for convergence the series 

1 . 1»2 1.2.3 . 
3"^3.6"*"3.6.7"^ '*' 

The general term of tMs series can be written 

•"8.6-7 (2w + l)* 

Then «^i = ^^! ,„ " ..I" + l>. > 



and hence 



Thus 



3.5.7 (2n + l)(2n + 3) 



u^ 2n-f3 



i+i 



limHatl= lim A±l = Urn ^^1 



n 
or t = ^. Consequently the series converges. 



than 1. What is needed for the proof is that the test-ratio should ulti- 
mately become and remain less than some constant quantity, 7, itself less 
than 1 



INFINITE SERIES 397 

Example 2. Test the series 

Here, the general term can be written :♦ u^ = --r-» 
Hence t^i= "*'«*' '^ 



w, (n + l)*a!*^ 



lim?^i = aj2, or t^m^. 



• -00 w^ 



Thus the series converges when — 1 < a? < 1, and diverges 
when a? > 1 or 05 < — 1. 

Divergent ^^^^Oon^ara^n^^^^^ Divergent 

If 05 = 1 or — 1, the test fails. But the series here reduces to 

2« ' 3«~42~ ' 
and this series is at once seen to converge ; cf . Ex. 7, § 3. 



EXERCISES 

Test the following series for convergence or divergence. 

2 li2.1i2J. 1-2.3.4 ^ ^ Divergent 

100«^ 100» 100* ^xYo*e« 

o 1 . 3 . 5 , - 2100 8100 . 4100 

3- 26'^2is"^2r5+ '••• ^- T + '2r"^'2r"^ ••*• 

-3,6,7, «3,32,3» 

* Tliis will not be the n^th term. It will be the term v^ in the series 

Ua + Ms + 1i4 + .". 

Evidently the test-ratio test applies equally well to a series of the form 
where k is any fixed integer. 
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For what vaJaes of x are the following series conyergenty 
and for what values divergent ? Draw a figure in each case 
showing the interval of convergence. 

7. 1 + 0^ + 0?*+.... 8. 1+^+^ + 1 + .... 

9. ^^f + ^ + ..., 10. l+aj2 + ?^ + ^+.-.. 



2 • 8 ■ 4 • ' ' 21 ' 31 

6«^7«^ ^41^61 



6. Alternating Series. Theorem. Let the terms of an in^ 
finite series be alternately positive and negative : 

t^o — ^1 + **2 "~ •••• 
If each u is less than or equal to its predecessor : 

(i) W^l<«n, 

and if 

(ii) lim u^ = 0, 

the series converges. 

For example 

To prove the theorem, denote as usual the sum of the first n 
terms by s^ Then, when n is even, n =s 2m, we have : 

Since each parenthesis is positive, or at worst 0, s^^ always in- 
creases or remains unchanged when m increases. 

If n is odd, n = 2m -hi, 

1 

«2«+l = "o - (Wl - Us) (t£^.i - ttj^), 

I 

and we see that 52«+ii steadily decreases or remains unchanged I 
v'hen m increases. 
Furthermore, s^^ does not exceed the fixed value «i. For 



INFINITE SERIES 399 

Hence, by the Fundamental Principle of § 3, 8%^ approaches a 
limit. 27 

' 1^ fi l lll l llf' t' 1^ 



Fig. IdO 

In like manner it is shown that ^211^-1 ^^ never less tiian a^. 
For 

Hence ^2^^! also approaches a limit. 

Finally, these limits are equal. For, since 

S2m+i - «2« + W2«, lim 82«+i = Hm Sj* + Hm t^, 

and, by hypothesis, lim u^ = 0. Hence 5^ approaches a limit, 
Uf when n becomes iniinite passing through both odd and even 
values, and the series converges, q. e. d. 

The Error. It is easily seen that the error made by break- 
ing an alternating series off at any given term does not exceed 
numerically the value of the last term retained, or the first 
term dropped. For the distance from 5^ to s^+i is w„, and the 
distance from s^ to U is not greater. 

Further examples of alternating series are the following : 

(c) — + — L4- — • 

^^ log2^1og3 log4^ ' 

7. Series of Positive and Negative Terms; General Case. Let 

(1) Wo + ^i-+-^H 

be a series whose terms may be either positive or negative 
quantities. Form the series of absolute values : 

(2) |wol + l^i|4-KI+-. 

If this latter series converges, then the original series will 
converge, too, as we will now prove. 
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Let the positive terms in (1) be Vq^ Vi, Vj, •••, and form the 
sum 

Similarly, let the negative and zero terms in (1) be — to^. 
— Wi, — W2f ••• , and form the sum 

Let «n = ^ + ^i+ ••• +Wi»-i' 

Then, for any given value of n, we can determine m and p so 

that* 

Finally, let 

^n=|<«o| + |«i|+ -. |w^i|, lim^. = A 



»ss« 



Evidently, S^^tr^-^ t„ 

and since <r^ and r, are positive or zero, 

Hence each of the variables <r„ and r, approaches a limit, and 
thus the series 

Vo + '1^1 + '^2 -H ••• and Wq + Wi + W2+ ••• 

are seen both to converge, if (2) converges.** 

From (3) we now infer that s^ also approaches a limit. Hence 
the series (1) converges, q. e. d. 

Example 1. Consider the series 

•„^ , sin2aj , sinSa? , 
22 32 

* If, in particular, for a given n there are no positive terms in «», we 
will understand by <ro the number 0. Similarly, if there are no negative 
or zero terms, we set tq = 0. 

** It may happen that the series (1) contains only a finite number of 
positive terms. The ij-series then reduces to an ordinary sum. The 
reasoning whereby the main theorem is established is not, however, 
thereby essentially modified. Similarly, if (1) contains only a finite num- 
ber of negative terms. 
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Tiia general term of the series of absolute values is never 
greater than the corresponding term in the convergent series 
of Ex.7,§3; Isinna?! ^ 1 

Hence the series of absolute values converges, and so the given 
series converges for all values of x. 

The foregoing condition for the convergence of (1) is suffi- 
cient, but not necessary. Thus the series 

1-i + i-iH-- 

has been seen to converge. Here, however, both the v-series 
and the i^^-series diverge. 

A series (1) whose absolute value series (2) converges is said 
to be absolutely or unconditionally convergent If (1) converges 
in spite of the fact that (2) diverges, it is said to be conditionally 
convergent. 

We can now complete the proof of the theorem of § 5, 
when I « I < 1. Here, the series of absolute values converges ; 
for, its test-ratio has the value 



u. 



n+l 



W» 



t*n+l 



Un 



and hence lim L?f2±L! — i h <^ i. 



NssflD 



Consequently the u-series converges absolutely. 
Example 2. To test the convergence of the series 



x^^-h- — 
2 ^3 



Here ^^i = ^x^ l—x, limHsti = -aj, 

U^ ~ + l 14-1 n— tt. 



n 

and hence the series converges when —1 < » < 1 and diverges 
outside of this interval. 

Dvo&rgeni —10 1 Divergent 

At the extremities of the interval the test fails. But we see 
directly that for a? == 1 the series is a convergent alternating 
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series; for a;ss— 1, the negative of the harmonic series, and 
hence divergent. 

Example 3. The series 

l+^ + '»(?*-l) a^+ '»("*-l)("'-2) i8i+... 

X • 2 1 • 2 • S * 

has for its general term u^: 

If m is a positive integer, the later terms are all and the 
series reduces to a polynomial, namely, the binomial expansion 
of (1+ a?)"*. When m is not a positive integer, and 05 =^ 0, the 
test-ratio is 

h^^nLz^x, and lim?^ = -«. 

Hence the series converges when — 1 < a? < 1 and diverges 
when I a? I > 1. For the determination of whether the series 
is convergent or divergent at the extremities of the interval of 
convergence more elaborate tests are necessary. It will be 
shown later that the value of the series, when | a? | < 1, is 
always (1 -f-. a?)"*. 

EXERCISES 

For what values of x are the following series convergent ? 
Indicate the intervals of convergence and divergence each 
time by a figure. 

1. l + a; + 2aj2 + 3aj3 4- .... Ans. — l<aj<l. 

2. l+«' + ^ + fi+ •••• 

Ans. — 00 < a? < 00 , i.6. for all values of as. 

3. aj-^4-~-7^.+ — 4. a? 4- 3«' 4- 6«* -f — . 

21 o ! ' 41 

7. ?_l^ + l^ , ■ Jns. -2<x<2 
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10. a? — -^ + -=^ — -=^+ •••. 11. 05 -4--±--.jS-4- ... 

V2 V3 Vi V3 V6 Vy 

^ y/2^ y/S^ Vl^^ 

-« JL X 1X8. 1 g6 

^/3 7 V5 7»"^V7 7» *"* 

14. l-mi + ^^?^^^^^a:2-!?i^^^ 

1 • 2 1 'S* o 

15. aj + 2!aj2-f-3!a^4- — . 

Ans. For a; =s 0, and for no other value. 

3 ^3.6 ^367 ^ 2^2.43^2.4.632^ 

8. A Series for the Logarithm. Consider the geometric 

series, ^ 

= 1 — 35 + »^ — aj'H- •••> 

1 + a? 

which converges when — 1 < a5 < 1. Integrate each side be- 
tween the limits and A, where — 1 < ^ ^ 1 : 
k k h h 







The value of the left-hand side is 



log (1 H- x) 



= log(H-;i). 



The integrals on the right are readily computed, and thus we 
have: 

(1) log(l + /^) = 7i-| + |-.... 

In particular, on setting ^ = 1, we get . 

(2) log2 = l-i + i-i+ .... 

There is one flaw in the above reasoning. We have inte- 
grated an infinite series as if it were a sum, — term by term, as 
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we say. Now, an infinite series is not a sum, bnt the limU 
of a sum ; and the theorem that the integral of a sum equals 
the sum of the integrals of the individual terms does not cover 
the case before us. In fact, not all infinite series can be in- 
tegrated term by term. Nevertheless, it is easy to show that 
equation (1) is true. For, we know from algebra that 

1 4- r + r2 + ... 4- r^i = "^""^ , — 1 < r < 1. 

1 — r 

Hence, setting r = — aj, we have : 

^ ^ l-fa? 1 + x 1+x 

and consequently 

—i- = 1 - a? + 0? 4- (- l)--iar»-i -f tJi!?". 

1-f « 1 -ha? 

Thus 



1 7~ir~ = I ^'-' I ^^^ + I ^^ — 



» ft 

05* da: 



+ (- l)"-i ra?"-idaj 4- (- 1)* T^ 



4- X 



or jk 



log(l + /i) = ;i-^4-|;- .-. 4-(-ir^^4-(-l)- rf^.. 



3 ^^ "^ TT 



If we can show that the last term approaches as its limit 
when n becomes infinite, then the sum of the first n terms on 
the right must approach log (1 4- A), and this is precisely the 
condition that equation (1) be true. 

It is easy to give the desired proof. The function a?*/(l 4- a?) 
is less than of* when x is positive. Thus the curve 



(3) 


V — 


^ 1 + x 


lies below the curve 




(4) 


y-of, 
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and so the area under (3) is Ies9 than the area under (4). 
Hence, if h is positive, 










and the value of this last expression does not exceed l/(n + 1) 
when ^ ^ 1. Thus 



o<r?^<4-r' o<h<i. 



But l/(n + l) approaches as n becomes infinite, and this 
completes the proof when h is positive. 

If ^<0, let W^—h and x^^—x. Then the numerical 
value of the integral in question is 

»' 



/ 



i-«" 



< A' < 1. 



But ^<^„ 0<^<h>, 

and hence 

A_w _i_ r^.ax^^^--J^< ^- 



This last expression approaches when n becomes infinite, 
and the proof is now complete. 

Incidentally we have obtained the following result, which 
will be of use to us in computation. The eiTor committed by 
breaking the series (1) off with ri terms is nuTnericcdly less than 
the first term neglected, or A""*"i/(n -|- 1) when h is positive,* and is 
numerically less than /i*"*"Y[(7i 4- 1) (1 4- ^)] when h is negative : 

* This first result follows also from the general theorem relating to the 
error in an alternating series. 
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kn|< 



n + 1' 



h\^^^ 



[ (n + l)(l-|A|)' 



0<^<1; 



- 1 < ^ < 0. 



The process of representing a function by a series, as in 
formula (1), is known as developing or eacpanding the function 
into a series. 

EXERCISE 
From the equation 



* '^ tan-»& 







and the expansion 

1 



= 1 — aj8 + a?*— ••., — l<a?<l, 



obtain the expansion : 

(5) tan-i^«;i-^ + T > -lla?<l. 

9. Computation of Logarithms. At first sight it would seem 
as if we had gained very little. For if we try, for example, 
to compute log 3, h must have the value 2, and series (1) 
diverges. And even when A = 1, serie« (2) converges so slowly 
that we should have to take thousands of terms to get the value 
of log 2 even to four places. 

But the function log x has some useful properties, to wit : 

log a? 4- log y = log ajy. 

Suppose we write 2 in the form : 

2 = (i)(f). 
Then log 2 = log | + log f . 

Setting 1 + ^ Bs ^, we find that ^ = ^ ; thus 

io« i - i - i (4)* + i(i)' - my +-". 
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and this series converges very well. It is desirable to ariaAge 
the computation systematically : * 



i = 


.333 33 


i = 


.333 33 


(i)' = 


.111 11 


m* = 


.066 66 


(i)' = 


.037 04 


i(i)' - 


.012 36 


(i)*- 


.012 36 


my = 


.003 09 


(*)• = 


.004 12 


my - 


.000 82 


(i)* = 


.001 37 


my = 


.000 23 


a)' = 


.000 46 


my = 


.000 07 


(*)• = 


.000 16 


my = 


.000 02 



From the last column copy off the positive terms by them- 
selves and the negative ones by themselves, and add : 

.333 33 .056 66 

.012 36 .003 09 .346 67 

.000 82 .000 23 .068 90 

.000 07 .000 02 ^87 67 

.346 67 .068 90 

Thus we have the result : 

log I = .287 67 

The Error. The result is subject to error from two sources : 
(a) the remainder of the series has been dropped; (b) the 
terms retained have been computed only to the accuracy of 
half a unit in the fifth place. 

The error due to (a) is less numerically than the first term 
neglected, or less than 0.000 006 ; § 8, end. 

The error due to (b) might conceivably mount up indefinitely 
near to four units in the fifth place (due to the eight terms 
added) if the error in each term were large and all the errors 
worked in the same direction. In practice, such a situation 
will not occur once in a lifetime, and the result is likely to be 

* The student should proyide himself with paper ruled in small squares 
or rectangles, like that used in banks, and write his individual digits in 
separate compartments. 
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mnch more exact than this check on the error would indicate. 
Still, all that we can know in the present case is that, on 
taking the errors at their worst, 

.287 67 - .000 046 < log f < .287 67 + .000 046, 

or log ^ = .287 7, with an error of less than one unit in the 
fourth place. Cf. Ex. 1 below. 

In this paragraph only natural logarithms are considered. 
From these the denary logarithms are computed ; cf. § 11. 

EXERCISES 

1. Carry the computation of log ^ two places further out, 
and determine the certified accuracy of your result. 

2. Compute log |^, carrying the work on each term to five 
places of decimals. 

3. Compute log 6 to four places. 
Suggestion : Set 5 = 2^ x |. 

4. Compute log 10 to four places. 

6. Check your result in Question 1 by writing 

log| = - logf = - log(l - \) 
and setting /i = — J. 

6. The corresponding problem with relation to Question 2. 

10. On the Computation of Tables. The method of comput- 
ing any table consists in computing, usually by series, a few 
relatively widely separated entries to a high degree of accuracy 
and then obtaining the intermediate entries by interpolation, 
(second differences, etc. ; it is a problem of the Calculus of 
Finite Differences). 

The two demands to be placed on a series which is to be 
used for computation are : first, that it shall converge rapidly ; 
and secondly, that its terms can be computed with ease. Evi- 
dently, these demands are not independent. For, a series may 
be well adapted for computation, even though a dozen or more 
terms be needed, if the values of these terms can be written 
down immediately. 
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11. More Eefined Methods for Computing Logarithms. From 
the preceding paragraph the student will appreciate the need 
of computing certain logarithms to a high degree of accuracy. 
In particular, log 10 must be known to the maximum numf 
ber of places ever required, for by it we pass from the natural 
to the denary logarithm, since 

log. 10 

It is, therefore, of particular interest to see how this logarithm 
can actually be obtained to a dozen places or more, for the 
methods of § 9, though suggestive and useful up to four or 
five places, are not satisfactory much beyond. 

The numbers 2 and 6 can be written in the form : * 

2 = (w (Mr my •, ^ = ( v)« my my- 

If, then, we set 

a = logY, 6e=log^|, c = logj^, 

we have : 

log2 = 7a - 26 4- 3c, logS = 16a - 46+7c, 

and hence 

logl0 = 23a-66 + 10c 

To compute a, write 

a = - log A = " log (1 - tV)» 
and set /i = —.1 in the series for log (1 + h). Similarly 
6=-log|i--log(l-^), c = log(l + ^). 

*The student should verify these equations by expressing the right- 
hand sides in terms of prime factors. How these expressions were arrived 
at, is a question on which we need not enter here ; references are given 
in the articles cited below. 

For a lucid account of how to compute a table cf . an article : On the 
Computation of Logarithms, by Professor James E. Whittemore, Annals 
of Mathematics^ 2 ser., vol. 9, 1907-08, p. 1 ; also the article on Loga- 
rithms in the JSncyclopcBdia Britannica, 
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Let it be required to compute log 10 correct to one unit in 
the eighth place of decimals. Then it is sufficient to compute 
Uf which is multiplied by 23, to ten places, i.e. to half a unit in 
the tenth place. The series, 

converges relatively slowly ; but its terms can be written down 
with the greatest ease, and so the computation is not arduous; 
The work should be arranged systematically and blocked out 
as indicated in § 9. The error due to dropping the remainder 
of the series can be estimated by the formula of § 8. 

It is sufficient to compute b and c each to nine places. The 
result is : ♦ j^^ ^^ ^ 2.302 686 09. 

The student should now compute logio2 and logio6. 
A Further Series. In § 20 below the development is obtained : 



^i^.-i'^j^T* 



^j 



convergent when — l<aj<l. liy has any positive value 
whatever and we set 

y^--^^, then a? = -^?— — . 

1 — « y-f 1 

and X is numerically less than 1. Hence the logarithm of any 
number, y, could be computed by means of this series. 

12. Computation of v. The computation of w has always 
been a problem of interest to mathematicians, and even to 
State Legislatures, one of which came very near enacting a 
bill whereby its value was settled once for all as 3^ ! 

We learn at school how v can be computed to three figures 
without great labor by means of inscribed polygons; but the 
method becomes laborious if pressed far. Our present methods, 
however, enable us to get ten or a dozen places of decimala 
with ease. 

* The value to fifteen places is ( Tables^ p. 109) 

log 10 = 2.30258 60929 94046. 
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In § 8, Exercise, the development was obtained : 

(1) tan-i^ = ^-|! + |'-^+ ..., «-l<;^^l. 
Thus, on setting ^ = 1, we have : 

— an interesting result when considered as an evaluation of 
the slowly converging alternating series on the right, but use- 
less as a means of computing ir. 

It is necessary to make use of properties of the function 
tan~*A, or its inverse, tan ^, in order to use the above devel- 
opment with success. One of the methods is as follows. Let * 

(2) ^ = tan-4, or tan«^ = |. 

Then tan2^ = -2teni i_^10^5 

^ l-.tan«<^ 1-^ 24 12' 

(3) tan4<^ = — i — = 1??, 
^^ 1-AV 11^ 

and hence 4 ^ is very nearly equal to Tr/4. Now ^ can readily 
be computed from (1) to a dozen or more places. So next we 
set 

(4) ^ = 4</»-Jir 

and compute as follows : 

H-tan4«^ m 239' 
hence = tan"* -^ . 

Thus the series (1), where h is the exceedingly small number 
1/239, will converge rapidly, and we can obtain ^ to a dozen 
places if desired. 

«Cf. Chauvenet, Plane and SpJierical Trigonometry^ 3d ed., 1862, 
p. 125, where the method is still further developed. The analysis of the 
text is ascribed to Machin. 
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Knowing ^ and $, it remains merely to snbstitate theii 
values in equation (4) and solve for w : 

The value of ir to fifteen places is {Tables^ p. 109) 

TT = 3.14159 26635 89793. 

EXERCISES 

1. Carry through the computation so that the result will be 
correct to 10 places of decimals. 

Note that the first term in the series for $ is most easily de- 
termined by long division ; but the second term can be de- 
termined by means of a four-place table of logarithms. 

2. To what degree of precision should you need to know v, 
in order to compute the length of the equator correct to an 
eighth of an inch ? 



I 



13. The Binomial Series. In elementary algebra we meet 
the Binomial Theorem : 

(a 4- &)*• = a- -f ma'^-^b+ ^i|LlLl)a--«&2 + ... (to m+l terms), 

where m is a positive integer. If, in particular, we set a = 1, 
b = Xy we have : 

(1) (H.a;)««H-ma: + ^(^^a^+ .... 

If m is not a positive integer, we are led to an infinite series, 
whose convergence has been studied in § 7, Example 3. As 
stated there, equation (1) still holds when the series converges, 
ue. when — 1 < a? < 1. 

For example, let m s= — 1. The series then reduces to the 
geometric series 

1 — a54-aj2 — 05"+ •••, 

whose value is 1/(1 + x), and equation (1) is thus directlj 
verified. 
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The following cases are particularly important in practice. 
1 w 1 „ . 1-3 „o 1-3.6 

Vl-f-aJ 



^^^ '-- 2 ^2-4 2-4.6 ^ 



• • • 



> 



— 5 



• • • 



> 



(3) -7^ = i+5^+rl«^+o^'^ + 

VI — a!2 2 2-4 2-4. « 

(4) Vr+^ = l + l«,__L^a^+-k3_.._ 

(5) VrZ^ = l_la,._^-l^a^- JJ^aj"- .... 

Each of these series converges in the interval — 1 < a? < 1. 
Moreover, the error made by breaking off with a given term 
can be estimated, when the series is an alternating series, 
by the usual rule, § 6. When, however, the terms in the re- 
mainder series all have the same sign, notice that each co- 
efficient is numerically less than its predecessor. Hence, on 
replacing each coefficient by the coefficient of the first term in 
the remainder series, we have a geometric series whose value is 
greater numerically than the value of the error. 



EXERCISES 

1. Show that, when m = ~ 2, equation (1) becomes 

^ =l-2aj-f-3«2-4aj8+ .... 



(1 + x)^ 

2. Obtain the result of Question 1 by differentiation, start- 
ing with the equation 

and assuming that a power series may be differentiated like a 
polynomial, f e. Wrm by term, 

3. Obtain in two ways a development for 



(1 4- xf 
4. From formula (3) obtain the development : 

; -ij. I. . 1 ^' I l'3fe» . 1.3-5 ^7 

^2 3^2.4 6^2.4.6 7^ 
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6. Show that 

6 2^2 8 ^24 5 ^246 7 ^ 

6. Show that, to four places of decimals, 

Va99 = 0.9960, and VTOI = 1,0050. 

7. Compute to four places of decimals 

^ '^ ^ ^ V:99' ^ ^ 1.01' ^ ^ VToI 

8. If h is numerically small, show that Vl -f-^ and Vl — h 
are represented approximately by 

l + i^ and 1-^^ 

9. Observing that 2 = (f)* f^, compute V2 to six places of 
decimals. 

10. Observing that 2 = (!)• ^f, compute V2 to six places 
of decimals. 

14. Arc of an EUipie. Let the ellipse be represented para> 
metrically : * 

xsaa sin^, y ssb cos^. 

Thend«2=: [^^ cos^*^ + b^ sin2</»]d</»2 = [a* - (a^ - 62) sin^*^] d<^« 
and ^ 



=«/ 



(1) « = a I Vl - e2 sin2^d«^, 



where e =a Va^ — ft^/a denotes the eccentricity. This integral 
is known as an Elliptic Integral, Its value cannot be found 
in the usual way, since the indefinite integral cannot be ex- 
pressed in terms of the elementary functions. Its value can, 
however, be found by the aid of infinite series. Since < e < 1, 
equation (5), § 13, will hold if we set a; s= e sin ^ : 

Vl-62sin2^ = 
l-|62sin2<^-^e48in4^--k3.^gij,e^^ ...^ 

• Cf . Anal^^ Geometry, pp. 119 and 306. 
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On integratdng each side of this equation, we haye :* 

(2) « =8 a I* - |e2 Tsin^f^d^ - ~jc* jAn*^d<l> - -.T 

These integrals are given by formula 263 in Peirce. s Tables 
In particular, the length of a quadrant corresponds to the value 
^ = ir/2f and by formula 483, 

! 

sin^^d^ = ——^ — '" \^"" .1 E^ n, an even integer. 
2*4*6 ••• ft 2 



/■ 



The elliptic integral then becomes the integral known as the 
Complete Elliptic Integral of the Second Kind ; it is denoted 
hyE: 

! 



(3) ^= /Vl-e28in2«^« 

21 V2y V2 4y 8 V2.4.6y 5 J 

Hence the total perimeter, P, of the ellipse is 

(4) P=4a^. 

If 6 = 0, the ellipse becomes a circle, and E = ir/2, Pss2ira. 
Both £? and the integral of (1) are tabulated; cf. Peirce, 
Tables, pp. 121, 123. 

EXERCISES 

1. Compute the perimeter of an ellipse whose major axis is 
10 cm. and whose minor axis is 5V2 cm., correct to four 
places of decimals. 

2. A tomato can, 4 inches in diameter, from which the top 
and bottom have been removed, is bent into the form of an 

* The justification for this step, i,e, the proof that the series before us 
can be integrated term by term, cannot be given here. It belongs to a 
later stage in analysis. 
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elliptic cylinder, whose minor axis is 10 per cent, shorter than 
the major axis. How large should the new top and bottom 
be made ? Compute the answer correct to one sixty-fourth of 
an inch. 

15. Simple Pendnlom. It is shown in Mechanics that the 
period of a complete oscillation of a simple pendulum of length 
I is given by the formula : 

! 

(1) T^^kJ-, K= f . ^f , =, A; = sin^, 
^ ^ yig' J Vl-A;2sin2A' 2' 



where a denotes the maximum inclination of the pendulum to 
the vertical. K is known as the Complete Elliptic Integral 
of the First Kind. It can be evaluated as follows. In formula 
(3) of § 13, set a? == A; sin ^. Then 

^ - =l4-|fcgsin2A-t-j^A:*8m*<^4- .... 

Vl-fc^sin^^ 2 "^ 2.4 

Integrating and reducing as in § 14, we find : 

w ^=i[i+(i)v+(Hr''+(i*i)v+-]. 

The function is tabulated in Peirce's TabUsy p. 121. 

When a is small, an approximation to JST is obtained by 
Betting A; = 0. Then K^ ir/2, and 



(3) ^=2n^> 



9 

the usual pendulum formula. In the course of a day, however, 

the second term becomes appreciable, even though a be only 4*. 

For then 

A; = sin 2** = .0349, A;« = .001 218 

and if T denotes the period as given by (3), T'^ the period as 
given by (1), we have, to six places of decimals, 

T = 1.000 306 r. 
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Let N and N' be the corresponding number of oscillations 
in a day. Then 

NT = N' T, ^^ = ^' = 1.000 305, 

^ - 1 = .000 305, iVT- iV' = .000 305 N'y 

N' 

and the discrepancy is given by this last expression. Thus 

for a seconds pendulum, T =2, iV' = ^^ >^^^^ = 43,200, 
and -^— ^' = 13 seconds in a day. 

16. Approximate Formulas in Applied Mathematics. It is 
often possible to replace a complicated formula in applied 
mathematics by a simpler one which is still correct within the 
limits of error of the observations. * 

The Coefficient of Eoisparmon, By the coefQ.cient of linear ex- 
pansion of a solid is meant the ratio 



a 



where I is the length of a piece of the substance at temperature 
<% V the length at temperature t'^. The coefELcient of cubical 
expansion is defined similarly as 



p = ^^^/ (<' - 0. 



where F, V stand for the volumes at f, i'° respectively. Then 

V - V ^ V^ - /» 

as is at once clear if we consider a cube of the substance, the 
length of an edge being I at f, V at f'° ; in fact, the equation 
holds for any two similar solids. The accurate expression for 
a in terms of fi is as follows : 

V 



i.= 1 + «(«' -0= vl + P{r-t), 

* See Kohlrausch, Physical MeasuremeTUSi §§ 1-6. 
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Since p is small, — usiially less than .0001, — the error made 
by neglecting the terms of the series subsequent to the first 
is less than the errors of observation and hence we may assume 
without any loss of accuracy that 

Double Weighing. Show that, if the apparent weight of a 
body when placed in one scale pan is pi, when placed in the 
other scale pan, j), (the difference being due to a slight in- 
equality in the lengths of the arms of the balance), the true 
weight p is given with sufficient accuracy by the formula : 

Errors of Observation. In an experimental determination of 
a physical magnitude it is important to know what effect an 
error in an observed value will have on the final result. For 
example, let it be required to determine the radius of a capil- 
lary tube by measuring the length of a column of mercury 
contained in the tube, and weighing the mercury. From the 

where w denotes the weight of the mercury in grammes, I the 
length of the column in centimeters, p the density of the mer- 
cury ( = 13.6), and r the radius of the tube, we get 

Now the principal error in determining r arises from the error 
in observing L Let I be the true value, V = l-\-e the observed 
value, of the length of the column ; r the true value, r'=r-\' E 
the computed value of the radius. Then E is the error in the 
result arising from the error of observation «, the error in 
observing w being assumed negligible. Hence 

i5-.lR,^-.l«^=,153^[(l+|)-'-l] 



-J le,3«» \ 
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Since e is small compared with I, we get a result sufficiently 
accurate by taking only the first term ; and hence, approxi- 
mately, 

Thus for a given error in observing I, the error in the com- 
puted value of r is inversely proportional to the length of the 
column of mercury used, — a result not a priori obvious, for f 
itself is inversely proportioned only to VX 

In the foregoing, e and E are the aJ>8olute errors. The rdch 
tive errors f e/l and E/r, are connected by the relation : 

E .e 

Thus the relative error in the result is half as great as the 
relative error in the observed value, and of opposite sign."*^ 

EXERCISES 

The student should observe each time whether the absolute 
error or the relative error, or both, are of physical interest. 

1. If , in the example last discussed, there is an error of & in 
measuring ti?, show that the error in the result will be 

What will the relative error be ? 

2. If, in the above example, the errors in I and w are both 
considered, show that 

E=:^^r^e-\-^r^h. 

What will be the relative error? 

* The results obtained here can also be obtained by moans of differen- 
tials. But the differential formulas yield no indication as to the size of 
the quantity which is thrown away, whereas the method of series gives 
an upper limit for this quantity in explicit form. 
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3. The yaJue of g is determined by a seconds pendrdumy — 
i.e. by a simple pendulum which beats approximately 1 sec 
in each half excursion, — with the aid of formula (3), § 15. 
Show that an error e in observing T will give rise to an error 
E in the computed value of g, which is about 102 times as 
great as e, and has the opposite sign. 

4. Obtain a formula for the error in the foregoing problem, 
when the errors in observing T and I are both considered. 

5. An engineer surveys a field, using a chain that is incorrect 
by one tenth of one per cent, of its length. Show that the 
error thus arising in the determination of the area of the field 
will be two tenths of one per cent, of the area. 

Suggestion: Consider first a triangle, and assume that the 
error in measuring the angles is negligible. 

6. Show that, in using the binomial expansion for -v^l + a;, 
the error made by breaking off with the term in a?** is less 
numerically than the coefficient of that term (or indeed of the 
next term) multiplied by a;""''y(l — x). 

7. Generalize for (1 + «)"*> when m > — 1. 

17. Contmnation : Pendnlnm Problems. A clock regulated 
by a pendulum is located at a point {A) on the earth's surface. 
If it is carried to a neighboring point (JB), h feet above the 
level of (A), show that it will lose y^^ seconds a day, i.e. 
one second for every 244 feet of elevation. 

The number of seconds N that the clock registers in 24 hours 
is directly proportional to the number of beats of its pendu- 
lum, and hence inversely proportional to the period T of the 
oscillation of the pendulum. Hence by formula (3) of § 15 

N T ylg' 

where the unprimed letters refer to the location (-4), the 
primed letters to (B). If the clock was keeping true time at 
(^), then iVr= 86,400. 
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Eurthermore, the attraction of the earth or a particle sit- 
uated at ao appreciable distance beyond its surface is inversely 
proportional to the distance of the particle from its centre; 
cf. Chap. XIII, § 7. Hence 

where B denotes the length of the radius of the earth. It 
follows, then, that 

B'\-h R E^ R^ 

If h does not exceed 4 miles, h/R < .001, Ay^ < .000 001, 
and the first term of the series gives N— N' correct to seconds : 

EXERCISES 

1. The summit of Mt. Washington is 6226 feet above sea 
level. How many seconds a day will a clock lose that keeps 
accurate time in Boston Harbor, if carried to the summit of 
the mountain? 

2. Show that the number of seconds lost in a day by a 
clock regulated by a pendulum is given by the f ormida : 

n = 43,200a «, 

where a denotes the coefi&cient of linear expansion and t, the 
rise in temperature. 

For brass, a = .000 019, t being measured in degrees centi- 
grade. Thus for a brass pendulum ns.82f, and a rise in 
temperature of 5^ causes the clock to lose a little over 4 seconds 
a day. 

3. It is shown in Mechanics that the force of attraction at 
any point within the earth is directly proportional to the dis- 
tance from the centre. A pendulum which beats seconds on 
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the surface of the earth is observed to lose one second a day 
when carried to the bottom of a mine. How deep is the mine ? 

Arts. 489 ft 

4. The weights of an astronomical clock exert, through 
faulty construction of the clock, a greater driving force when 
the clock has just been wound up than when it has nearly run 
down, and thus increase the amplitude of the pendulum from 
2® to 2** 4' on each side of the vertical. Show that, if the clock 
keeps correct time when it has nearly run down, it will lose at 
the rate of about .4 of a second a day when it has just been 
wound up. 

5. Show that an arc of a great circle of the earth, 2| 
miles long, recedes 1 foot from its chord. 

6. Show that, in levelling, the correction for the curvature 
of the earth is 8 in. for one mile. How much is it for two 
miles ? 

7. ''A ranchman .6 feet, 7 inches tall, standing on a level 
plain, agrees to buy at $7 an acre all the land in sight. How 
much must he. pay? Given 640 acres make a square mile'' 
Admission Examination in Solid Geometry, June, 1895. 

Show that, if the candidate had assumed the altitude of the 
zone in sight to be equal to the height of the ranchman's eyes 
above the ground, — 6 feet, 4 inches, let us say, — and had 
made no other error in his solution, his answer would have 
been 4 cents too large. 

8. A man is standing on the deck of a ship and his eyes 
are h feet above the sea level. If D denotes the shortest dis- 
tance, measured in miles, of a ship away whose masts and 
rigging he can see, but whose hull is invisible to him, and if hi 
denotes the height, measured in feet, to which ihe hull rises 
out of the water, show that, if refraction can be neglected, 

Z> = 1.23(VS-h vTi). 

n A « ^1 = 16 ft., 2> = 10 miles (nearly). 
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9. The focal length /of a lens is given by the formula 

/ Pi P% 

where pi and p^ denote two conjugate focal distances. Obtain 
a simpler approximate formula for /that will answer when pi 
and p^ are nearly equal. 

10. Two nearly equal but unknown resistances, A and JB, 
form two arms of a Wheatstone's Bridge. A standard box of 
coils and a resistance a; to be measured form the other two arms. 
A balance is obtained when the standard rheostat has a re- 
sistance of r ohms. When, however, A and B are interchanged, 
a balance is obtained when the resistance of the rheostat is r^ 
ohms. Show that, approximately, 

18. Taylor's Theorem. There is a theorem of a very gen- 
eral nature and of wide reaching importance which says that 
such functions as are studied in the Calculus, — and many 
others, — can, under suitable restrictions, be represented by 
power series. The formula is as follows : 

(1) /(a\,+ '0=/('^) +/(«%)* +/"(av.)|^+/"'('^)|^+ - 
or, since x^ x^ + h and h = x — x^y 

(2) fix's = 

/(«b) +f(x,) X - xo) +r(xo) ^^ +/"'(ai.) ^^^ + • • • , 

where /'(oj), /'(a?), etc. denote the succebsive derivatives j o£ 
Ohap. X, § 1. 

Here, a:^ is an arbitrarily chosen value of x. Obviously, it 
must be a value for which all the derivatives have definite 
values. Thus, if /(a?) = »*, x^ cannot be C. Although this 
condition is not sufficient to insure the validity of the for- 
mula, still, in the cases which arise in practice, exceptions are 
rare. — if indeed, they ever occur. 
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Formulas (1) and (2) are known as TayMz Theorem. The 
particular case that o^ = gives 

(3) /(«) =/(0) +/(0) X +/"(0) ^ + /"(O) g + - , 

and this formula is known as Madaurin's Theorem. Brook 
Taylor and Colin Maclaurin were mathematicians of the early 
part of the eighteenth century. The proof of the theorem 
dates, however, from the nineteenth century, and will be given 
in §22. 

Example. Let /(a?) = 05* and let o^ => 1. Then 

/'(a?) = mar-^ /"(«) =:m(m — !)«*"*> 

f"(x) = m (m - 1) (m - 2) aj*-», etc. ; 

/(I) - 1, /(I) = m, r (1) = m (m - 1), 

/'''(I) = m:(m - 1) (m - 2), etc. 

Thus formula (1) gives : 

(1 + &)» » 1 + mA -H "*(^ - ^> ft* + "*("* - ^](^ -^h *+ ..., 

the Binomial Series for an arbitrary m, commensurable or 
incommensurable, positive or negative. 

EXERCISES 

1. If f(x) = aj*, and if asb > and ae^ + & > 0, show that 
(1) becomes : 

ajo- + ma^b-^A + ^^Tr^^ gb--^^^ + M^- 1)(^ -2) ^,,,^ _^ ... 

Prove that the series converges if — a^ < ^ < as^. 

2. Deduce from (1) the series for log (1 + h)y Formula (1), § & 

3. Apply Maclaurin's Theorem to the function e* ; cf. For 
mula (1), § 19. 

4. The same for sin a;. 5. The same for cos as. 
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19. Series for e*, sin x, cos x. If we apply Maclaurin's The- 
orem, considered merely as Formula (3) § 18, to these func- 
tions, we obtain the following formulas. The proof that these 
series converge to the value of the function will be given in § 23. 

(1) e- = l + «+f,+f^+-; 

(2) Bmx = x-^^ + ^--; 

(3) co8a> = l-fi + f--. 

In equations (2) and (3), x is measured in radians. For 
angles less than half a right angle, x < 9r/4 < .8, and the series 
converge rapidly. We note the value : 

-^ « .01745 32925 19943. 
180 



EXERCISES 

1. Compute the value of e*** correct to six places of deci- 
mals. 

2. Compute sin 6® correct to six places of decimals. 

3. Show that the error made by replacing sin a; by a; is less 
than one unit in the third place of decimals, provided x is 
numerically less than .18. 

4. Haw great may x be numerically, if the error made by 
replacing cos a; by 1 ^ ^ is not to exceed one unit in the iif th 
place of decimals ? Ans. \x\<, .1245. 

5. What is the largest number of terms that ever would 
have to be used in order to compute sin x correct to six places 
of decimals from series (2) if x corresponds to a positive angle 
less than 46® ? Ans, Four. 

6. The same for cos x and series (3). 

20. Algebraic Operations with Series. Out of the develop 
ments above considered, — namely, those for 



(1) 
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log(l + a5), tan-*a?, sin-^a?, (l + o?)*, 

e*, sin a?, cos a?, 

other series can be obtained by operating with power series as 
if they were polynomials. 

Addition. If 

U = tlo + «! + ttj + ••• 

V = Vo4- Vi-I- V, + ••• 

are any two convergent series, it is readily shown that their 
sum, U-^Vy can be expressed by the series 

(2) U-^- F = Wo + Vo -I- 1^ + Vi + w, + ••• , 

and a similar theorem holds for the difference, U— V. . 
Thus, for example, from the development 

log(l+«) = «-|' + |'--. 
we infer, on replacing a? by — a?, that 

log(l-x) ar-f-f-.... 

Hence, on subtracting the second series from the first, we have : 

'°«l4|=''{«+?+f +•■■}. 

and this series converges when — 1 < a? < 1. 

MuUiplicatian. If both the series (1) converge absolutely, 
their product is given by the absolutely convergent series 

(3) UV= UoVo -\- UqVi 4- UiVo + WqV, + UjVi + WjVq H • 

The proof of this and the subsequent theorems about series 
must be postponed until the whole theory of infinite series 
can be treated systematically. 

In particular, let f(x) and ^(a;) be two functions represented 
by power series : 

f(x) = Oo + Oja: 4- OiX"^ + ••• , —r<x<,r'y 
^(x) s &o + biX -f 6,a^ + ••• , — » < a? < «. 
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Then their product is given by the power series 

(4) /(a?)<^(aj) = a, 6t + (oo &i + ai 6o)aj + (oo ftj -f Oi 61 + a, 6^)) «• + — . 

This latter series converges at least throughout the smaller of 
the two intervals of convergence of the given series. 
If <l>(x) ssf(Qs), we have 

(5) J/(a;)}2=aJ + 2aoaia5 + (aoaj + 2c^aj»+ .... 

Division, It is even true that one power series can be 
divided by another, just as if they were both polynomials. 
For example, 

cosa? 1 — ^aj2+ A*^"" ••• 
1 — ia^ + A«* — )aj - |a» + jijfiK^ . 

We can obtain in this way as many terms in the development 
of tan X as we wish, although the law of the series does not 
become obvious. 

tanaj = aj + ^aj' + ^aj*-f •••. 

The resulting power series will converge throughout a certain 
interval, whose extent cannot, however, be determined by any 
simple rule. 

In particular, one or both of the given power series may be 
a polynomial. 

EXERCISES 

Deduce the following developments, obtaining the law of the 
series when convenient ; otherwise computing a few terms. 

1. — 2~==^ + 3] + 6l+-- 

2. !l±£Z=.l+^+?l+?!+.... 
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log(l + a:)^^_g flg^g _ 
6. seca; = 1 +^a?2 +^05*+ •••. 

7. COtOJss -JOJ— ^yO*— •••. 

8. csca?=:i + |a; + |f^»»+ .... 

^ log(l + g) ^ a; + f a:« + igLg»^||g* + .... 



10. 



— i+_5__=-l — a;2 + ar»— {c»4-iB« — o^ + aj^— .... 



21. Integration by Means of Series. We have already seen 
in §§ 14, 15 that, by means of series, some integrals can be 
evaluated which cannot be computed by the earlier methods. 
It is not true that any convergent series of continuous func- 
tions can be integrated term by term, or even that such a series 
necessarily represents a continuous function. But it can be 
shown that a power series always represents a continuous Junction 
throughout its interval of convergence, and that it can be integrated 
term by term, and also differentiated term by term : 

(1) /(aj)=:ao-f aia? + a2a^+ — > — r<aj<r; 

(2) //(«)d«==M + ai|' + aA'+ ...; 



J' 



(3) f{x) == ai + 2a2a; + Za^tx^ + — , 

where h has any value in the interval of convergence, (— r, r). 
Equation (2) holds even when A = r (or ^ = — r) and the series 
^1) diverges for this value, provided that (2) converges ; cf . for 
example equation (2)^ § 8. 
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If ^ in equation (1), x is replaced by a contdnuons function of ty 

the new series can also be integrated term by term : 

(4) ffLi>{t)^ * = ao(6 - o) + oi /V(0<*« + a* /{ «K0 }'<»+••• . 

a - • • 

provided that * — r < ^(«) < r. 

EXERCISES 
Prove the following equations to be correct. 



1. A-HL^ da. =.1.852. 2. r^^i^Hil* 



do? = 2.114 502 



1.1 
3. I e-**dx=z 0.7801. 4. A-^Q^a? ^^ ^ q^ ^g^g^ 



I 

1- 



\. fe-^dx = 0.7801. 4. A 

/ ^ = 0.503. 6. 1-^= = 0.247. 

VI - a?* J Vl + ic* 



10 

7 



/ ^ = 0.486. Suggestion. Set x = l/<. 
VI +a^ 

>■ p'^^'-^-hh-h* ■■■■ 

m 



1 



r^^l 1 4._1 _..., (0<a, 0<6). 

Jl + a^ a a + ft a4-26 v^» ^/ 



♦ Equation (4) holds even when (1) diverges for x = r, provided that 
the series (4) converges and — r < 0(i)< r for values of a ^ t < 6, if 0(*) 
approaches the limit r monotonically as t approaches 6. 
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22. Proof of Taylor's Thaorom with the Bemaindor. The 

following formula is known as Taylor's Theorem with the 
Remainder : 

(1) /(a + *) -/(a) + hf'{a) + f^r\a) + ... 

where ^ is an unknown number lying between and 1 ; 

< ^ < 1. 

The theorem is true whenever f{x) and its first n -f 1 derivar 
tives are continuous in the interval a^^X'^a + h. Its proof 
is based on 

Bolle's Thbobem. Let <l>(x) be continuous in the interval 
a<x<by and let i^{x) vanish at the extremities of the intervai: 

^(a) =s 0, <l>{b) = 0. 

FurtJiermore, let <l>(x) hxive a derivative^ ^'(^)> erf every interior 
pointy X, of the interval ; a <x <,b. Then ^'(^) vanishes for ai 
least one of these points, X : 

4^'(X)-0, a<X<b. 

Geometrically, this theorem seems well-nigh self-evident, for 

the graph of the function, 

y = *(»), 
meets the axis of x at the points 
^ x^a and x^b, and is a continuous 
curve. It must, therefore, have a 
highest point or a lowest point (or 
both) in between, and so the graph must be as indicated in 
Fig. 131. Since <^(aj) has a derivative, the slope of the curve at 
such a point will be : 

«^'(aj) = 0, x=:X. ^ 

Such a graph as is shown in Fig. 132 is 
impossible, since the corresponding func- 
tion has no derivative in the points in (jc 
which it has a maximum or a minimum. 



a X 



^^r\ 



FiQ. 131 
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The importance of Boilers Theorem in analysis lies in the 
fact that it can be proven arithmeticallyy without any use of 
geometry. 

Proof of (1). Let B be determined by the equation 

(2) /(a + h) =/(a) + »/•(«)+ ^/"(a) + - + f/"'(a) + R- 

« 

We proceed to obtain an expression for B which will be 
useful in practice. This can be done in a variety of ways, the 
most important being the following. Let P be determined by 
the equation : 

■*^ = ■; rr: ■* • 

(n+l)I 

Then (2) can be written in the form : 

(3) /(a + A)-/(a)-A/'(a) |1/(»)(a)_^J^i»-0. 

We now proceed to form the following function of x : 

(4) <K^) ^f(A) -^f{x) - (^ - x)f{x) ~ C4|i£l!///(a.) - ... 



n\ ^ ^'^^ (n + 1) I ' 



where A = a-\- h,* This function is continuous in the inter- 
val a<x<Ay and it has a derivative. Moreover, it obviously 
vanishes when a = -4 ; but it vanishes also when x=sa. For, 
A — a = hy and the right hand side of (4) now reduces to the 
left hand side of (3). 

Thus this function if>(x) is seen to satisfy all the conditions 
of Rolle's Theorem, and hence, for a suitable value, a? = X, 

<^'(^ = 0, a<X<A. 

* Since it took the race two centuries to develop this formula after the 
Calculus was invented, the student will not be surprised that the reasons 
which underlie it cannot be given him in a few words. Let him accept it 
as a deu8 ex machina. The formula once written down, the reasoning 
which follows is simple. 



• •• 
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The derivative of ^(a:) is easily computed : 

or ^'(») = ^^fr^[-/'^» + i»]. 

Since this function is to vanish for X, the bracket must 
vanish for this value, and so 

P=/C'H.i)(X). 

On writing X in the form X^a + $h, where < tf < 1, and 
substituting in (2) for B the value thus obtained, we see that 

(6) i2 = _J^^/t^«(o + 0A), 

and thus we have the proof of the truth of (1), when ^ > 0. If 
A < 0, the only change in the proof consists in reversing the 
signs of inequality : -4<a?<a, A< X<,a. 

EXERCISE 
Set B = hP and thus obtain the following form for the 
remainder: ^i a\nhn^i 

(6) ^ = Q-z^^fn*»(a + eh), o<e< 1. 

23. Proof of the Development of e*, sin a;, cos a;. The func- 
tion e* can be developed by Taylor's Theorem about the point 
a =s 0. Here 

/(«) = «•, /'(«) = e-, . . . /^->(x)-e-, 
/(0) = 1, /'(0)=1, . . . /<*>(0) = 1, 
and the remainder B as given by (5) has the form : 

(n + l)l 

n h<0, then e«<l, and \B\ < J^^T.r 

(n + l)I 

If A > 0, then «•* < c*, and 0<B< , ^^\., e^' 

(n+ 1)1 

Now lim ^ ^^!x. ==0. 
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For we oan write 

A-+1 h h h h h 
(n + l)l 12 8 n n+1 

No matter how large ^ may be numerically, since it is Jixed 
and n is variable, these factors ultimately become small, and 
hence, in particular, from a definite point n ss m on 

If we denote, then, the product of the first m factors, taken 
numerically, by (7, and replace each of the subsequent factors 
by ^, we shall have : 

The limit of this last expression is when n s oo, and conse^ 
quently * lim A»+V(n -f 1) ! = 0. 

We have, then, lim ij = and hence, replacing hhyx: 

(1) 7-1+.+??,+^,+ .... 

The series converges and represents the function for all values 
of X. 

If we set a? = 1, we obtain the following rapidly converging 
series for the exponential base : 

6 = 1 + 1+^+ |j+.... 

Development of sin x. To develop sin a? we observe that 
/(a:) = sinaj, /(0) = 0, 

/(a?):=cosaj, /'(0) = 1, 

/'(x) = -sina?, r(0) = 0, 

/"(a?) = - cos aj, /'"(O) = - 1, 

and from this point on these values repeat themselves. 

* We might have given a short proof of this relation by observing that 
h^*^/{n + 1) I is the general term of a convergent series : 

1 + '*+ rr- + "*» 

21 81 
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It is not difficult to get a general expression for the nrth 
derivatiye, namely : 

/<->(a;) = 8in(a; + ^). 

This formula obviously holds for n » 1, 2, 3, 4, and from that 
point on the right-hand member repeats itself , as it should. 
Thus we find : 



(n+l)I V ^ 2 / 



The second factor is never greater than 1 numerically, and 
the first factor, as we have just seen, approaches as its limit 
Hence lim /2 =s and we have, replacing ft by x: 

(2) sinaj = a?-|^ + ||-.... 

In a similar manner it is shown that 

(3) cos«-l .^^ + 1?-..., 



EXERCISES 

1. Show that e* can be developed by Taylor's Theoiem about 
any point a. 

2. Obtain a general expression for the nrth. derivative of 
cos X and hence prove the development (3). 

8. Show that sin x and cos x can be developed by Taylor's 
Theorem about any point a. 

24. Proof of the Binomial Theorem. Let 

f(x) = af, 

where m is any constant, integral, fractional, or incommenwi- 
rable, positive or negative; and let a a 1. 
Then/(l) = land 

/'(a?) = maf-i, /'(l^ = m, 

f'(x) = m (m - 1) af -«, f\l) ^m(m^ 1), 
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t^\x) = m(m — 1) ••• (m — n -f !)»"'"", 

/<•>(!) = m(m - 1) ... (m - n H- 1). 

For the remainder R it is better here to employ the se^cond 
form, (6), in § 22. Thus 

^ = i^-=^|P^.m(?» - 1) ... (m - n)(l -h Oh^-^-K 






*-^Kr^)"(i + «*^"-'- 



The last factor remains finite, whatever the value of 0, pro- 
vided I ^ I < 1. For, since < * < 1, 

l^\h\<l + eh<l + \hl 

and by Chap. VI, §6: 

(1 + «A)-i < (1 + I A I )"»-S m>l; 
(H-tfA)-i< (1 - I A|)*-S m < 1. 

The next to the last factor is always positive and less than 
unity, since n > and 

Finally, the remaining expression is the general term of a 
series already shown to be convergent, namely, the following : 

m(m - 1)A» + '"^"^ - i>,<"' -^H * + "^(^ - pC"* - 2) A4 + ..., 

^ I O I 

and hence it approaches as its limit. It follows, then, tnat 
H approaches and we have on replacing A by a; : 

(1) (l + «)"=l + m» + g^^^a!» + '"('"-y^-^) a^+.... 

This is the Binomial Theorem for negative and fractional 
exponents. When m is or a positive integer, the series 
breaks off of itself with a finite number of terms and we have 
a polynomial, namely : (I + ^)"'. In all other cases the series 
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converges when x is numericaUy less than 1 and represents the 
function (1 + ^)'' ; and it diverges when x is numerically 
greater than 1. 

EXERCISE 

Show that, when | a | > 1 6 1 : 



CHAPTER XV 

PARTIAL DIFFEREITTIATION 

1. Fxinotions of Several Variables. A function may depend 
on several independent variables. Thus the lateral area, Sf 
of a cylinder of revolution is given by the formula 

and here r and h may, independently of each other, be any two 
positive numbers whatever. Again, the volume, w, of a rectan- 
gular parallelepiped is expressed by the equation : 

where a?, y, z are 4;he lengths of the three edges, and may, in- 
dependently of each other, take on any three positive values. 

If the number of independent variables is two, the function 
can be represented geometrically as a surface : 

(1) 2;=/(aj,2/). 

Such a function is said to be continuous at a point if the sur- 
face which represents it is continuous at the corresponding 
point. For example, the equation of a sphere with its centre 
at the origin: 

(2) x^ + y^ + z^=^a^y 

leads to a function, z, of the two independent variables, a; and y : 

(3) z = Va2 — a?2 — y\ 

The surface represented by this function is the hemisphere 
above the (a, y)-plane. The equation of the hemisphere below 
this plane is 

(4) » = — Va2 — aj2 — y2. 

437 
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In the case of the functions (3) and (4), the point {x^ y) is 
restricted to lie in the circle 

ar2 + y2 = a2; 

for, points (x^ y) outside this circle make the radicand 
a2 — x^ — ^2 negative, and hence, for such, the function has no 
meaning. 

2. Partial Derivatives. Let 

(1) « =/(«', y) 

be a function of the two independent variables, x and y. Let 
one of these variables, as y, be given a fixed value, y ^yo- 
Then z becomes a function of the single variable, x : 

This function of x can be differentiated with respect to x. 

The derivative is called the partial derivoMve with respect to Xy 

and is written : 

dz df 

— or -^» 

dx dx 

(Read : «i> a? of «" or «i> x of/.") 

Similarly, x may be held fast, a; = o^, and thus z becomes a 
function of the single variable, y : 

« =/(«o, yy 

This function of y can be differentiated with respect to ^, 

and we have : 

dz ^ df 
— or -e^* 

dy dy 

If there were three independent variables, there would be 
still a third partial derivative, etc. 

In distinction from the partial derivatives of a function of 
several variables the derivative of a function of a single vari- 
able is called a total derivative. 
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Example 1. Let 2ss«*cosy. 

Then — = «*cosy and ^^aa— csiny. 

Example 2. Let it = oeyz. 

mi 9u du dtt 

T^^"^ ai=s^' al?=^' a^""^- 

Example 3. Let 2 be given by the implicit equation (2), 
§ 1. To find dz/dx we hold y fast and differentiate the equa- 
tion as it stands : 

ex ex Z 

Other notations for ^ are /,(«, y) and /i(aj, y) ; for ^ are 

ex oy 

f^{Xy y) and ^(a?, y), with thd obvious extensions to functions of 

more than two variables. 



EXERCISES 

Find all the partial derivatives of each of the following 
functions. 

1. 2 = sinxy. Ana. «- = y cos xy; a" ~ ^ ^^^ ^' 

if 

2. z^aa? + 2bxy + cyK 3. 2 = 05 logy. 

4. 2 = ^^. 6. z ^^. 

X -^y «* + y* 

6. w = 05* -h 3^ + «•. 7. w = e^'. 

8. If pv = apo^o r? 
where a, po, Vq are constants, find -— • 

9. If u=e*cosy and v=se*siny, 

show that p = p and ^ |H. 

ex ey ey ex 
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3. Oeometrio laterpretation. Tangent Plane and Ifermal 
Line. Geometrically, the meaning of the partial derivatives, 

in the case of a function z! of 
but two independent varia« 
bles, a; and y: 

(1) z =/(«, y\ 

is as follows. Holding y fast 
is equivalent to cutting the 
surface (1) by the plane 
y = yQ. The section is a 
plane curve : 

(2) z=f(x,y) y = yo, 

and —- is the slope of this 

dx 

curve. Similarly, -^ is the slope of the plane curve 




Fio. 133 



(3) 



« =/(aj, y), 



a; = a^. 



We thus have the slopes of two tangent lines to the surface 
(1) at the point (ajo, yo> ^o)} ^^^ hence we can readily determine 
the equation of the tangent plane through this point. For, 
the tangent plane at a point contains all the tangent lines at 
the point and is determined by any two of them. If, therefore, 
we write the equation of the tangent plane with undetermined 
coefficients in the form : 

(4) 2 - 2o = M^ - «o) + B{y - yo)y 

we have only to require that the slope of the line in which 
this plane is cut by the plane y = j/o? — *«^* ^^ slope of the line 

Z — Zq = A(x-'Xo) 

in the plane y = yo> — l^ave the same value as the slope of the 
curve (2) in this same plane at the point (a^, yo> ^o)f ^^ 



\dxj(i 
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Similarly, the slope of the line in which the plane (4) is cut 
by the plane xssXq, i.e. the slope of the line 

in the plane x ssxoy — shall be the same as the slope of the 
curve (3) in the plane a; = a:;^ at the point {x^^ y^y Zq\ or 

Hence we infer that ilie equation of the tangent plane to the 
surface (1) at the point {x^^yoj Zq) is 

The direction components of a normal to this plane are 

(:r- I f (tt-) 9 "" 1> 3^<i so the equations of the normal through 
the point (xq, y^^ z^ are : 

/g\ x — Xf^ _ y — yp _ g — gp . 

[dxjo \dy)o 

EXERCISES 

Find the equations of the tangent plane and the normal to 
the following surfaces : 

1. « = tan-i2?. Ans. yo^-oby +(«o + yo)(«-«o) = 0; 

yo - ajb aj? H- y? 

2. zz=asfi + 6y*. 

Ana. For the tangent plane : z = 2axQX + ^hy^y — z^ 
8. The sphere: «2 + y2 + 2«=:a* 

Ans. aJi,« + yoy + M = a*; ?:=^ = J^^li^ = i^^- 

x^ Va Zq 

4. TheelUpsoid: ^h-^ + ^«1. 

a? 6* c^ 
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6. Thehyperboloid:-H-^-^-l. 

a* 6* <r 

6. Show that the surface 

is tangent to the x^ y plane at the origin* 

7. The sphere: a^ + y^^a^ssU 

and the ellipsoid : 3»« + 2y2 ^. 22 -. 20 

intersect in the point ( — 1, — 2, 3). Find the angle at which 
they cut each other there. Ana. 23^ 33'. 

8. What angle does the tangent plane of the ellipsoid in 
the preceding question make with the (a?, y)-plane ? Ans. 59® 2'. 

9. At what angle is the surface 

z = 3i»y* — bv^y — 7aj 4- 3y 

cut by the axis of x at the origin ? Ans. 65® 41'. 

10. Show that the normal to the surface of Question 1, at 
any point where that surface is cut by the cylinder 

a^ + y2 = l, 
always makes an angle of 45° with the (aj, y)-plane. 

4. Derivatives of Higher Order. The partial derivative of a 
partial derivative is written as follows : 

or - . « 
cyox 

Consider Example 1, § 2. Here, 

= — (e* cos y) = — c* siny, 




dydx dy 
Thus it appears that, in this case, 

d^z d^z 



dydx dxdy 
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This relation is true generally. The order of differentiation 
is immatericU, or* 

(1) _?!l=ri!«_. 

dydx dxdy' 

From the theorem stated for two independent variables and 
two differentations follows the theorem stated for any number 
of independent variables and any number of differentiations. 
Thus, if 

a2 fdu\ d^ fdu\ a»w a»M 

or 



we have: J!!-(^\ = ±-(^Ji\ 
dy dx \ dzj dx dy \dz j 

But |^ = J!^ and hence ^« ^« 



dydxdz dxdydz 



dydz dzdy dxdydz dxdzdy 

Since the first two differentiations can be interchanged, and 
the same is true of the last two, it is readily shown that all 
Fix possible orders lead to identical results. 

EXERCISES 

Verify the theorem in each of the following cases. 

1. u = aas^ + 6ajy* + ca^\ 

2. w =s a? cos xy, 8. w =a x^. 
4. If 11 = xyZy 

compute all the partial derivatives of the second order: --^, 

7— TT-, etc., and verify the above theorem in the case of the 
cxcy 

cross-derivatives f ^ ^ , etc. Y 

\dxdy' J 

6. If w = c* cos y, 

show that ^ + ?!if = 0. 

a»2 ^ dy^ 

* It is assumed that all the partial derivatives which enter are continuous 
functions. The proof of the theorem is omitted. 
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6. If u = r*co8mtf, 

show that ^H.l|!^+^ = 0. 



7. The same, if u = 



8. If tt» 



1 



Va?2 4- y2 ^ jg2 

showthat ^ + ^ + ?!ii=0. 

9. If ?^ = ?H and ?H = -?2, 

dx dy % do? 

10. If ^^^^1 and l?!f — ^, 
ar rde rde dr* 

then i_!!: + ±ir'-f !_!*=- 0. 

5. Differentials. In the case of a function of a single vari- 
able, y=f(x)y the differential of the function, dy, was repre- 
sented geometrically by the distance JfQ, Fig. 33, from the 
level of P to the tangent. The differential of the independent 
variable, dx, and its increment, Ao;, are equal. 

Similarly, in the case of a function of two variables, 

(1) z^f{x,y) 

if we cut the surface (1) by the line x = Xq-\- Aa?, y = yQ-\- Ay, 
the distance LJf, Fig. 133, measured along this line from the 
level of P up to the tangent plane, 

represents the differential, dz, of the function. Its value is 

(2) d. = |<to + |<fy; 
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for, the differentials of the independent variables are equal to 

the increments : 

dx S3 Aa?, dy = A^. 

If It is a function of x, y, z, then 

(3) d„ = |!f<to + |^dy + |^d*, 

cx oy cz 

and similarly for any number of independent variables. 

Equation (2), — and similarly (3), etc. — holds, not merely 
when (Xy.y) are the independent variables, but when x and y are 
functions either of a single variable, ty or of several variables, 
as (r, s), or (r, s, <), etc. To this fact is due the importance of 
differentials in the problem of the change of variables. But 
any adequate discussion of this subject must be postponed for 
a systematic treatment of Partial Differentiation. 
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A.bflolute value, 7; 

— convergence, 401 ; 

— unit of force, 353. 
Acceleration, 349. 
Algebraic equations, 187. 
Alternating series, 398. 
Anchor ring, 290. 
Approximate computation. Chap. 

Vll; 

— formulas in applied mathe- 

niatics, 417. 
Arc, c/. Differential of; 

— of an eclipse, 414 ; 
length of — , 249, 254. 

Area under a curve, 225 ; 

— in polar coordinates, 252 ; 

of a surface of revolution, 390. 

Attraction of gravitation, 334, 369. 

Binomial series, 412 ; 

— theorem, 434. 
Biquadratic equation, 189. 



cos X, Graph of, 108. 
cos-*x. Graph of, 211. 
covers x, 120. 
Cardioid, 276. 
Catenary, 174. 
Cavalieri's theorem, 322. 
Centre of fluid pressure, 318 ; 
— of gravity, 296, 298, 307. 
Change of variable, 238, 293. 
Coefficient of expansion, 417. 
Compound interest law, 156. 
Computation, Approximate, Chap. 

VII. 
Concave upward. Test for, 62. 
Condition, Necessary and sufficient, 

71. 
Continuity, 7. 28, 279. 
Convergence, Fundamental principle 

for, 391. 
Convergent, Absolutely or uncondi- 

tionaUy, conditionally, 401. 



Cubic equation, 189. 
Curvature, Definition of, 257 ; 
radius of — , 259 ; ^ 

— in polar coordinates, 268. 
Curve tracing, 64, 195. 
Cycloid, 270. 

Definite integral, 284, 337. 
Density, 308. 
Derivative, 15; 

logarithmic — , 33 ; 

partial — , 438. 
Development in series, 406. 
Differential equation, 162. 
Differentials, Definition of, 91, 444; 

— of arc, 134. 
Differentiation, General formulas of, 

29 96 * 

special formulas of — , 96, 161, 215; 

technique of — , 95. 
Double weighing, 418. 
Drawing figures, Directions for, 320. 
Duhamel's theorem, 301. 



e«. Graph of, 158. 
Elastic strings, 357. 
Elementary functions, 246. 
Elliptic integral, 414. 
EpiQTcloid, 273. 
Equiangular spiral, 165. 
Equations, Algebraic, 187. 
Errors of observation, 418. 
Evolute, 262. 
Euler, 153. 

Flmd pressure, 313 ; 

centre of — , 318. 
Focal length of a lens, 423. 
Force, 348. 

Four-cusped hypocydoid, 274. 
Function, Definition of a, 10 ; 

continuous — , 7, 28, 279 ; 

implicit — , 39 ; 

algebraic — , 39 ; 
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Function (CorUinued) 
test for increaong and deoreaaing 

—.60; 
inv erae — , 206 ; 
logarithmic — , 146 ; 
monotonic — , 207 ; 
exponential — , 158; 
elementaiy — , 246 ; 
rational — , 40 ; 

— of several variables, 437. 
Fundamental theorem of the integral 

^ calculus, 282. 

Graphs, 2, 107, 108, 109, 146, 158, 

160, 209, 211, 213. 
Gravitation, 334, 369. 

Hooke's law, 341. 
Hyperbolic logarithms, 153. 
Hypocydoid, 273. 

Implicit functions, 39. 
Indefinite integral, 284. 
Infinite series. Definition of, 388. 
Infinitesimals, 81 1 

order of — , 82 ; 

principal part of — , 87. 
Infinity, 27. 
Inflection, Point of, 69. 
Integral, Definition of (indefinite), 
229; 

tables of — , 245 ; 

— as limit of a sum, 284 ; 
definite — , 284 ; 

numerical computation of definite 
— , 345, 428. 

Integral calculus. Fundamental the- 
orem of the, 282. 

Integration, Special formulas of, 235. 

Interpolation, 170, 178. 

Inverse trigonometric fimctions, 209. 

Kinetic energy and work, 376 ; 

— energy of rotation, 332. 

log X, Graph of, 146. 
Law of the mean, 343. 
Lemniscate, 254. 
Length of a curve, 249, 254. 
Limits, 20; 

three theorems about — , 22. 
Logarithm, Series for the, 403 ; 

computation of — , 406, 409 ; 

natural, Naperian, hyperbolic — 

153. 



Logarithmic derivatiye, 33 ; 

— spiral, same as eguianouXar ipi> 
raZ, 165; 

— function, 146. 

Mass in terms of density, 308, 312. 
Maxima and minima, 49, 121 ; 

relative — , 67. 
Mean values, 342. 
Minima, cf. Maxima, 
Moment of inertia, 323. 
Monotonic functions, 207. 

Napier, 154. 

Napierian logarithm. Reason for, 153. 

Natiural logarithm, 153. 

Necessary and sufficient condition, 71. 

Newton's laws of motion, 348, 384 ; 

— method for numerical equations, 
172, 179. 

Normal, Equation of, 47 ; 

— to a surface, 440. 
Numerical computation, Chap. VII, 
Chap. VIII. S 4 ; Chap. XII, § 22. 

Optics, 123, 221. 

Order of infinitesimals, 82. 

Osculating circle, 261. 

T, Computation of, 410. 

Peirce's tables, 245. 

Pendulum problems, 420. 

Polar coordinates, 128, 137, 252, 254. 

Principal infinitesimal, 81 ; 

— part of an infinitesimal, 87 ; 

— value of a function, 5, 210. 
Projectile, Motion of a, 383. 

Quartics, cf, Biquadratice, 

Radian measure. Reason for, 112. 

Radius of gyration, 327. 

Rates, 76, 138. 

Resisting mediimi, 377, 381. 

Rolle's theorem, 430. 

Roots of equations, 66, Chap. VU. 

Roulettes, Chap. X. 

sin X, Graph of, 107. 
sin-la;, Graph of, 209. 
Second law of motion, 348, 384. 
Semi-cubical parabola, 264. 
Series, Definition of infinite, 388; 
binomial — , 412, 434 ; 
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Series (Continued^ 
Maclauiin's — , 424 ; 
power — , 426 ; 
Taylor's — , 424 ; 

— for log (1 + «), tan-*«, sin-**, 
ef, sin X, cos «» (1 + *)"*t </• 
these respective functions. 

Bimple pendulum, 373, 416. 420. 
Sufficient condition, 71. 

tan Xf Graph of, 109. 
tan-**. Graph of, 213. 
"Fable of integrals, 245. 
Tangent, Ekiuation of, 46 ; 

— in polar coordinates, 128 ; 

— plane, 440. 
Tautochrone, 374. 
Taylor's series, 424 ; 

— theorem, 423, 430. 
Test-ratio, 394. 



Torus, 290. 
Trapesoidal rule, 344. 
Trisectriz, 269. 
Trochoids, 275. 

verso;, 120. 

Variable, Independent, dependent, 2. 

Velocity, Definition of, 74 ; 

rates and — , 74, 138. 
Volume of a solid of revolution, 285 ; 

— of other solids, 319. 

Work done by a variable force, 338) 

— and kinetic energy, 376. 
Wheatstone's bridge, 423. 

x«. Graph ot, 160. 

Yoimg's modulus, 341. 

Zone of a sphere, 292, 301. 



Ax. 




3 2044 000 1 99 976 




•• *i 



'^ 



>h 



-4^ 



1^*' 



SW'. 



